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Abstract

After a brief introduction to bosonic string theory and superstring theory, in which we learn that string

theory requires the existence of additional spatial dimensions, we study the topic of the compacti�ca-

tion of extra dimensions. We present several examples, including the original Kaluza-Klein theory. We

then explain why the extra dimensions in superstring theory must form a compact space which is a

six-dimensional Calabi-Yau manifold. We study the problem of moduli stabilisation by �uxes: �rst we

consider a 6d M4 × T 2 toy model and we explicitly show that the �uxes stabilise the complex structure

moduli and then we review the problem in a fully-�edged type IIB orientifold compacti�cation. We de-

scribe the stabilisation of the Kähler moduli through the addition of perturbative and non-perturbative

e�ects. In particular, we discuss both the KKLT scenario and the LARGE volume scenario. Finally, we

present the original part of the thesis, which consists in the Kähler moduli stabilisation and computation

of the moduli masses in an explicit type IIB orientifold compacti�cation in the LARGE volume scenario,

resulting in a de Sitter vacuum with a small and positive cosmological constant and an exponentially large

volume, as we expected. The choice of the Calabi-Yau manifold is motivated by the fact that the one we

have selected has been recently proved to support a nilpotent goldstino, which is an essential ingredient

in obtaining a de Sitter minimum. It is the �rst time that explicit moduli stabilisation is carried out in

this setting.
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Sommario

Dopo una breve introduzione alla teoria delle stringhe, sia bosonica che supersimmetrica, in cui impariamo

che la teoria richiede l'esistenza di dimensioni spaziali addizionali, studiamo la compatti�cazione delle di-

mensioni extra. Presentiamo diversi esempi di compatti�cazione, compresa la teoria originale di Kaluza e

Klein. Spieghiamo perché le dimensioni extra nella teoria delle superstringhe devono necessariamente for-

mare uno spazio compatto di Calabi-Yau di dimensione sei. Studiamo poi il problema della stabilizzazione

dei moduli con �ussi: consideriamo prima un modello 6d M4 × T 2 in cui mostriamo esplicitamente che i

�ussi stabilizzano i moduli di struttura complessa e poi esaminiamo il problema in una compatti�cazione

con orientifold in teoria delle superstringhe di tipo IIB. Descriviamo la stabilizzazione dei moduli di Kähler

attraverso l'aggiunta di e�etti perturbativi e non perturbativi. In particolare, discutiamo sia lo scenario

KKLT che lo scenario LARGE volume. In�ne, presentiamo la parte originale della tesi, che consiste nella

stabilizzazione esplicita dei moduli di Kähler e il calcolo delle masse dei moduli in una compatti�cazione

con orientifold di tipo IIB nello scenario LARGE volume, con conseguente vuoto di de Sitter con una

costante cosmologica piccola e positiva e un volume esponenzialmente grande, come ci aspettavamo. La

scelta del Calabi-Yau è motivata dal fatto che è stato dimostrato in un recente articolo che lo spazio che

utilizziamo supporta un goldstino nilpotente, ingrediente essenziale nell'ottenere un vuoto di de Sitter. É

la prima volta che viene studiata la stabilizzazione dei moduli in questo contesto.
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1 Introduction 1

1 Introduction

The Standard Model of Particle Physics (SM) is the theoretical framework that describes all the known

elementary particles and their electromagnetic, weak and strong interactions [1, 2, 3].

Technically, the SM is a renormalizable gauge quantum �eld theory with gauge group SU (3)c×SU (2)L×

U (1)Y . The elementary particles of the SM are grouped into two categories based on the spin of the

particle: bosons, with integer spin, and fermions, with half-integer spin. The bosons are the force carrier

particles and have spin that is either 0, 1 or 2. The fermions are the matter particles and all have spin

1/2. The fermions come in three generations of progressively heavier particles, and they are classi�ed in

quarks and leptons, according to whether they interact via the color force or not, respectively. The only

scalar (spin 0) particle we know of is the Higgs boson, which is responsible for the fermions and gauge

bosons masses, as well as being of fundamental importance in the mathematical consistency of the SM

itself.

Despite its remarkable success, up to the energies probed by the LHC at the time of writing (∼ 13 TeV),

there are theoretical reasons to believe that the SM will need to be modi�ed at high energies, its present

form being only that of a low energy e�ective theory of some underlying, more fundamental theory. The

main issues are the large number of free parameters, the unexplained hierarchy between the electroweak

scale and the Planck scale and the absence of a consistent quantum theory of gravity. Moreover, the SM

does not explain the extremely small value of the cosmological constant responsible for the accelerated

expansion of the universe, it does not contain any viable dark matter particle that can account for a large

fraction of the universe mass and it does not explain why there are three generations of fermions.

In order to best address these problems, we need a theory that uni�es the four interactions. String theory

(ST) is a candidate for such a unifying theory of all four fundamental interactions, including gravity

[4, 5, 6]. ST in fact naturally incorporates gravity, as the quantized oscillations of a closed string give rise

to a symmetric tensor state that can be identi�ed with the spin 2 graviton, and one can obtain Einstein's

general relativity (GR) as the low energy e�ective theory of a system of such interacting closed strings. ST

is also a unique theory, having no adjustable dimensionless parameters. The only dimensionful parameter

of string theory is the string length, which gives a rough measure of the typical size of strings and sets

the energy scale at which �stringy� e�ects become important. Supersymmetry, a symmetry that relates

bosons and fermions and one of the main proposals for physics beyond the standard model, is needed

to have fermionic excitations in the string spectrum and the resulting supersymmetric theory is called

superstring theory. It is important to point out that string theory absolutely needs supersymmetry to

be phenomenologically viable, because without it, it would not be able to describe fermionic particles.
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Supersymmetry predicts a bosonic superpartner for every fermion and a fermionic superpartner for every

boson, with equal mass. Since these new particles have not been detected by experiments, supersymmetry

must be spontaneously broken. If supersymmetry is broken at the TeV scale (low energy supersymmetry),

it can provide a solution to the hierarchy problem, as the new supersymmetry protects scalar masses,

such that of the Higgs, from receiving large quantum corrections. In a supersymmetric extension of the

SM with low energy supersymmetry breaking, the Higgs mass remains of the order of the electroweak

scale even in the presence of a large cuto� [2, 7]. There are �ve separate superstring theories, connected

by various dualities. We only consider the type IIB superstring theory. Sections 2 and 3 serve as an

introduction to bosonic string theory and superstring theory, respectively.

ST has the potential to be the theory that combines the SM and GR, in the sense that it is rich enough to

contain all of the features of the SM, as well as being a quantum theory of gravity, all in a mathematically

consistent, naturally supersymmetric and unique theory. The main problem is that the task of reproducing

all the characteristic features of the SM in detail, such as the precise content of non-abelian gauge groups

and chiral fermions, the Yukawa couplings, gauge hierarchy, etc. is extremely di�cult. This daunting

task goes by the name of string phenomenology [8, 9, 10], and it is the subject of this thesis. To be more

precise, in this thesis we focus on a speci�c problem of string phenomenology, i.e. the problem of moduli

stabilisation, which we now describe.

One of the most striking features of ST is that the spacetime dimensionality is �xed. In other words, ST

predicts the number of spacetime dimensions. The theory is actually inconsistent unless the number of

dimensions is 10, for superstring theory. In the early days, this prediction of ST was met with criticism

and as a clear �aw of the theory. Today, it is seen as a key feature of the theory and it is used to construct

realistic models of particle physics. The obvious criticism is that we live in a four-dimensional world,

therefore the theory must be wrong. But, starting with the pioneering works of Kaluza and Klein [11, 12],

compact extra dimensions have been used extensively in theoretical physics to address a large number of

problems [13, 14, 15]. The point is to assume that these extra dimensions (which are 6 in our case) form

a compact manifold with a size small enough to have escaped detection: the linear size of this compact

manifold is often taken to be only some order of magnitude larger than the Planck length. For technical

reasons that are explained at length in the thesis, the compact space takes the form of a six-dimensional

Calabi-Yau (CY) manifold [16, 17]. After this process of compacti�cation, we are left with four large

dimensions, which form the usual 4d spacetime, and the six small dimensions of the Calabi-Yau. The

topic of compacti�cation is studied in section 4, with simple examples of toroidal compacti�cation, as

well as the original 5d Kaluza-Klein theory that manages to unify gravity and electromagnetism in a �ve-
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dimensional spacetime. The last part of this section explains the geometry and topology of Calabi-Yau

spaces and why they are useful in string theory.

The process of compacti�cation introduces unobserved massless scalar �elds in the 4d spacetime, which

are called moduli. In the long distance, low energy approximation, the ten dimensional superstring theory

is well described by a ten dimensional supergravity model, with an e�ective action for the massless

�elds. If we take the extra dimensions to form a 6d compact manifold, we end up with an e�ective

four dimensional supergravity theory, whose features clearly depend on the geometrical and topological

property of the compacti�cation manifold. In particular, there exist deformations of the compacti�cation

that do not change the 4d e�ective energy and therefore correspond to massless scalar �elds in four

dimensions. These moduli are related to the shape and size of the compact manifold, as well as coming

from the dimensional reduction of p-form �elds that appear in the massless spectrum of string theory. The

moduli are associated with �at directions of the potential and they parametrize the space of all possible

ground states. Since we do not observe massless scalar �elds in nature, we must generate a potential for

the moduli that �xes their vacuum expectation values and gives them a mass di�erent from zero. This

is the stabilisation of the moduli: if we want to get rid of them we have to add other ingredients to the

compacti�cation manifold in such a way as to make sure that the four dimensional e�ective theory depends

on the moduli in a non-trivial way. To do this, we assume that certain �eld strength 3-forms have non-zero

�uxes on some 3-cycles of the compacti�cation manifold. The key point is that these 3-form gauge �elds

contribute a kinetic energy term that depends on the metric of the compact space (as the �uxes thread

cycles in the compact geometry), but not on derivatives of the metric, generating a true potential for the

moduli �elds. This con�guration generates the potential and stabilise the complex structure moduli, i.e.

the moduli responsible for the shape of the compact manifold, as well as the axio-dilaton [18, 19, 20]. The

Kähler moduli, those related to the size of the compact manifold, remain unstabilised at this level. This is

also known as the no-scale property of the scalar potential. In section 5.1 we study a simple 6d toy model

in which the compact space is a 2d torus. We explicitly stabilise the single complex structure modulus

of the 2d torus by turning on �uxes of �eld strength 1-forms, and we verify that the volume modulus is

unstabilised . Although the toy model is not realistic, it is simple enough to allow explicit computations

and it has all the features of moduli stabilisation with �uxes in the general (and much more di�cult)

setting of type IIB string theory, studied in section 5.2. To the best of our knoweldge, this toy model has

never been studied in the literature.

To stabilise the Kähler (size) moduli, one has to consider perturbative and non-perturbative corrections

to the scalar potential. These quantum corrections generically modify both the superpotential W and
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the Kähler potential K of the e�ective supergravity description, adding terms that depend on the Kähler

moduli. This in turn modi�es the scalar potential V that now depends on the Kähler moduli, breaking

the no-scale structure and allowing localized minima with the Kähler moduli stabilised. In the KKLT

scenario [21], reviewed in section 5.3, quantum non-perturbative corrections yield supersymmetric anti-

de Sitter (AdS) minima with all moduli stabilized. One can then break supersymmetry in a controlled

manner as well as obtain a positive cosmological constant (dS minimum) by introducing anti-branes in a

highly warped throat of the compacti�cation manifold [20, 22]. The uplift term to the scalar potential

comes from the positive energy provided by the tension of the anti-D3-brane. In the LARGE volume

scenario [23], reviewed in section 5.4, one obtains a non-supersymmetric AdS minimum at exponentially

large volume by considering both perturbative and non-perturbative corrections. Once again we can uplift

to a dS minimum by considering anti-branes in warped region of the Calabi-Yau manifold. Section 5.5

explains how to reproduce this term starting from the supersymmetric e�ective �eld theory of a nilpotent

chiral super�eld, whose only degree of freedom is the goldstino. In fact the spectrum of a single anti-D3

brane in a warped throat of a type IIB orientifold compacti�cation is precisely that of a nilpotent chiral

super�eld.

Finally, in section 6 we study an explicit model of type IIB orientifold compacti�cation with a de Sitter [24]

minimum in the LARGE volume scenario. The Calabi-Yau manifold that we use for moduli stabilisation,

described in appendix A of [8], is unique in the literature in that it has been checked [25] to support a

nilpotent goldstino whose contribution to the scalar potential is a positive de�nite term that can be used

to lift the minimum of the potential and lead to a de Sitter vacuum. We �rst describe the geometry and

topology of the Calabi-Yau in sections 6.1 and 6.2. Sections 6.3 and 6.4 represent the original part of the

thesis, as they contain respectively the explicit Kähler moduli stabilisation of the CY with the nilpotent

goldstino in the LARGE volume scenario and the computation of the masses of the geometric moduli and

the gravitino in this setting, which have never been done before. We arrive at the conclusion that the

model is not phenomenologically viable. The reason is that the gravitino mass turns out to be too small

and independent of the value of the tree-level superpotential W0 that one can use to tune the masses

to a reasonable value. The problem is that the untuned volume is too big, being V ∼ 1028 W0. Since

the gravitino mass is approximately m3/2 ∼ W0MP /V, this gives the unrealistic value m3/2 ∼ 10−28MP .

The tree-level superpotential disappears and we can't change its value to obtain a realistic mass. A CY

with a lower value of the volume (for W0 = 1) would solve the problem of the gravitino mass. The

Kähler modulus that controls the exponential behaviour of the volume is the small divisor τs, which is

proportional to χ3/2 in the LARGE volume minimum, where χ is the Euler characteristic of the CY
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manifold. The next step then would be to �nd a CY that supports a nilpotent goldstino, but with a lower

value of the Euler characteristic. This CY would have a lower value of τs and in turn an exponentially

lower value of the volume V in the minimum.
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2 The bosonic string

This and the next section on superstring theory are mainly based on Part I of [6].

The fundamental principle of String Theory is very simple: elementary particles are not point-like, the

basis assumption of any quantum �eld theory, but rather one-dimensional, extended objects called strings

[26].

Although the idea at the heart of string theory is straightforward, its implications are profound and quite

di�cult to understand. The main feature of string theory is that of being a candidate for a uni�ed theory

of Nature. The mathematical language in which the standard model is formulated already uni�es, in a

certain sense, forces and (�matter�) particles, viewing them as quanta of oscillation of certain �elds. In

this way the quantum of oscillation of the electromagnetic �eld, for example, is the photon, which is an

elementary particle just like the electron or the quarks. The only di�erence between �force-particles� and

�matter-particles� is the spin, the former having integer spin (bosons) and the latter half-integer spin

(fermions). String theory takes the next step, unifying all particles in a single consistent framework.1

In string theory every particle is the manifestation of a particular vibrational mode of the fundamental

string, di�erent vibrational modes corresponding to di�erent masses and quantum numbers, as shown in

�gure 2.1. By comparison, in quantum �eld theory there is a di�erent quantum �eld assigned to every

particle, and the properties of these �elds are postulated, not derived from the theory. This produces

a proliferation of adjustable parameters in the SM which are not predicted by the theory but must be

inferred from experiments. In ST, on the other hand, there is only one type of string, whose oscillations

give rise to all the known particles. As a result in ST there are no adjustable dimensionless parameters,

making it a unique theory. The only dimensionful parameter of ST, and the only parameter at all, is the

string length lS which can be thought roughly as the typical size of strings. In natural units lS = 1
MS

where

MS is known as the string scale [27]. In most string theory models the string scale MS is comparable

to the Planck scale (∼ 1.22 x 1019 GeV ), which is of course much larger than the energies currently

probed by particle accelerators. Direct experimental test of the spatial extent of strings is therefore

almost impossible, but there are hopes for indirect tests of the theory, such as the detection of cosmic

strings, hypothetical objects that formed in the very early universe [28].

Supersymmetry [2, 7] is a fundamental ingredient of string theory, the resulting theory being that of

superstrings. The detection of supersymmetric particles at the LHC would be very good news for string

1 The uni�cation between bosons and fermions, that is between matter particles and force particles (so-called gauge
bosons), is not a prerogative of string theory but it's common to all theories which are supersymmetric. Brie�y, super-
symmetry is a spacetime symmetry which relates bosons and fermions and it is one of the most studied extensions of the
Standard Model. As we will see, supersymmetry plays a central role in all realistic string models. Note that string theory
not only uni�es bosons and fermions (two classes of particles), but all particles!
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theory: far from being a de�nitive test of the theory, it would at least suggests that we are on the right

track.

Fig. 2.1: Di�erent modes of oscillation of open and closed strings correspond to di�erent particles. In
particular the frequency of vibration of the string is related to the mass of the particle. [27]

In ST and its supersymmetric extension (incidentally, non-supersymmetric string theory is called bosonic

string theory because the particles described by the excitations of the string are all bosons) there are two

types of strings: open and closed (�gure 2.1). It is clear that an open string has two endpoints and a

closed string has no endpoints. A careful study of string interactions reveals that the endpoints of an

open string can always join to form a closed string, so while it is possible to have a theory of closed strings

without open strings, it is not possible to have a theory of open strings only (see �gure 2.2). We will

consider models with both open and closed strings.

Fig. 2.2: The three basic interactions of string theory. In the �rst picture, two open strings join their
endpoints to form a single open string. In the second picture, the endpoints of an open string
join to form a closed string. In the third picture, two closed strings join at a point and form a
single closed string. In general all of the interactions listed can proceed in the opposite direction
as well. Note that while we can choose to have closed strings that do not break to form open
strings, we cannot prevent an open string to become a closed string. The prescription that when
two endpoints meet they can join is the basic postulate of string interaction. [29]
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Another intriguing characteristic of string theory, and yet another sign of the uniqueness of the theory, is

that the spacetime dimensionality is �xed [5, 30]. In other words, string theory predicts the number of

dimensions of spacetime! There are various ways to see this, but they are all quite mathematical in nature

and no intuitive explanation exists of this remarkable fact. The theory is simply physically inconsistent

unless the spacetime dimensionality is a very precise number: 26 in the case of bosonic string theory, and

10 in the case of superstring theory. We will derive the number of dimensions of spacetime using the

light-cone gauge approach.

This means that string theory demands the existence of extra spatial dimensions (we will take the time

dimensionality to be one because at the moment no one knows what it means to have extra time dimen-

sions). Given that we only experience three spatial dimensions, these extra dimensions must be curled

up to a very small size in order to be consistent with observations. This is the topic of compacti�cation

[31, 32], in which one takes the space arising from the extra spatial dimensions to be compact, like in

�gure 2.3. The linear size of the extra dimensions must be smaller than the smallest distance that has

been explored by particle accelerators, which is ∼ 10−16 cm2.

The string of course vibrates in all dimensions, even the compact ones, and the precise shape of the extra

dimensions in�uences the possible vibrational patterns of the string, which in turn determine the various

attributes of a particle, like the mass or the charge. So the extradimensional geometry is closely linked to

the particle content of the theory and their observables in the usual 4d spacetime.

Fig. 2.3: Example of compacti�cation. We attach at every point of the in�nite line R1 a one dimensional
circle S1, which is a compact space. The resulting space is R1 × S1, that is an in�nite cylinder.
In this simple case there is only one extra dimension and one �large� dimension. The size of the
extra dimension is given by the radius of the circle S1. [29]

Finally, one of the most striking features of ST is that it naturally incorporates gravity. The spectrum of
2 Actually string theory allows for extra dimensions which are of the order of the millimiter! These large extra dimensions

may go undetected under certain circumstances, see for example [13, 15]
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the closed string, bosonic and supersymmetric, contains a massless spin 2 particle that behaves exactly

like the graviton and whose interactions reduce to general relativity at low energy. Moreover ST is rich

enough to reproduce all the features of the SM: gauge bosons, chirality, non-abelian interactions, etc. As

of now, however, no one has succeded in reproducing the SM in �ne details starting from a string theory

model.

Now we will introduce bosonic string theory. Bosonic strings live in 26 dimensional spacetime and their

vibrations represent bosons. Since they lack fermions, they are not suitable for describing the real world,

but they are much simpler than superstrings and most of the important concepts can be explained in the

context of bosonic string theory. In the following chapter we will talk about superstring, which live in

10 dimensional spacetime and whose vibrations represents bosons and fermions. In fact the superstring

spectrum is naturally supersymmetric.

2.1 Warm-up: the relativistic point particle

As quantum �eld theory is the study of relativistic quantum point particles, string theory is the study of rel-

ativistic quantum strings. In analogy with what we do in QFT, we will have to write down the action or the

hamiltonian of the relativistic string and then quantize it. Since the action of the relativistic string is the

natural generalization of the action of the relativistic point particle, we begin our discussion with a review

of this simple action.

Fig. 2.4: World-line of a particle in space-
time. The dashed lines represents
�xed values of τ [30]

The location of a point particle in spacetime is speci�ed by

the coordinates Xµ (τ) = (t, ~x) as a function of the parameter

τ , with µ =0,1, ... , D − 1 in D dimensional spacetime. As

the parameter τ varies, the function Xµ (τ) traces a path in

spacetime called the worldline of the particle (see �gure 2.4).

The easiest way to make sure that our theory will be Lorentz

invariant is to take an action which is a Lorentz scalar, since,

in this way, the resulting equations of motion will be au-

tomatically Lorentz invariant. The only invariant we have

related to the particle is the elapsed proper time
´
ds along

the trajectory of the particle, with

ds2 = dt2 − d~x2 . (2.1)
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We work with the signature ηµν =diag(+1,−1,−1, ...,−1) in D spacetime dimensions and we always use

natural units in which c = ~ = 1. In eq. (2.1) d~x2 =
(
dx1
)2

+
(
dx2
)2

+ ...+
(
dxd
)2

where D = d+ 1. To

ensure Lorentz invariance, we take the action to be proportional to the proper time. Consistency of the

equation of motion with Newton's law F = ma in the classical limit �xes the constant of proportionality.

The action is

S = −m
ˆ

P

ds , (2.2)

where P is the world-line of the particle. This action is simple and elegant: it is manifestly Lorentz

invariant and it is written in terms of the geometrical quantity
´
ds. Mathematically, this is the length

of the world line in a space with pseudo-euclidean metric, and physically the total proper time.

If we choose a parametrization in which X0 (τ) ≡ t = τ (synchronous gauge) the action (2.2) becomes

S = −m
ˆ

P

dt

√
1− ~̇X · ~̇X (2.3)

where, as usual, ~̇X = d ~X
dt . With this parametrization ~X (t) is a function of time, which is only a parameter.

In this gauge it is clear that the system only has D− 1 degrees of freedom, equal to the number of spatial

dimensions. Time is not a dynamical variable but a parameter along the world-line. But it looks like we

have a problem, because in the action (2.2) all the coordinates are dynamical variables and they are all

functions of the parameter τ , so we are led to conclude that there are really D degrees of freedom. Indeed

the action (2.3) breaks manifest Lorentz invariance precisely because it treats time and space di�erently.

The resolution of the paradox lies in the gauge symmetry of the action in the form of reparametrization

invariance [30]. Let us write the integral (2.2) using a parametrization τ

S = −m
ˆ

P

dτ

√
ηµνẊµẊν . (2.4)

To prove that the action (2.4) (or, equivalently, (2.2)) is reparametrization invariant, we have to take

another parameter τ ′, related to τ by an arbitrary monotonic function τ ′ (τ) and see that the integral

doesn't change. Indeed, dτ = dτ ′ dτdτ ′ and Ẋ
µ = dXµ

dτ = dXµ

dτ ′
dτ ′

dτ and substituting in equation (??) we get

S = −m
ˆ

P

dτ ′
dτ

dτ ′

√
ηµν

dXµ

dτ ′
dXν

dτ ′

(
dτ ′

dτ

)2

= −m
ˆ

P

dτ ′
√
ηµν

dXµ

dτ ′
dXν

dτ ′
. (2.5)

We conclude that the value of the action doesn't depend on the parametrization used to compute it: the



2 The bosonic string 11

parameter is only a device we use to compute the action and it has no physical reality. The action is

reparametrization invariant, so not all the degrees of freedom are physical. Like all gauge symmetries,

reparametrization invariance signals a redundancy in our description of the system. We use D variables

Xµ (τ) to describe the motion of the particle but one of them is super�uous, because we can use the

invariance under reparametrization to simply set X0 (τ) ≡ t = τ , as in equation (2.3). In this gauge it is

obvious that the system only has D − 1 degrees of freedom.

The action (2.4) is not suited for path integral quantization because of the square root. There is another

action which is classically equivalent to (2.4) but doesn't contain a square root. We introduce a new �eld

on the world line of the particle, which we call g (τ) ≡ gττ (τ). The reason for the second notation will

become clear in a moment. We also de�ne gττ ≡ g−1. The action is

S =
1

2

ˆ
dτ
√
−g
(
gττ Ẋ2 −m2

)
(2.6)

with the understanding that Ẋ2 ≡ ηµνẊ
µẊν . The action (2.6) is equivalent to the action of a scalar

�eld de�ned on the worldline Xµ (τ), coupled to 1d gravity, the index µ playing the role of an internal

index [3]. Now it is clear the meaning of the notation gττ (τ), which is reminiscent of the metric tensor of

Einstein's General Relativity in a 1d world. A similar remark will apply to the case of the string action,

as we will see later. We de�ne γ (τ) =
√
−gττ and we rewrite the action (2.6) in terms of γ

S = −1

2

ˆ
dτ
(
γ−1Ẋ2 + γm2

)
. (2.7)

The new degree of freedom γ (or g for equation (2.6)) is of course redundant as we can see from its

equation of motion Ẋ2 = m2γ2, which completely �xes its value. Substituting it in (2.7) we recover (2.4),

proving that the two actions are equivalent, at least classically. The action (2.7) does not contain a square

root and makes sense for m = 0, therefore it is preferred when doing quantization. Clearly it has also all

the invariance property of (2.4), like reparametrization and Poincarè invariance.

2.2 The Nambu-Goto action

The position of a particle in spacetime is speci�ed by one parameter which we called τ , and its path in

spacetime is a one-dimensional worldline. Analogously, the position of a string in spacetime is speci�ed

by two parameters: a timelike coordinate τ and a spacelike coordinate σ and its path is a two-dimensional

worldsheet (see �gure 2.5 [29]). The mapping functions are Xµ (τ, σ), with τ related to the time along

the worldsheet and σ related to the position along the string. The action of the relativistic point particle
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is proportional to the length of the worldline. By analogy we de�ne the action of the relativistic string to

be proportional to the area of the worldsheet. In this manner we arrive to the Nambu-Goto action [6]

S = −T
ˆ

Σ

dA , (2.8)

where dA is the in�nitesimal area of the worldsheet Σ. We will see that the constant of proportionality

T is the tension of the string, meaning the mass per unit length.

To compute the action (2.8), we need an explicit parametrization of the worldsheet, i.e. we need to express

the action as an integral in dτdσ. The worldsheet is a two-dimensional surface embedded in spacetime

and its induced metric γαβ is

γαβ = ηµν
∂Xµ

∂ξα
∂Xν

∂ξβ
, (2.9)

where ξ1 = τ and ξ2 = σ. We can express the in�nitesimal area dA using the induced metric: dA =√
−det (γ)dτdσ, so that equation (2.8) becomes

S = −T
ˆ
dτdσ

√
−det (γ) . (2.10)

More explicitly the 2-by-2 matrix γαβ is

γαβ =


(
Ẋ
)2

Ẋ·X ′

Ẋ·X ′
(
X
′
)2

 , (2.11)

where Ẋµ = ∂Xµ

∂τ and X
′µ = ∂Xµ

∂σ . Explicitly equation (2.10) becomes

S = −T
ˆ
dτdσ

√(
Ẋ·X ′

)2

−
(
Ẋ
)2

(X ′)
2
. (2.12)

It is easy to see that (2.10) is reparametrization invariant. Under a general reparametrization τ (τ ′, σ′) and

σ (τ ′, σ′), the measure of the integral changes by a Jacobian : dτdσ = dτ ′dσ′det
(
∂ξα

∂ξ′β

)
and the induced

metric transforms as a rank-two tensor: γαβ (τ, σ) = γ′γδ (τ ′, σ′) ∂ξ
′γ

∂ξα
∂ξ′δ

∂ξβ
, so its determinant transforms as

det (γαβ) ≡ γ = γ′
(
det
(
∂ξ′α

∂ξβ

))2

. Therefore the action (2.10) transforms as a scalar (which is equivalent

to say that it doesn't transform at all)

S = −T
ˆ
dτdσ

√
−γ = −T

ˆ
dτ ′dσ′det

(
∂ξα

∂ξ′β

)
det

(
∂ξ′α

∂ξβ

)√
−γ = −T

ˆ
dτ ′dσ′

√
−γ′ , (2.13)
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where we used the fact that the determinant of the inverse matrix is the inverse of the determinant,

therefore det
(
∂ξα

∂ξ′β

)
det
(
∂ξ′α

∂ξβ

)
= 1. Besides reparametrization invariance, the Nambu-Goto action is

clearly also invariant under the action of the D-dimensional Poincarè group.

As anticipated at the beginning of this chapter, there are really two kinds of strings: open and closed.

Open strings have two endpoints and we can take σ ∈ [σ1, σ2], where σ1 and σ2 are arbitrary by gauge

invariance. By convention one usually choose σ1 = 0, σ2 = π so that Xµ (τ, 0) will describe one endpoint

and Xµ (τ, π) the other. The parameter space of an open string is an in�nite strip R×[0, π]. Closed

strings do not have endpoints, as they form little loops, so it is convenient to make the σ line into a circle

of circumference 2π with the identi�cation σ ∼ σ + 2π. We will take the fundamental domain of the σ

parameter to be σ ∈ [0, 2π]. In this way the condition for closed strings that the two endpoints coincide,

Xµ (τ, 0) = Xµ (τ, 2π), is automatically satis�ed. Note that the parameter space of a closed string is an

in�nite cylinder R× S1.

Let's see that the constant of proportionality T in the string action is actually the tension of the string.

Consider an open stretched string at rest, with the endpoints �xed at x1 = 0 and x1 = L, with all the other

spatial coordinates vanishing [6]. We work in the static gauge X0 ≡ t = τ , so Xµ (τ, σ) =
(
τ, f (σ) ,~0

)
,

with f (σ) an arbitrary continous and monotonically increasing function of σ, f (0) = 0 and f (π) = L,

and ~0 the D − 2 dimensional null vector. In this gauge Ẋµ =
(

1, 0,~0
)
and Xµ′ =

(
0, f

′
(σ) ,~0

)
, and

substituting in equation (2.12) we obtain

S = −T
tfˆ

ti

dτ

ˆ π

0

dσf
′
(σ) = −T

tfˆ

ti

dt (f (π)− f (0)) =

tfˆ

ti

dt (−TL) . (2.14)

From this we can read the Lagrangian L = K − V = −TL. For a string at rest the kinetic energy K is

zero, so L = −V = −TL. We deduce that the potential energy of a stretched relativistic string is

V = TL . (2.15)

There are a number of remarks to make. First of all we see an example of the reparametrization invariance

of the Nambu-Goto action: in the second line of equation (2.14) we see that only the value of the function

f at the endpoints enters in the evaluation of the action, therefore as long as we choose a function with

the same value at the endpoints we're �ne. The function is arbitrary! Secondly, the potential energy

of stretching is proportional to the length L of the string. Classically we would expect a quadratic

dependence, in accordance with Hooke's Law. In any case the string, trying to minimize its energy, would

like to shrink to zero size, at least classically (we will see that when we quantize the string this is not
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possible due to the usual zero point energy of oscillation of the string). Finally we identify T with the

tension of the string, that is the energy per unit length3. Since we are talking about relativistic strings,

the energy of stretching is really the mass of the string M = E = TL in natural units (M is the mass

and E the energy). We see that the mass of the string arises because the string has tension: the intrinsic

mass is zero.

Fig. 2.5: The spacetime surface (world-
sheet) traced out by strings with
time running horizontally. The
worldsheet in �gure represents
the tree-level interaction between
two closed strings. The �rst
two pictures show sections of the
worldsheet at instants of time,
making the strings visible. [29]

The string tension T is the only (dimensionful) parameter

in the Nambu-Goto action and the only independent param-

eter in string theory, as already said. Therefore we expect

it to be related to the string length lS which we introduced

at the beginning of this chapter. Let's see how the two are

related. Consider a rigidly rotating open string, with an an-

gular momentum J . It can be demonstrated that the angular

momentum is proportional to the square of the energy of the

string [6]

J =
1

2πT
E2 . (2.16)

We call the constant of proportionality between J and E2 the

universal Regge slope α
′
.

α
′

=
1

2πT
. (2.17)

The reason for the name goes back to the origin of string theory, when it was a theory of strong interactions.

The Regge slope is the slope of the lines that arise when plotting angular momentum as a function of

energy squared for hadronic excitations. In natural units dimensional analysis tells us that [T ] = [E]2,

therefore [α
′
] = [E]−2. We can use the Regge slope to construct a characteristic length, which is exactly

the string length

lS =
√
α′ . (2.18)

Of course, we can choose one of the three related dimensionful parameters T , α
′
and lS to study string

theory. In most references, the Regge slope is used. We therefore rewrite equation (2.12) in terms of α
′
:

3 Note also that the minus sign in the Nambu-Goto action is necessary in order for the potential energy to have the right
sign in the Lagrangian.
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S = − 1

2πα′

ˆ
dτdσ

√(
Ẋ·X ′

)2

−
(
Ẋ
)2

(X ′)
2
. (2.19)

2.3 Equations of motion and D-branes

In this section we obtain the equations of motion for a relativistic string. We start from the action (2.12)

and we vary it with respect to Xµ. Note that the action is a double integral of the Lagrangian density L

L
(
Xµ′ , Ẋµ

)
= −T

√(
Ẋ·X ′

)2

−
(
Ẋ
)2

(X ′)
2
. (2.20)

The variation is

δS =

ˆ
dτdσ

[
∂L
∂Ẋµ

∂ (δXµ)

∂τ
+

∂L
∂Xµ′

∂ (δXµ)

∂σ

]
, (2.21)

where


P τµ ≡ ∂L

∂Ẋµ
= −T

(
Ẋ·X

′)
X
′
µ−
(
X
′)2

Ẋµ√
(Ẋ·X′)

2−(Ẋ)
2
(X′)

2

Pσµ ≡ ∂L
∂Xµ′

= −T
(
Ẋ·X

′)
Ẋµ−(Ẋ)

2
X
′
µ√

(Ẋ·X′)
2−(Ẋ)

2
(X′)

2

(2.22)

With this notation equation (2.21) becomes

δS =

ˆ
dτdσ

[
∂

∂τ

(
δXµP τµ

)
+

∂

∂σ

(
δXµPσµ

)
− δXµ

(
∂P τµ
∂τ

+
∂Pσµ
∂σ

)]
= 0 . (2.23)

As always in Hamilton's principle, we �x the initial and �nal state of the string so that δXµ (τf , σ) =

δXµ (τi, σ) = 0. The �rst term then is identically zero. The other two terms must be separately zero, as

they are independent. The third term, for example, is of the form δX·C and in order to be zero for all

variations δX, the coe�cient C must vanish, therefore

∂P τµ
∂τ

+
∂Pσµ
∂σ

= 0 . (2.24)

We have arrived at the equations of motion for the relativistic string. These equations are highly non

linear and very complicated as the de�nitions (2.22) show. Our only way out will be reparametrization

invariance, as we will see. The last term is
´
dτ
´
dσ ∂

∂σ

(
δXµPσµ

)
=
´
dτ
(
δXµPσµ

)
|σf0 where σf = π for

open strings and σf = 2π for closed strings. We immediately see that for closed strings, thanks to the

identi�cation σ ∼ σ+ 2π, 0 and 2π represent the same point and the boundary term vanishes identically.

We say that for closed strings there are no boundary conditions, since there are no endpoints. The situation
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changes for open strings, where 0 and σf represent di�erent endpoints. In this case we have two options

to make sure that
´
dτ
(
δXµPσµ

)
|σf0 vanishes. Either Pσµ (τ, σendpoint) = 0 or δXµ (τ, σendpoint) = 0. We

have two di�erent boundary conditions for open strings, which can be imposed for each spatial direction

and at each endpoint:

• Dirichlet boundary condition: δXµ (τ, σendpoint) = 0. Here the variation of the coordinate at the

endpoint is zero, so the µ coordinate of the selected endpoint is �xed in time.

• Neumann boundary condition: Pσµ (τ, σendpoint) = 0. This is a free endpoint condition because the

µ coordinate of the endpoint is not restricted to a particular value.

We close this section by showing that if we take Dirichlet boundary condition as physical, we are led to

introduce other multidimensional objects in our theory called D-branes (D stands for Dirichlet) [33].

Recall the de�nition of P τµ from equation (2.22): P τµ ≡ ∂L
∂Ẋµ

. In any lagrangian formulation of a theory,

the derivative of the lagrangian density with respect to the velocity is a momentum density. String theory

makes no exception and P τµ is indeed the momentum density along the string, P τµ (τ, σ) =
dpµ(τ)
dσ . The

total momentum of the string is

pµ (τ) =

σfˆ

0

P τµ (τ, σ) dσ . (2.25)

To check momentum conservation we di�erentiate (2.25) with respect to τ 4

dpµ (τ)

dτ
=

σfˆ

0

∂P τµ (τ, σ)

∂τ
dσ = −

σfˆ

0

∂Pσµ (τ, σ)

∂σ
dσ = −Pσµ (τ, σ) |σf0 , (2.26)

where we have used the equation of motion (2.24). We see that for closed strings momentum is auto-

matically conserved since 0 ∼ σf . For open strings with Neumann boundary conditions (free endpoints)

momentum is also conserved because Pσµ (τ, σendpoint) vanishes. But for open strings with Dirichlet bound-

ary conditions momentum may fail to be conserved, since Pσµ (τ, σendpoint) is not required to vanish! This

is similar to what happens in classical mechanics when we have, for example, a string whose endpoints are

�xed to a wall. This string obeys Dirichlet boundary conditions since the endpoints are not free to move

around. We are not surprised if we �nd out that the momentum of the string is not conserved, since, in

order to remain on the wall, the string must be acted upon by some force that changes its momentum. In

4 In the static gauge τ = t, so momentum conservation with respect to τ is equivalent to momentum conservation with
respect to usual time.
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fact the wall must exert a force on the string and, as a consequence, the string must exert a force on the

wall. What we have is really an interacting system, in which the total momentum is of course conserved.

In string theory, if we insist that Dirichlet boundary condition are physical and that momentum is con-

served, we have to postulate the existence of objects to which the strings are attached. These objects are

physical in the sense that they have calculable energy densities and various other properties and they are

called D-branes, from Dirichlet. A Dp-brane is an object with p spatial dimensions. If the string lies on a

Dp-brane, its endpoints are free to move only along the p spatial directions of the brane. If a brane has a

number of dimensions equal to the number of spatial dimensions of spacetime, it is called a space-�lling

D-brane.

2.4 The Polyakov action

Recall that in section 2.1 we wrote two actions for the relativistic point particle which were classically

equivalent, (2.4) and (2.7). We also argued that the action (2.7) was better suited for quantization because

of the absence of the square root. Note that the Nambu-Goto action (2.10), despite being extremely elegant

and geometrical, also contains a square root, and it is awkward to work with in quantization. Our task is

to write down an action for the relativistic string which does not contain a square root and is equivalent

to the geometrical action, just like (2.7) for the point particle. Let's consider

S = − 1

4πα′

ˆ
dτdσ

√
−ggαβ∂αXµ∂βX

νηµν . (2.27)

We have de�ned a metric gαβ (τ, σ) on the worldsheet, with the repeated indices α and β summed over

the two values τ and σ and, as always, µ = 0, 1, ..., D − 1. The metric gαβ is a dynamical variable, so it

will give rise to its own equations of motion upon variation of the action. Equation (2.27) is called the

Polyakov action, and it's classically equivalent to Nambu-Goto, as we will prove [26]. Note meanwhile

that (2.27) is equivalent to the action of D scalar �elds Xµ (τ, σ) in two dimensional spacetime with one

timelike coordinate τ and one spacelike coordinate σ, coupled to 2d gravity through the dynamical metric

gαβ (τ, σ). From the perspective of the worldsheet (2d spacetime) Poincarè invariance is an internal

symmetry and the index µ is, as a result, an internal index [3]. This is the natural extension of our

discussion in section 2.1 following equation (2.6). All in all, we see that we can view string theory as a

1+1 dimensional conformal �eld theory [34]. The meaning of conformal will become clear shortly.

We will now prove that the Polyakov action is equivalent to the Nambu-Goto action. The equation of

motion for the metric gαβ is obtained by varying the action with respect to the metric itself
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δgS = − 1

4πα′

ˆ
dτdσ

[(
δ
√
−g
)
gαβ∂αX

µ∂βX
νηµν + δgαβ

√
−g∂αXµ∂βX

νηµν
]

= 0 . (2.28)

In order to advance we need the known result on the variation of the determinant of an arbitrary matrix

M : δ (detM) = (detM)Tr
(
M−1δM

)
. If we apply this result to δ

√
−g we obtain

δ
√
−g = −1

2

δg√
−g

= −1

2

(−g) δgαβgαβ√
−g

= −1

2

√
−gδgαβgαβ . (2.29)

Substituting (2.29) in (2.28) we obtain

δgS = − 1

4πα′

ˆ
dτdσδgαβ

√
−g
[
∂αX

µ∂βX
νηµν −

1

2
gαβ

(
gρδ∂ρX

µ∂δX
νηµν

)]
= 0 . (2.30)

The equation of motion for the metric is therefore

γαβ =
1

2
gαβ

(
gρδγρδ

)
, (2.31)

where γαβ is the induced metric (2.9). We see that the equation of motion sets the metric on the

worldsheet g proportional to the induced metric γ. The factor of proportionality, gρδγρδ, is a function on

the worldsheet, so in general the two metrics are related by the following equation

gαβ = Ω2 (τ, σ) γαβ , (2.32)

where Ω2 (τ, σ) is a generic positive function on the worldsheet. It is easy to see that (2.32) satis�es (2.31)

for any function Ω2 (τ, σ). We choose the proportionality factor to be positive to preserve the notion of

timelike and spacelike vectors going from the (τ, σ) parameter space to Minkowski space. Substituting

(2.32) into (2.27) we recover the Nambu-Goto action, as the arbitrary function Ω2 drops out of the

calculation. The two actions are therefore classically equivalent.

The Polyakov action is invariant under Poincarè and general reparametrizations, just like the Nambu-Goto

action. But the Polyakov action enjoys an extra symmetry, which comes from the fact that in our earlier

calculation the factor of Ω2 (τ, σ) did not a�ect the �nal result. Let's take again the action (2.27). We said

that this action is invariant under the Poincarè group and general di�eomorphism of the coordinates on

the worldsheet (reparametrizations), meaning that if we make this transformations on the relevant �elds,

the action is left invariant. We claim that the transformation
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g′αβ = Ω2 (τ, σ) gαβ , (2.33)

called aWeyl transformation, also leaves the Polyakov action invariant. Incidentally, two metrics related by

(2.33) are said to be conformal to each other, so now we know the meaning of our earlier remark on string

theory as a conformal �eld theory. That the Polyakov action is invariant under Weyl rescalings is very easy

to see (and indeed we already made this computation in proving the classical equivalence of Nambu-Goto

and Polyakov). The relevant term in the action is
√
−ggαβ which under a Weyl transformation becomes

√
−ggαβ →

√
−g′Ω−dg

′αβΩ2 , (2.34)

where we decided to make things general by assuming that the parameter space is d-dimensional. We

see that only in the special case of d = 2 there is invariance under Weyl transformations and that is

exactly our case. So the Polyakov action enjoys an extra symmetry, which is another gauge symmetry

of the theory. That was expected because we introduced a �eld on the worldsheet which was not there

in the �rst place, so it could not have been an independent degree of freedom. The invariance of the

action under a Weyl transformation on the metric gαβ indicates that distances measured by gαβ on the

worldsheet have no physical signi�cance. In particular we see from (2.32) that Weyl-equivalent metrics

on the worldsheet correspond to the same embedding in spacetime, which is controlled by the induced

metric γαβ [5]. In the parameter space, distances have no physical meaning, only angles between curves

do as Weyl transformations preserve them.

2.5 Quantization of the bosonic string

2.5.1 Mode expansion

To quantize the string we will use the Polyakov action (2.27), which does not have the nasty square root.

To obtain the equations of motion we vary it with respect to the �elds Xµ. What we obtain is of course

equivalent to (2.24) but written in another form

∂α
(√
−ggαβ∂βXµ

)
= 0 . (2.35)

Still non-linear and very complicated equations. But, as always in physics, we can use gauge invariance to

simplify the equations of motion by an intelligent choice of gauge. We also rewrite the equation of motion

(2.31) for the metric g for convenience:
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γαβ =
1

2
gαβ

(
gρδγρδ

)
. (2.36)

The gauge invariance of the theory consists in two independent transformations we can make: reparametriza-

tion of the coordinates and Weyl scaling. The metric gαβ is a symmetric 2-by-2 matrix, so it has three

independent components. We can use reparametrization of the coordinates (τ, σ) to �x the value of two

of the components, at least locally. The resulting metric has only one independent component and can

be written in the form

gαβ = Ω2 (τ, σ) ηαβ , (2.37)

where ηαβ is the Minkowski metric in two dimensions and Ω2 (τ, σ) is the conformal factor. The metric

(2.37) is said to be conformally �at. We could use the remaining Weyl invariance to set Ω = 1, but that

is not strictly necessary to arrive at the simpli�ed equations of motion since they don't depend on the

scaling factor. Substituting (2.37) in (2.35) we obtain

∂α∂
αXµ = 0 , (2.38)

the equation of motion for a free wave! We have simpli�ed enormously the problem using the gauge

invariance of the theory. Indeed using (2.37) the Polyakov action becomes the action for D free scalar

�elds:

S = − 1

4πα′

ˆ
dτdσηµν∂αX

µ∂αXν . (2.39)

The equation of motion for the metric (2.36) will give us constraints for the free wave equation. Substi-

tuting (2.37) in (2.36) we have

∂αX
µ∂βX

νηµν =
1

2
ηαβηµν∂ρX

µ∂ρXν . (2.40)

There are three equations but only two of them are independent. They are


Ẋ·X ′ = 0

Ẋ2 +X
′2 = 1

(2.41)

These relations are called Virasoro constraints and they supplement the wave equation (2.38).

In the conformal gauge, the generalized momenta (2.22) assume the simple form
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P τµ = 1

2πα′
Ẋµ

Pσµ = − 1
2πα′

Xµ′
(2.42)

We now solve equation (2.38) with the constraints (2.41), for open string whose endpoints are free: we

have a space-�lling D-brane. The most general solution of the wave equation (2.38) is [6]

Xµ (τ, σ) =
1

2
(fµ (τ + σ) + gµ (τ − σ)) , (2.43)

where fµ and gµ are generic function of a single variable. Since we are talking about open strings with

free endpoints, they must satisfy Neumann boundary conditions, Pσµ (τ, σendpoint) = 0. In the conformal

gauge Pσµ = − 1
2πα′

Xµ′ (equation (2.42)), so for our strings

∂Xµ

∂σ
(τ, σendpoint) = 0 σendpoint = 0, π . (2.44)

Imposing the condition (2.44) at σ = 0 gives

∂Xµ

∂σ
(τ, 0) =

1

2

(
fµ
′
(τ)− gµ

′
(τ)
)

= 0 . (2.45)

Therefore fµ
′
(τ) = gµ

′
(τ), and the two functions fµ and gµ may di�er only by a constant. Equation

(2.43) becomes

Xµ (τ, σ) =
1

2
(fµ (τ + σ) + fµ (τ − σ)) (2.46)

after having absorbed the constant into the de�nition of fµ. The condition (2.44) at σ = π gives

∂Xµ

∂σ
(τ, π) =

1

2

(
fµ
′
(τ + π)− fµ

′
(τ − π)

)
= 0 , (2.47)

so fµ
′
(τ + π) = fµ

′
(τ − π). This means that the derivative of fµ is periodic with period 2π. We are now

in a position to write down the most general expansion of the function fµ:

fµ (x) = fµ0 + fµ1 x− i
√

2α′
∞∑
n=1

1√
n

(
aµ∗n e

inx − aµne−inx
)
. (2.48)

The factor i
√

2α′ is conventional and it is introduced in order to make the aµ's dimensionless. If we

substitute (2.48) into (2.46) we �nd the expansion for Xµ
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Xµ (τ, σ) = fµ0 + fµ1 τ − i
√

2α′
∞∑
n=1

1√
n

(
aµ∗n e

inτ − aµne−inτ
)
cosnσ . (2.49)

The constant fµ1 in (2.49) is related to the momentum of the string. Recall from equation (2.25) that we

can write the momentum of the string as an integral of the momentum density, pµ (τ) =
´ σf

0
P τµ (τ, σ) dσ.

In conformal gauge P τµ = 1
2πα′

Ẋµ, so

pµ (τ) =
1

2πα′
πfµ1 +

π̂

0

dσ
√

2α′
∞∑
n=1

√
n
(
aµ∗n e

inτ + aµne
−inτ) cosnσ . (2.50)

But the integral of cosnσ vanishes, therefore

pµ =
1

2πα′
πfµ1 . (2.51)

The total momentum of the string is constant and it is proportional to fµ1 . Moreover, we de�ne fµ0 = xµ0and

write (2.49) in its �nal form

Xµ (τ, σ) = xµ0 + 2α
′
pµτ − i

√
2α′

∞∑
n=1

1√
n

(
aµ∗n e

inτ − aµne−inτ
)
cosnσ . (2.52)

We recognize xµ0 as the position of the center of mass of the string, pµ as the momentum of the string

and the last term as describing the oscillations of the string. The motion of the string, therefore, can

be decomposed in the motion of the center of mass, which is simply the motion of a point-particle

X (τ) = xµ0 + 2α
′
pµτ , and the oscillations in the center of mass frame, which can be written as a sum of

normal modes each with an integral frequency n. If all the aµn are zero, the string reduces to the point

particle. There is another useful way to write equation (2.52). De�ning αµn = aµn
√
n , αµ−n = aµ∗n

√
n and

αµ0 =
√

2α′pµ , we can rewrite (2.52) as

Xµ (τ, σ) = xµ0 +
√

2α′αµ0 τ + i
√

2α′
∑
n 6=0

1

n
αµne

−inτ cosnσ . (2.53)

2.5.2 Light-cone gauge

It turns out that the Virasoro constraints (2.41) do not exhaust the gauge freedom of the theory [30]. We

are free to make a residual gauge choice. In the static gauge X0 = t = τ , for example, the �rst constraint

in (2.41) reads

~̇X · ~X ′ = 0 . (2.54)
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This tells us that the motion of the string must be perpendicular to the string itself. In other words the

only allowed modes of the string are transverse oscillations. Longitudinal motion on the string is not

physical! This means that the true dynamical variables of the theory are the transverse coordinates XI

with I = 2, ..., D, the longitudinal one and time being only variables that parametrize the motion of the

string. This is similar to our discussion in section 2.1 about the gauge symmetry of the point particle.

There we had one parameter τ , one redundant coordinate and D−1 degrees of freedom. Here, by analogy,

we have two parameters τ and σ, two redundant coordinates and, as a consequence, D − 2 degrees of

freedom.

We could try to quantize the string in the static gauge, imposing X0 = τ , but it turns out that quanti-

zation is much easier (if not only possible) in light-cone gauge. The light-cone coordinates are the set of

coordinates X+, X−, XI , with I = 2, ...D and X+ = 1√
2

(
X0 +X1

)
, X− = 1√

2

(
X0 −X1

)
(see appendix

A). We use X+ and X− instead of X0 and X1, with all the other coordinates unchanged. We impose the

light-cone gauge by requiring that X+be proportional to τ

X+ = 2α
′
p+τ , (2.55)

with p+ = 1√
2

(
p0 + p1

)
. Note that in our units τ is dimensionless, therefore the combination α

′
p+τ has

the right units. Using the light-cone gauge we will prove that the coordinate X− is non-dynamical as it

can be written in terms of the transverse coordinates XI (up to a zero mode). We begin by noting that

we can write the two constraints (2.41) as a single equation

(
Ẋ ±X

′
)2

= 0 . (2.56)

In light-cone coordinates (2.56) is equal to

2
(
Ẋ+ ±X+′

)(
Ẋ− ±X−

′
)
−
(
ẊI ±XI′

)2

= 0 . (2.57)

We know that X+′ = 0 and Ẋ+ = 2α
′
p+ in our gauge, so

Ẋ− ±X−
′

=
1

4α′p+

(
ẊI ±XI′

)2

. (2.58)

The light-cone gauge was crucial in arriving at the above equation since it allowed us to solve for the

derivatives of X− without taking the square root. Moreover it made Ẋ+ a constant. Equation (2.58)

determines X− in terms of the XI up to an integration constant, therefore we explicitly see that X− is

not a dynamical variable. The actual degrees of freedom of the theory are the D-2 transverse coordinates
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XI .

We can write the expansion (2.53) for the transverse coordinates

XI (τ, σ) = xI0 +
√

2α′αI0τ + i
√

2α′
∑
n 6=0

1

n
αIne

−inτ cosnσ . (2.59)

The expansion for the X+ coordinate is simply (2.55), therefore x+
0 = 0 and α+

n = α+
−n = 0 ∀n.

The expansion for the X− coordinate is of course identical to (2.59)

X− (τ, σ) = x−0 +
√

2α′α−0 τ + i
√

2α′
∑
n 6=0

1

n
α−n e

−inτ cosnσ , (2.60)

but we expect the α−n oscillators to be related to the transverse oscillators αIn because of equation (2.58).

In fact

Ẋ− ±X−′ =
√

2α′
∑
n α
−
n e
−in(τ±σ)

ẊI ±XI′ =
√

2α′
∑
n α

I
ne
−in(τ±σ)

(2.61)

Substituting (2.61) into (2.58) we �nd

√
2α′

∑
n α
−
n e
−in(τ±σ) = 1

2p+

∑
p,q α

I
pα

I
qe
−i(p+q)(τ±σ) =

1
2p+

∑
n,p α

I
pα

I
n−pe

−in(τ±σ) =

1
2p+

∑
n

(∑
p α

I
pα

I
n−p

)
e−in(τ±σ)

(2.62)

Therefore we identify

α−n =
1

2p+
√

2α′

∑
p

αIpα
I
n−p . (2.63)

The general solution is known when we specify the values of xI0, α
I
n, p

+,x−0 . We don't need to specify also

the α−n because they are determined by the relation (2.63). The particular combination of αI in (2.63) is

extremely important in string theory and it is called the Virasoro mode Ln [6, 26, 30]:

Ln =
1

2

∑
p

αIn−pα
I
p . (2.64)

For n = 0, equation (2.63) becomes

2α
′
p− =

1

p+
L0 → 2p+p− =

L0

α′
. (2.65)
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We have solved completely the equations of motion for an open string using the light-cone gauge. Let's

compute now the mass squared of the string using the formula M2 = p2 = 2p+p−− pIpI . From (2.65) we

know that

2p+p− =
L0

α′
=

1

2α′
∑
p

αI−pα
I
p =

1

2α′

(
αI0α

I
0 + 2

∞∑
p=1

αI∗p α
I
p

)
= pIpI +

1

α′

∞∑
p=1

paI∗p a
I
p . (2.66)

Where we have used the de�nitions αµn = aµn
√
n , αµ−n = aµ∗n

√
n and αµ0 =

√
2α′pµ. Replacing the above

result in the formula for the mass squared we �nally obtain

M2 =
1

α′

∞∑
n=1

naI∗n a
I
n . (2.67)

This is the classical mass squared for a relativistic string. We see that the spectrum is continous, since

the aIn's can take any value, and the minimum value of M2 is zero, and it is attained for aIn = 0 ∀n. We'll

see that both this features will disappear in the quantum treatment of the string. The mass of the string

is determined by its vibrations, higher frequency meaning higher mass.

2.5.3 Quantization of the open string

We now quantize the relativistic open string. We will assume a space-�lling D-brane, as in 2.5.1. As

already said in 2.5.2, the independent variables that describe the motion of the string are xI0, α
I
n, p

+,x−0 .

We therefore need commutation relations among these coordinates. Recall that the generic commutation

relation is between a generalized coordinate and its generalized momentum

[
xα, pβ

]
= −iηαβ . (2.68)

In light-cone coordinates −ηIJ ≡ δIJ and −η−+ = 1. So, in analogy with what we do in QFT and bearing

in mind (2.68), the commutation relations are

[
XI (σ) , P τJ (σ′)

]
= iδIJδ (σ − σ′)[

x−0 , p
+
]

= −i
(2.69)

with all the other commutators vanishing. δIJ is the Kronecker delta and δ
(
σ − σ′

)
the Dirac delta,

as usual. Plugging the mode expansion (2.52) into the commutation relations (2.69) for the transverse

coordinates, we �nd an equivalent set of commutators expressed in terms of the mode operators aIn and
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aI†n

[
aIm, a

J†
n

]
= δm,nδ

IJ . (2.70)

Note that in the quantum theory aI∗n becomes aI†n . The corresponding commutators for the related

operators αIn are

[
αIm, α

J
n

]
= mδm+n,0δ

IJ . (2.71)

The commutators (2.70) are those of an in�nite set of creation and annihilation operators, as we expected,

since the aIn are just the coe�cients that describe the harmonic oscillations of the string with frequency

n. Indeed, looking at the expansion (2.52), we see that the combination qIn (τ) = i√
2

(
aIne
−inτ − a∗In einτ

)
is just the coordinate of a simple harmonic oscillator of frequency n in the I-th direction. We also have

the commutator for the zero mode of the transverse coordinates:

[
xI0, p

J
]

= iδIJ . (2.72)

In the mode expansion (2.52), XI (τ, σ) becomes an operator

XI (τ, σ) = xI0 + 2α
′
pIτ + i

√
2α′

∞∑
n=1

1√
n

(
aIne
−inτ − aI†n einτ

)
cosnσ . (2.73)

This expansion tells us that the oscillations of the string can be seen as an in�nite collection of quantum

harmonic oscillators, one for each transverse direction I and each di�erent frequency n.

There is another important object that becomes an operator: the Virasoro mode (2.64)

Ln =
1

2

∑
p

αIn−pα
I
p , (2.74)

where the α's are related to the a's as we saw. This is the Virasoro operator, the quantum analogue of

the Virasoro mode. In the classical treatment of the string the Virasoro mode is a perfectly well-de�ned

object, since the αIp are classical variables and they all commute. In quantum mechanics, however, they

become operators and in general do not commute. We must therefore ask ourselves if the ordering in

(2.74) matters, and the answer is yes. To be more precise, the ordering matters only when n = 0, since

the α operators fail to commute only when their mode numbers add up to zero, as we can see from (2.71).

The only ambiguous operator is the zero mode Virasoro operator
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L0 =
1

2

∑
p

αI−pα
I
p . (2.75)

This operator is of critical importance, since it enters in the evaluation of the mass, as we saw in the

preceding section (equation (2.66)). We choose to normal order the Virasoro operator L0, as we do in

QFT, because normal ordered operators have a simple action on the vacuum of the theory.

L0 =
1

2

∑
p

αI−pα
I
p =

1

2
αI0α

I
0 +

1

2

∞∑
p=1

αI−pα
I
p +

1

2

∞∑
p=1

αIpα
I
−p . (2.76)

The last term in (2.76) is not normal ordered since the creation operator αI−p is to the right. We use the

commutator (2.71) to write

L0 =
1

2
αI0α

I
0 +

∞∑
p=1

αI−pα
I
p +

1

2
(D − 2)

∞∑
p=1

p . (2.77)

The term 1
2 (D − 2)

∑∞
p=1 p comes from the commutator and it's clearly divergent. This is similar to what

happens when we try to normal order the hamiltonian in QFT. To de�ne the normal ordered operator

: L0 : we throw away the in�nite constant

: L0 :=
1

2
αI0α

I
0 +

∞∑
p=1

αI−pα
I
p . (2.78)

Therefore we can write the Virasoro operator L0 as

L0 =: L0 : +a , (2.79)

where a is the in�nite constant

a =
1

2
(D − 2)

∞∑
p=1

p . (2.80)

In QFT we simply decide to ignore the in�nite constant and work consistently only with the normal

ordered operators (e�ectively we put a = 0). It turns out, and this is a deep fact about string theory,

that here we cannot ignore the constant a, otherwise the theory loses Lorentz invariance, as we will see.

Moreover, string theory will force us to assume a �nite value for the constant a, which is even more

puzzling. From now on we will assume that the Virasoro operator is given by (2.79) with a 6= 0. Before

going on with the construction of the state space of the open string, let's understand the physical origin of

the in�nite term (2.80). We saw in equation (2.73) that the oscillations of the string can be thought of as
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an in�nite collection of quantum harmonic oscillators. We know from basic quantum mechanics that the

quantum harmonic oscillator has a minimum energy equal to 1
2n where n is the frequency of oscillation

(recall that we are working in units in which ~ = 1). Therefore the zero-point energy of the string is the

sum over all the zero-point energies of this in�nite collection of harmonic oscillators. We have therefore

a sum over all possible values of n and over all possible directions of oscillation I, which are D − 2, the

number of transverse directions. All in all we have
∑∞
n=1

∑D
I=2

(
1
2n
)
which is exactly (2.80). We identify

a as the zero point energy of oscillation of the string.

We now construct the state space of the theory. We only need the in�nite creation and annihilation

operators
{
aI†n , a

I
n

}
and the ground state | 0 >. What is this ground state? Since the operators

{
aI†n , a

I
n

}
create and annihilate quanta of oscillation, the ground state is the state with zero quanta of oscillation,

therefore it is speci�ed only by the value of the momentum

| 0 >≡| p+, pI > . (2.81)

p− is of course not independent of p+ and pI and there is no need to include it. What is the mass of this

state? We simply use the formula (2.66) with L0 given by (2.79). What we obtain is the classical formula

for the mass (2.67), shifted by an amount equal to the ordering constant a:

M2 =
1

α′

( ∞∑
n=1

naI†n a
I
n + a

)
. (2.82)

The di�erence is that now M2 is an operator. The mass squared of a state is the eigenvalue of M2 when

it acts on that state. On the ground state aIn | 0 >= 0 ∀n, therefore

M2 | 0 >=
a

α′
| 0 > . (2.83)

The ground state has no labels, so it is a scalar particle with a mass equal to a
α′
.

Let's consider now the next excited states. Those are the states built with one creation operator of the

lowest n hitting the vacuum:

aI†1 | 0 > , (2.84)

with mass
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M2aI†1 | 0 >=
1

α′
(1 + a) aI†1 | 0 > . (2.85)

There are D− 2 such states, one for each value of the transverse index I, and they describe oscillations of

the string in that particular direction. Indeed the index I is a spatial Lorentz index, therefore the states

(2.84) form a representation of the spatial group SO(D − 2). But we immediately see a problem. The

mass of these states is in general di�erent from zero, so they represent massive particles, and massive

particles transforms with the spatial group SO(D−1). In other words, in D dimensions, a massive vector

particle has D−1 spin states, while a massless vector particle has only D−2 states [5]. We have one state

less! Our theory is not Lorentz invariant unless we can make these states massless. Looking at (2.85), we

require that

a = −1 (2.86)

to preserve the Lorentz invariance of the theory.

We are forced to accept a �nite value for the in�nite sum in (2.80)

1

2
(D − 2)

∞∑
n=1

n = −1 . (2.87)

Taken at face value, equation (2.87) doesn't make sense, of course, because we are equating a �nite value

(even negative!) with a in�nite one. We can understand the above equation as an equality that is valid

after a process of �renormalization�, in which we throw away the in�nite piece in
∑∞
n=1 n and retain only

the �nite part. We can do this by regularizing the in�nite sum with an ultra-violet cut-o� ε in this way[30]:

∑∞
n=0 n = limε→0

∑∞
n=1 ne

−εn → − ∂
∂ε

∑∞
n=1 e

−εn =

− ∂
∂ε (1− e−ε)−1

=

1
ε2 −

1
12 +O (ε)

(2.88)

We renormalize the result by getting rid of the divergent term 1
ε2 , and we are left with a rather mystical

formula

∞∑
n=1

n→ − 1

12
. (2.89)

We didn't put the equal on purpose, because it would have been nonsensical. The above result is rather

a correspondence that is valid after the �renormalization� procedure. With this correspondence equation

(2.87) makes much more sense and we can even derive the value of D: 1
2 (D − 2)

(
− 1

12

)
= −1, from which
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D = 26 . (2.90)

(Bosonic) String theory combined with Lorentz invariance requires 26 spacetime dimensions. Another

way to derive the result (2.89) is through the so-called zeta function regularization. The Riemann zeta

function ζ (s) is de�ned for any complex number s with Re (s) > 1

ζ (s) =

∞∑
n=1

n−s . (2.91)

The function is not de�ned for s = −1, because it diverges, as we know. But complex functions can be

analytical continued. In particular the zeta function can be continued for all values of s except s = 1 and,

fortunately

ζ (−1) = − 1

12
. (2.92)

There is a more convincing way to �x the value of a and D. Instead of checking Lorentz invariance by

requiring the correct number of spin states, we can do it explicitly by computing the Lorentz algebra.

The generators of the Lorentz algebra are [6]

Mµν = xµ0p
ν − xν0pµ − i

∞∑
n=1

1

n

(
αµ−nα

ν
n − αν−nαµn

)
, (2.93)

written in terms of oscillation modes. It turns out that the commutator of the Lorentz algebra that

enables us to �x the dimensionality of spacetime is

[
M−I ,M−J

]
= 0 . (2.94)

This commutator, which must be zero for Lorentz invariance, vanishes only for a particular value of D

and a: using the commutation relations between coordinates, momenta and oscillation modes we arrive

at the following expression

[
M−I ,M−J

]
= − 1

α′p+2

∞∑
m=1

(
αI−mα

J
m − αJ−mαIm

) [
m

(
1− 1

24
(D − 2)

)
+

1

m

(
1

24
(D − 2) + a

)]
.

(2.95)

This expression vanishes only if D = 26 and a = −1 as can be easily veri�ed.
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Now that we have �xed the shifting constant a and the number of dimensions of spacetime D we return

to the states we were examining. Note that now the mass squared of the scalar particle representing the

ground state of the string (2.83) is negative and equal to − 1
α′
. This particle is called a tachyon. In the

early days of relativity a tachyon was a particle that moved faster than the speed of light, but that is of

course not possible as it violates one the basic principles of relativity. In the context of quantum �eld

theory, negative mass squared does not indicate a super-luminal particle, but it signals an instability of

the theory. The potential of the free scalar �eld Φ is simply the mass term V (Φ) = 1
2M

2Φ2. If M2 < 0,

the point Φ = 0 in �eld space is not a stable minimum but an unstable maximum of the theory. The

slightest perturbation around the maximum will cause the �eld to run away from the origin of �eld space.

The natural question is whether this potential has a minimum somewhere, as in the case of the Higgs �eld

H, where the symmetric point H = 0 is a local maximum and the minimum is attained at a symmetry

breaking value H 6= 0. The answer is not clear (at least for closed strings), but there are higher order

corrections to the potential of the tachyon that may give rise to a local minimum. In any case the tachyon

is problematic as it suggests that the theory may have no stable solutions. We will see that in superstring

theories the tachyon disappears.

The D − 2 states aI†1 | 0 >are massless for a = 1 (see (2.85)), as we required. So, we have D − 2 massless

states that form a representation of SO(D − 2). These are precisely the states that make up a Maxwell

gauge �eld AI5. The open string quantum states include photon states, or, in other words, the photon

arises in string theory as a particular vibrational mode of the open string. We will see that the graviton

is a vibrational mode of the closed string.

All the other states are constructed acting with more creation operators on the ground states. For example,

the next excited states are aI†1 a
J†
1 | 0 > and aI†2 | 0 > with mass M2 = 1

α′
. These particles are known

as massive tensors. We stress that every state of the string spectrum represents a di�erent particle with

a di�erent mass and a di�erent transformation property under Lorentz transformations (scalar, vector,

tensor, etc). Note also that the mass increases in steps of order
(
α
′
)−1/2

∼
√
T = MS , with MS the

characteristic energy scale of string theory. This energy scale is taken to be far above the typical energies

probed in particle accelerators today and, in many cases, to be near the Planck energy. This means that

at low energies E � MS only the massless sector of particles is observable (in the case of the bosonic

open string we would only see electromagnetism).

5 In light-cone coordinates the Maxwell �eld Aµ can be decomposed in the transverse �elds AI for I = 2, ..., D, A+ and
A−. The light-cone gauge condition requires A+ = 0 and A− = 1

p+

(
pIAI

)
. Therefore the Maxwell �eld has only D − 2

independent components AI (this is true in any gauge of course), since A+ = 0 and A− can be reconstructed from the AI .
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Finally, let's see if we can guess the right Hamiltonian. We want the Hamiltonian to generate translation

in τ . The momentum conjugated to X+ is p−, therefore p− generates X+ translation. But X+ and τ are

related by the gauge condition (2.55), so

∂

∂τ
= 2α

′
p+ ∂

∂X+
(2.96)

and the Hamiltonian is simply

H = 2α
′
p+p− . (2.97)

Using (2.65), (2.79) and (2.86) we arrive at the simple formula

H = L0 =: L0 : −1 = α
′ (
M2 + pIpI

)
. (2.98)

The hamiltonian contains the contribution from the mass squared of the string, which is determined by

its vibrations, as well as the contribution from the overall center-of-mass momentum. Note that while the

�rst contribution is discrete, the second is continous, at least when the string is moving in a non-compact

space.

Before moving on to the quantization of the closed string, let's review very brie�y the properties of the

Virasoro operators. We have seen that the only ambigous operator is L0, in the sense that the order in

which the α operators appear in the de�nition of Ln is non-trivial only for n = 0. Another important

property of the Virasoro operators is that they do not commute among themselves. Indeed, using the

basic commutation relations (2.71) and the de�nition (2.74) , one can prove that

[
Lm, α

J
n

]
= −nαJm+n . (2.99)

Equation (2.99) can then be used to compute the general commutator of two Virasoro operators [6]

[Lm, Ln] = (m− n)Lm+n +
D − 2

12

(
m3 −m

)
δm+n,0 . (2.100)

This equation de�nes the so-called Virasoro algebra. The second term on the right-hand side is a constant

multiplied by the identity operator and it is called the central extension. An operator is said to be central

when it commutes with all other operators of the algebra. In our case this is obvious because the central
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term is simply proportional to the identity matrix (in a given representation), wich commutes with any

matrix. The central term vanishes for m = 0 and m = ±1.

2.5.4 Quantization of the closed string

Mathematically, the main di�erence between open string and closed strings is that the former have to

obey boundary conditions at the endpoints, while for closed strings we only have the periodicity condition

σ ∼ σ + 2π. The general solution of the free wave equation ∂α∂αXµ = 0 (eq. (2.38)) is once again

Xµ (τ, σ) = Xµ
L (τ + σ) +Xµ

R (τ − σ) . (2.101)

We changed notation and called the two functions f and g in (2.43) XL and XR to denote a left-moving

wave XL and a right-moving wave XR along the closed string. For open string the two functions f and g

are related by the boundary condition at the endpoint (see (2.44)), while for closed string we impose the

periodicity condition

Xµ (τ, σ) = Xµ (τ, σ + 2π) (2.102)

for τ ∈ R and σ ∈ [0, 2π]. The parameter space of the closed string is topologically a cylinder: two points

in the σ direction that di�er by 2π must be identi�ed. This is an instance of compacti�cation. De�ning

two new variables u = τ + σ and v = τ − σ, we rewrite (2.101) as

Xµ = Xµ
L (u) +Xµ

R (v) . (2.103)

When σ → σ + 2π, u→ u+ 2π and v → v − 2π, therefore (2.102) becomes

Xµ
R (v)−Xµ

R (v − 2π) = Xµ
L (u+ 2π)−Xµ

L (u) . (2.104)

Since u and v are independent variables, the v derivative of the left-hand side and the u derivative of the

right-hand side must vanish

Xµ′

R (v − 2π) = Xµ′

R (v)

Xµ′

L (u+ 2π) = Xµ′

L (u)
(2.105)

where Xµ′ is the derivative with respect to the relevant argument. The derivatives of the two functions are

therefore periodic with period 2π and can be expanded in a Fourier series of the type
√
α′/2

∑
n α

µ
ne
−inx.

Upon integration we �nd
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Xµ
L (u) = 1

2x
µ
0L +

√
α′

2 ᾱ
µ
0u+ i

√
α′

2

∑
n 6=0

ᾱµn
n e
−inu

Xµ
R (v) = 1

2x
µ
0R +

√
α′

2 α
µ
0v + i

√
α′

2

∑
n 6=0

αµn
n e
−inv

(2.106)

These expansions are totally equivalent to the expansion (2.48). The crucial di�erence is that in the

case of the open string, the boundary condition forces the two functions Xµ
L and Xµ

R (or f and g in our

open-string notation) to be the same while here no such condition exists and the two functions are in

principle independent. This is re�ected in our choice of notation for the two mode coe�cients: α for a

right-moving wave and ᾱ for a left-moving wave. Physically, this comes from the fact that for a closed

string we can have two di�erent types of waves: right-moving and left-moving, that is moving towards

more positive σ or towards more negative σ, and these waves do not mix, in the sense that they do not

get transformed into each other. For open strings, we can still talk about right-moving and left-moving

waves, but these notions are not conserved in time, since a right-moving wave arriving at one endpoint of

the string can bounce back and become a left-moving wave. For closed strings this can't happen and we

have two independent ways a wave can propagate. Roughly speaking closed string theory is equivalent to

two copies of open string theory. We will make this remark more rigorous later.

The two expansions (2.106) are not entirely independent, since they are related by (2.104). Indeed,

imposing the periodicity condition on (2.106) we �nd

2π

√
α′

2
ᾱµ0 = 2π

√
α′

2
αµ0 , (2.107)

which means

ᾱµ0 = αµ0 . (2.108)

The zero mode coe�cients are the same. Because of our usual identi�cation between zero mode coe�cient

and momentum, we know that there is really only one momentum even in closed string theory, a comforting

discovery. Substituting (2.106) in (2.103) we have the full expansion of Xµ

Xµ (τ, σ) =
1

2
(xµ0L + xµ0R) +

√
2α′αµ0 τ + i

√
α′

2

∑
n 6=0

e−inτ

n

(
αµne

inσ + ᾱµne
−inσ) (2.109)

with αµ0 =
√

α′

2 p
µ. Since we have only one momentum pµ, we must have only one conjugated coordinate

xµ. In (2.109) only the sum xµ0L+xµ0R appears, therefore without loss of generality we can set xµ0 = xµ0L =

xµ0R and write
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Xµ (τ, σ) = xµ0 +
√

2α′αµ0 τ + i

√
α′

2

∑
n 6=0

e−inτ

n

(
αµne

inσ + ᾱµne
−inσ) . (2.110)

We carry out quantization in the same way as we did with open strings. The canonical commutation

relations between coordinates and momenta are completely analogous to (2.69), which we rewrite here for

convenience

[
XI (σ) , P τJ (σ′)

]
= iδIJδ (σ − σ′)[

x−0 , p
+
]

= −i
(2.111)

Using these we �nd the algebra satis�ed by the right-moving and left-moving operators α and ᾱ

[
ᾱIm, ᾱ

J
n

]
= mδm+n,0δ

IJ[
αIm, α

J
n

]
= mδm+n,0δ

IJ[
αIm, ᾱ

J
n

]
= 0

(2.112)

What we have is two sets of commuting operators
{
αIn
}I=2,...,D

n∈Z and
{
ᾱIn
}I=2,...,D

n∈Z which separately satisfy

the open string algebra (2.71). The operator content of closed string theory is twice that of open string

theory.

Let us focus now on the Virasoro operators. Since we have two distinct sets of mode operators α and ᾱ,

we will have two distinct sets of Virasoro operators which we denote Ln and L̄n

Ln = 1
2

∑
p∈Z α

I
n−pα

I
p

L̄n = 1
2

∑
p∈Z ᾱ

I
n−pᾱ

I
p

(2.113)

As for the case of the open string, the derivatives of the X− coordinate can be expressed in terms of

the transverse coordinates XI , producing a relation between the mode operators, as we saw in equation

(2.63). In this case we have two such conditions, one for the barred operators ᾱ−n = 2

p+
√

2α′
L̄n, and

one for the unbarred operators α−n = 2

p+
√

2α′
Ln. The condition (2.108) therefore relates the zero mode

Virasoro operators

L̄0 = L0 . (2.114)

This is called the level-matching condition. The equality above doesn't imply that the two operators are

the same: as can be seen from (2.113) they are quite di�erent, even for n = 0. What it means is that if
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we act with the zero mode Virasoro operators on any given quantum state of our theory we will �nd the

same result. The equality (2.114) is a constraint on the state space, the only admissible states being those

that satisfy L̄0 | state >= L0 | state >. All other states simply don't belong to the physical state space.

We normal order the zero mode Virasoro operators and write

: L0 := α
′

4 p
IpI +N

¯: L0 := α
′

4 p
IpI + N̄

(2.115)

where the number operators N and N̄ are

N =
∑∞
n=1 na

I†
n a

I
n

N̄ =
∑∞
n=1 nā

I†
n ā

I
n

(2.116)

This is of course analogous to (2.78). We introduced the number operators to ease the notation. We

recognize a and a† as the creation and annihilation operators, and in this case they come in two varieties,

right-moving and left-moving, or barred and unbarred. The full Virasoro operators are, in analogy to

(2.79)

L0 =: L0 : −1

L̄0 =: L̄0 : −1
(2.117)

where the constant shift is −1, as in the case of the open string. This result could have been anticipated

since we are simply dealing with two copies of open string Virasoro operators. For closed strings the

constant shifts are the same and their value is determined by Lorentz invariance, which �xes also the

dimensionality of spacetime to D = 26, in agreement with open string theory. We do not prove these

results because the discussion would be identical to the case of the open string. The value of D could be

di�erent, in principle, for open and closed strings but in that case the two theories would be incompatible.

What we have learned is that we can have a theory (free, at least) with both open and closed strings.

The level matching condition L̄0 = L0 gives

N = N̄ . (2.118)

As always, we can compute the mass squared M2, which is

M2 =
2

α′
(
N + N̄ − 2

)
. (2.119)
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As for the case of the open string, the ground state of the closed string is the state annihilated by all the

mode operators
{
āIn, a

I
n

}
, and, as a consequence, it is speci�ed only by the value of the center-of-mass

momentum:

aIn | p+, pI >= āIn | p+, pI >= 0 . (2.120)

For the ground state N | p+, pI >= N̄ | p+, pI >= 0 and its mass is

M2 | p+, pI >= − 4

α′
| p+, pI > . (2.121)

The ground state of the closed string is a scalar tachyon, like the open string ground state. The next

state must have N = N̄ = 1 for the level-matching condition and a mass M2 = 0. These massless states

are built acting on the ground state with two mode operators of the lowest mode number, n = 1

aI†1 ā
J†
1 | p+, pI > . (2.122)

Since I, J = 2, ..., D and since we are dealing with two di�erent creation operators, one belonging to the

right-moving sector and the other to the left-moving sector, there are (D − 2)
2 such states6 and a generic

state can be expanded in this basis with certain coe�cients RIJ :

∑
I,J

RIJa
I†
1 ā

J†
1 | p+, pI > . (2.123)

RIJ is a square matrix of order D − 2. It is clear that the 2-tensor RIJ furnishes a representation of the

rotation group SO(D − 2) (again, this is the physical reason why these states must be massless). This

is a reducible representation as it decomposes in a symmetric traceless tensor, an antisymmetric tensor,

and a scalar [5]

RIJ =
1

2

(
RIJ +RJI −

2

D − 2
δIJR

)
+

1

2
(RIJ −RJI) +

1

D − 2
δIJR , (2.124)

where R is the trace of RIJ . These three separate tensors are irreducible representations of SO(D − 2)

and they do not mix under rotations. Therefore the states (2.123) can be decomposed in three groups of

linearly independent states. Let's consider the symmetric traceless part

6 For the open string, for example, where we have only one type of creation operator, the number of states aI†1 a
J†
1 | p+, pI >

is the number of independent entries in a symmetric matrix of order D − 2, which is 1
2

(D − 1) (D − 2). That's because the

creation operators are bosonic and trivially aI†1 a
J†
1 | p+, pI >= aJ†1 aI†1 | p+, pI >, which is the symmetry condition. For the

closed string aI†1 ā
J†
1 | p+, pI >6= aJ†1 āI†1 | p+, pI > and the matrix need not be symmetric.
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∑
I,J

S
′

IJa
I†
1 ā

J†
1 | p+, pI > , (2.125)

where S
′

IJ = 1
2

(
RIJ +RJI − 2

D−2δIJR
)
. S

′

IJ is a symmetric traceless matrix of order D − 2 and it has

1
2D (D − 3) independent components, which is also the number of independent states of the form (2.125).

In the usual 4d spacetime, for example, we have exactly 2 states. To see what particle is described by the

states in (2.125), we must discuss the quantization of the free gravitational �eld in light-cone gauge.

We start from the Einstein �eld equations in the absence of sources

Rµν = 0 . (2.126)

Rµν is the Ricci tensor, which is a function of the metric tensor gµν (x) and its derivatives. The equations

(2.126) are highly non-linear. In the presence of a gravitational �eld the metric tensor is a nontrivial

function of the coordinates xµand it describes the local geometry of spacetime. If the gravitational �eld

is weak, the metric tensor is very close to the �at Minkowski metric ηµν

gµν (x) = ηµν + hµν (x) , (2.127)

where hµν (x) is a small perturbation in the background metric ηµν . Since we can take gµν to be symmetric,

the perturbation hµν is also symmetric. If we write equation (2.126) with a metric given by (2.127), and

retain only terms linear in hµν , we arrive at the linearized Einstein's equations

∂2hµν − ∂α (∂µhνα + ∂νhµα) + ∂µ∂νh = 0 , (2.128)

where h = hαα. These equations are of course only approximations to the full equations of motion, valid

when the perturbation hµν is small compared to the usual Minkowski metric. Einstein's gravity is invariant

under general coordinate transformations xµ
′

= F (xµ), with F a di�eomorphism. In in�nitesimal form

xµ
′

= xµ + εµ (x), and the metric (2.127) changes by

δgµν (x) = δhµν (x) = ∂µεν + ∂νεµ +O (ε, h) . (2.129)

This invariance is really only a gauge symmetry of General Relativity, since di�erent metric tensors related

by a coordinate transformation describe the same physics. In this case the gauge parameter εµ is a vector

quantity. We �x the gauge by choosing a particular metric tensor from the set of all physically equivalent
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metric tensors. It is easy to see that the gauge transformation (2.129) leaves the equation of motion

(2.128) invariant. In momentum space the equation of motion is

p2hµν − pα (pµhνα + pνhµα) + pµpνh = 0 (2.130)

and the gauge transformation is

δhµν (x) = ipµεν + ipνεµ +O (ε, h) . (2.131)

In light-cone coordinates the metric perturbation has components
(
hIJ , h+I , h−I , h+−, h++, h−−

)
. Now

we can use the gauge transformation to �x some of the values of the metric perturbation; in particular

we shall try to put to zero all the components with a + index. We have D components with a + index

and exactly D components in the gauge parameter vector εµ, therefore with a suitable choice of εµ we

can gauge away the + components of the metric, which represent unphysical degrees of freedom. The

light-cone gauge condition is

h+I = h+− = h++ = 0 . (2.132)

With our choice of gauge the ++ component of the equation of motion (2.130) is

h = hII = 0 (2.133)

and the equation with µ = + is

pαh
να = 0 . (2.134)

Imposing the constraints (2.133) and (2.134) into (2.130) we �nd the equation of motion of a free wave

p2hµν = 0 . (2.135)

The constraint (2.134) relates the − components of the metric to its transverse components, in a way

similar to (2.58)

hI− =
1

p+
pJh

IJ , h−− =
1

p+
pIh
−I . (2.136)

Therefore the equation of motion (2.135) is trivially satis�ed for hI− and h−− if it is satis�ed for hIJ and,
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as a consequence, the only non-trivial equations are those for transverse indices

p2hIJ = 0 . (2.137)

We started from the full symmetric metric perturbation hµν and chose a gauge in which the D components

h+I , h+−, h++ are zero. Furthermore we showed that the D− 1 components hI− and h−− can be written

in terms of the transverse metric hIJ , which has to obey the tracelessness condition (2.133), h = 0. We

conclude that the degrees of freedom of the D-dimensional gravitational �eld are carried by a traceless,

symmetric rank D− 2 tensor �eld hIJ . Such a tensor �eld has in general n (D) independent components,

where

n (D) =
1

2
D (D − 3) . (2.138)

For D = 4 spacetime, n (D) = 2. In 4d spacetime the graviton has two independent polarizations (degrees

of freedom), a well-known fact. We can, of course, quantize the classical �eld hIJ , and express it in terms

of creation and annihilation operators
{
aIJ†p , aIJp

}
. As usual we de�ne the vacuum | 0 > to be annihilated

by all the aIJp . In this case the vacuum represent the state with no quanta. If we hit the vacuum with a

creation operator aIJ†p we create a state aIJ†p | 0 > which represents one particle with momentum p and

polarization IJ . This particle, the quantum of oscillation of the metric �eld, is called the graviton. A

generally polarized one-particle graviton state is written as

∑
I,J

ξIJa
IJ†
p | 0 > , (2.139)

where ξIJ is the polarization tensor and ξII = 0. The tracelessness condition for the polarization tensor

comes directly from the classical condition hII = 0. Equation (2.135) tells us that the graviton is massless,

since hIJ = 0 if p 6= 0. States with more than one creation operator acting on the vacuum represent

multi-graviton states. Incidentally, if we act on the string ground state | p+, pI > with more creation

operators we don't obtain multiparticle states, but di�erent one-particle states. In particular, all the

string states describe exactly one particle, for the simple physical reason that we are quantizing a single

string. Mathematically, the di�erence, say, between equation (2.125) and (2.139) is that in the �rst case

the ground state is already a one-particle state with �xed momentum p, and the creation operators merely

activate di�erent modes of the string, which is then seen as a di�erent particle. In the quantum theory

of �elds, on the other hand, the vacuum is a zero-particle state and the creation operators, which carry a

momentum label unlike the string ones, e�ectively create particles, each with its own momentum. Note
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also that the state space of the quantized string consists of states with di�erent physical properties (mass,

Lorentz behaviour, etc.), while the state space (Fock space) of any quantum �eld theory always describe

identical particles.

We now make the all-important identi�cation between the states in (2.125) and the states in (2.139).

Indeed both states describe a massless spin 2 particle with momentum p =
(
p+, p−, pI

)
and polarization

ξIJ ≡ S
′

IJ , with ξIJ a symmetric traceless tensor of rank D− 2. We have discovered that gravity emerges

in string theory as a vibrational mode of the closed string. It can be shown that the graviton-like particles

in the spectrum of closed strings behave exactly like gravitons and their interactions reduce to General

Relativity at low energy. Moreover string theory provides a �nite theory of quantum gravity. In order

to see the problems that arise in trying to quantize gravity, let us examine the single-graviton exchange

diagram between two particles (Fig. 2.6a) [3, 5, 35]. The amplitude of this diagram will be proportional

to Newton's constant G, which in natural units has dimension [G] = −2. By dimensional analysis,

therefore, the amplitude must be proportional to the combination GE2, where E is the energy of the

process and G−1/2 = Mpl ∼ 1019 GeV the Planck mass. The amplitude is of course completely negligible

when E � Mpl, and in particular at particle physics energies of hundreds of GeV, and becomes relevant

when E ∼Mpl. The amplitude grows larger at high energies and perturbation theory breaks down when

E > Mpl. By the same reasoning, the amplitude of the two-graviton exchange diagram (Fig. 2.6 b)

contains two powers of G, so it must be proportional to G2E4 = E4/M4
pl. The two-graviton diagram

contains a loop integral, so it is genuinely divergent, and we must treat E as a �nite cut-o� (in the

literature the cut-o� is often denoted by Λ). The three-graviton exchange diagram will be also divergent

(for E →∞) and proportional to G3E6, etc.

Fig. 2.6: Gravitational interaction between two particles in the language of Feynman diagrams. a) One-
graviton interaction. b) Two-graviton interaction [26]
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The scattering amplitude of two particles interacting gravitationally will then be proportional to the series

∼
[
1 +GE2 +

(
GE2

)2
+
(
GE2

)3
+ ...

]
. If the theory is extrapolated at arbitrarily high energies E →∞,

the amplitude diverges and the divergence grows worse at each additional order of perturbation theory:

this is the problem of nonrenormalizability. General Relativity, treated as a quantum �eld theory, is

nonrenormalizable. One possible resolution of the problem is as follows: clearly we can't take the cuto�

E to in�nity, so we must treat our theory as an e�ective �eld theory which is valid at energies E < Mpl.

The theory is not valid up to arbitrary high energies because it is merely an approximation to a more

fundamental underlying theory, which is not divergent, or at least renormalizable. This is the same

resolution of the problem of nonrenormalizability that one invokes when studying Fermi theory of weak

interaction, which is only valid up to a certain energy scale, the new physics being the Glashow-Salam-

Weinberg theory of electroweak interaction, which is renormalizable and involves the exchange of gauge

bosons at short distances (high energies). Indeed one can immediately see from the scattering amplitude

series that at energies E ∼ G−1/2 = Mpl, unitarity is violated and at the very least perturbation theory

breaks down since the second term becomes of the order of the �rst. The Planck energy Mpl, therefore,

sets the scale of the new physics. It can be shown that if we take this new physics above the Planck

scale to be string theory, the resulting theory is �nite, at least in perturbation theory [36]. To have

a rough idea of why this is the case, consider this: string theory replaces point particles with strings,

therefore the Feynman diagrams of the theory are no longer lines glued together at vertices (points), but

two-dimensional surfaces, as in �gure 2.7

Fig. 2.7: Interaction diagram in string theory at one loop between two particles. The particle world-line
is replaced by a 2d cylinder. The string diagram has no singular interaction points. [26]
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The interaction between particles no longer occurs at a point in spacetime, but is instead �delocalized� in

a �nite region. We saw that at arbitrarily high energies our theory was divergent, but high energies just

mean small distances, therefore the limit E → ∞ only occurs when the interaction region is a point. In

string theory the interaction region is not a point, so roughly speaking we can't take the limit E → ∞,

which is why the theory is �nite. String theory's smoothing e�ect tames the singularity of gravity.

This means that string theory is a candidate for a consistent theory of quantum gravity.

Let's give a look now at the other two sets of states in (2.123). The antisymmetric tensor 1
2 (RIJ −RJI)

give rise to the so-called Kalb-Ramond states, which correspond to the classical Kalb-Ramond �eld Bµν ,

which is an antisymmetric tensor �eld. The Kalb-Ramond �eld is the generalization of the Maxwell �eld

for strings. Just like the Maxwell �eld couples to point-particles, the Kalb-Ramond �eld couples to strings.

The �nal set of states are that corresponding to the trace part 1
D−2δIJR, and they are of the form∑

I,J
R

D−2δIJa
I†
1 ā

J†
1 | p+, pI >=

∑
I

R
D−2a

I†
1 ā

I†
1 | p+, pI >. We see that we are left with only one state,

and the corresponding �eld must be a massless scalar �eld. This scalar �eld is called the dilaton, and

denoted by φ (x) . The dilaton is perhaps the most important scalar �eld in string theory, since it controls

the strength of string interactions. More precisely, the dimensionless coupling constant g of the theory, is

related to the dilaton φ (x) by the relation [4, 5]

g ∼ eφ(x) . (2.140)

It follows that the string coupling is not, in general, a constant parameter of the theory, but rather a

dynamical �eld whose value may vary in space and time. Suppose that the potential energy function

of our model do not depend on the value of φ (x). In this case we can have a continous set of minima,

parametrized by the value of the dilaton �eld, which in this context is called a modulus. Changing the

value of the scalar �eld in the vacuum changes the ground state of the theory. It is clear that in such

a case the value of φ (x), and therefore the value of the coupling constant g, is not predicted, since the

ground state of our universe could be anywhere in the space of minima, each minimum corresponding

to a di�erent vacuum expectation value of the dilaton �eld. This situation is no di�erent from that of

quantum �eld theory, where the coupling constant is an adjustable parameter, whose value is determined

by experiments. Moreover, the dilaton �eld would correspond to massless particles since it is associated

with a �at direction of the potential. Massless scalar particles are problematic since they have never been

detected. It is clear that if we want to solve these two problems we have to admit a potential for the

dilaton �eld with an isolated stable minimum at φ0, so that we can simply set g ∼ eφ0 and predict the
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value of the coupling constant. The dilaton �eld would also acquire a mass, because the second derivative

of the potential would be non-zero.
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3 The Superstring

This section is mainly based on Part I of [6].

So far we have only discussed bosonic string theory, in which the position of the string in spacetime is

described by D functions Xµ (τ, σ) on the parameter space. From the point of view of the quantum �eld

theory de�ned on the parameter space (τ, σ) these dynamical variables are D = 26 massless scalar �elds,

that is D world-sheet bosons7. This theory has several very interesting features, like the emergence of

electromagnetism and gravity from the spectrum of open strings and closed strings, respectively, but it

also has several shortcomings, the most important of which are

• the presence of the scalar tachyon in both open and closed string theory. As we saw this particle

signals an unstable vacuum.

• the lack of fermions. All the particles described by the bosonic string are by construction bosons.

Since the real world contains fermions as well (in fact these are the particles that make up ordinary

matter), bosonic string theory is at least incomplete.

We will now discuss how to include fermions in string theory. The simplest way to do this is to make

our theory supersymmetric. Supersymmetry is a spacetime symmetry that relates bosons and fermions,

therefore supersymmetric theories automatically have fermions in their spectrum. In fact supersymmetry

requires the number of bosonic and fermionic degrees of freedom to be equal [2]. The resulting theory of

supersymmetric strings is called Superstring Theory and it is the subject of this chapter.

3.1 World-sheet fermions

To describe fermions we add to the D free, massless scalar �elds Xµ (τ, σ) of bosonic string theory, D

free, massless two component spinors ψµ (τ, σ)on the worldsheet. For each µ, ψµ (τ, σ) is a worldsheet

fermion. A priori, it is not obvious that the quantization of worldsheet bosons and fermions should give

rise to spacetime bosons and fermions, but that is exactly the case, as we will see. Incidentally, note that

now D is undetermined and it is no longer equal to 26. Physical consistency of the superstring theory will

�x D = 10. We know that in the light-cone gauge the action for the transverse �elds XI (τ, σ) is simply

(refer to equation (2.39))

S =
1

4πα′

ˆ
dτdσ

(
ẊIẊI −XI′XI′

)
. (3.1)

7 We will use the two terms �world-sheet� and �parameter space� interchangeably even though, strictly speaking, the
world-sheet is the spacetime surface traced out by the string. The actual meaning of world-sheet will be clear from the
context.
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We need the analogous action for the fermionic degrees of freedom ψµ (τ, σ). The Dirac action in 4d

spacetime for a massless �eld is

SD =

ˆ
d4xψ̄iγµ∂µψ , (3.2)

where the gamma matrices γµ satisfy the Cli�ord algebra {γµ, γν} = 2ηµν1, ψ̄ = ψ†γ0 and µ = 0, ..., 3.

We have to write the corresponding Dirac action in a 2d spacetime (τ, σ) for the D independent spinor

�elds ψµ (τ, σ), so we try [30]

S2d =

ˆ
dτdσψ̄µiγα∂αψµ , (3.3)

where in this case α = 0, 1 and ∂0 = ∂τ , ∂1 = ∂σ. The gamma matrices are only two, γ0 and γ1 and they

satisfy the Cli�ord algebra in 2d
{
γα, γβ

}
= 2ηαβ1. The gamma matrices are not completely �xed by

the Cli�ord algebra: choosing a particular form for these matrices �xes the representation. We choose a

representation in which [37]

γ0 =

 0 −i

i 0

 γ1 =

 0 i

i 0

 . (3.4)

It is easy to see that these matrices satisfy the Cli�ord algebra. The action (3.3) becomes

S2d = i

ˆ
dτdσ

[
ψµ∗1 (∂τ + ∂σ)ψµ1 + ψµ∗2 (∂τ − ∂σ)ψµ2

]
. (3.5)

ψ1 and ψ2 are the two components of the spinor ψ. Since we want to make our theory supersymmetric

we will demand �rst worldsheet supersymmetry. This means that the fermionic and bosonic degrees of

freedom on the worldsheet must be equal. O�-shell we have D bosonic degrees on freedom Xµ (τ, σ) and

4D fermionic degrees on freedom ψµ (τ, σ), because each spinor has two complex components and each

complex component counts as two real components. On-shell we impose the equation of motion and we

�nd that the bosonic degrees of freedom are unchanged and the fermionic ones are reduced by half. We

still have twice the number of fermionic degrees of freedom, so we are forced to impose a reality condition

on the spinor ψµ (τ, σ) that will further halve the independent components. Concretely we take the two

component spinors to be Majorana spinors, for which ψc = ψ, where ψc = Cψ∗ is the conjugate spinor

and C =

 −i 0

0 −i

 in our representation. Therefore ψµ∗1 = −iψµ1 and ψµ∗2 = −iψµ2 and the action

(3.5) becomes
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Sψ =

ˆ
dτdσ [ψµ1 (∂τ + ∂σ)ψµ1 + ψµ2 (∂τ − ∂σ)ψµ2 ] . (3.6)

This action is manifestly real. In light-cone gauge the only independent dynamical �elds are the transverse

ones and the gauge-�xed action is (including the tension T )

Sψ = T

ˆ
dτdσ

[
ψI1 (∂τ + ∂σ)ψI1 + ψI2 (∂τ − ∂σ)ψI2

]
, (3.7)

which is the fermion analogue of (3.1). Any term in the action that couples a commuting �eld to its �rst

derivatives does not contribute to the equations of motion, since it represents an irrelevant total derivative.

Schematically, ∂ (ψψ) = ψ (∂ψ) + (∂ψ)ψ = 2ψ (∂ψ) if the �eld is commuting, so ψ (∂ψ) = 1
2∂ (ψψ). In

order for our theory to be non-trivial we must treat the spinor �elds as anticommuting variables, called

Grassmann numbers. For Grassmann numbers, ψ (∂ψ) = − (∂ψ)ψ and ∂ (ψψ) = 0.

The total action (fermionic + bosonic) prior to gauge-�xing is

S =
1

4πα′

ˆ
dτdσ

(
∂αX

µ∂αXµ + ψ̄µiγα∂αψµ
)

(3.8)

with Xµ D scalar �elds and ψµ D Majorana spinors. It is straightforward to check that this action

is invariant under N = 1 supersymmetry on the worldsheet. Let ε be an in�nitesimal anticommuting

Majorana spinor. The action is invariant under the in�nitesimal transformation [4]


δXµ = ε̄ψµ

δψµ = −iγα∂αXµε

(3.9)

Worldsheet supersymmetry is of course not enough to guarantee spacetime supersymmetry. In our case,

to realize supersymmetry in ordinary spacetime we will have to project out the unphysical degrees of

freedom from the superstring spectrum. Such a procedure is known as the GSO (Gliozzi-Scherck-Olive)

projection.

In order to obtain the equations of motion for the fermion �elds we vary the action (3.7) with respect to

ψIα [6]
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δSψ = 2T

ˆ
dτdσ

[
δψI1 (∂τ + ∂σ)ψI1 + δψI2 (∂τ − ∂σ)ψI2

]
+ T

ˆ
dτ
[
ψI1δψ

I
1 − ψI2δψI2

]σ=π

σ=0
. (3.10)

We are focusing now on open strings with σ ∈ [0, π]. The �rst term gives the equations of motion

(∂τ + ∂σ)ψI1 = 0, (∂τ − ∂σ)ψI2 = 0 (3.11)

while the second term gives the boundary conditions

ψI1 (τ, σend) δψ
I
1 (τ, σend)− ψI2 (τ, σend) δψ

I
2 (τ, σend) = 0 , (3.12)

where σend = 0, π. The equations of motion (3.11) imply that

ψI1 (τ, σ) = ψI1 (τ − σ) , ψI2 (τ, σ) = ψI2 (τ + σ) . (3.13)

The boundary conditions are satis�ed if ψI1 (τ, σend) = ±ψI2 (τ, σend) as one can check by inspection (if

ψI1 = ±ψI2 at one endpoint then necessarily δψI1 = ±δψI2 at that endpoint). The relative sign at the �rst

endpoint is a matter of convention, and we choose

ψI1 (τ, 0) = +ψI2 (τ, 0) . (3.14)

The relative sign at the second endpoint is physically relevant and give rise to two di�erent boundary

conditions


ψI1 (τ, π) = +ψI2 (τ, π) (R)

ψI1 (τ, π) = −ψI2 (τ, π) (NS)

(3.15)

where R stands for Ramond boundary condition and NS stands for Neveu-Schwarz boundary condition.

We will see that R gives spacetime fermions, while NS gives spacetime bosons. Taking into account (3.13)

and (3.15) we write the general expansion for Ramond and Neveu-Schwarz �elds

ψI1,2 (τ, σ) =
1√
2

∑
r

bIre
−ir(τ±σ) , (3.16)

where for Ramond �elds r ∈ Z and for Neveu-Schwarz �elds r ∈ Z + 1
2 . Notice that only the R sector

has a zero mode (r = 0). As before we identify the creation operators with the negative mode coe�cients
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bI−1/2, b
I
−1, b

I
−3/2,..., while the positive mode coe�cients are the annihilation operators. Since ψI1,2 are

grassmann variables, these operators satisfy the anticommutation relation

{
bIr , b

J
s

}
= δr+s,0δ

IJ . (3.17)

3.2 NS sector

Let us focus now on the NS sector. The fermionic creation and annihilation operators act on the ground

state | NS > , while the bosonic creation and annihilation operators belonging to the string coordinates

XI act, as before, on the ground state | p+, pI >. Therefore the generic state of the NS sector can be

written as a bunch of creation operators bI†r and aI†n acting on the global ground state of the theory

| NS > ⊗ | p+, pI >, which is the tensor product of the two ground states. Since the fermionic creation

operators satisfy anticommutation relations and square to zero (bI†r b
I†
r = 0), each bI†r can appear at most

once in any state.

The mass squared of the string now also receives contributions from the fermionic operators

M2 =
1

α′

 ∞∑
n=1

naI†n a
I
n +

∑
r∈Z++ 1

2

rbI†r b
I
r + aB + aNS

 , (3.18)

where aB is the bosonic ordering constant (2.80),aB = − 1
24 (D − 2) and aNS is the NS fermionic ordering

constant that one obtains when trying to normal order the operator 1
2

∑
r∈Z++ 1

2
rbIrb

I†
r . Making use of

(3.17) we have

1

2

∑
r= 1

2 ,
3
2 ,...

rbIrb
I†
r = −1

2

∑
r= 1

2 ,
3
2 ,...

rbI†r b
I
r +

1

2
(D − 2)

∑
r= 1

2 ,
3
2 ,...

r (3.19)

and the ordering constant is aNS = − 1
2 (D − 2)

∑
r= 1

2 ,
3
2 ,...

r 8. We have to give a �nite answer to the

divergent series
∑
r= 1

2 ,
3
2 ,...

r. We can write the in�nite sum as
∑
r= 1

2 ,
3
2 ,...

r =
∑
n

2n+1
2 = 1

2

∑
n odd n,

where
∑
n odd n is the sum of all odd positive integers. Moreover, we can decompose the sum of all

positive integers in two separate sums

∞∑
n=1

n =
∑
n odd

n+
∑

n even

n =
∑
n odd

n+ 2

∞∑
n=1

n . (3.20)

From which
∑
n odd n = −

∑∞
n=1 n. Making use of our earlier result, (2.89), we assign to the sum of all

8 The minus sign (compare to equation 2.80) comes from the fact that the Hamiltonian for a fermionic harmonic oscillator
is H = 1

2

(
b†b− bb†

)
, so using the anticommutation property

{
b, b†

}
= 1, one obtains H =

(
b†b− 1

2

)
. The zero-point energy

comes out negative. Note that the Hamiltonian could not have been the bosonic one H = 1
2

(
b†b+ bb†

)
with the plus sign

because this expression is identically zero if the b operators are anticommuting.
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odd positive integers the �nite value + 1
12 . Substituting in our formula for the sum of half-integer positive

numbers we �nd that

∑
r= 1

2 ,
3
2 ,...

r → +
1

24
(3.21)

and the fermionic ordering constant is aNS = − 1
48 (D − 2). Therefore aB + aNS = − 1

16 (D − 2) and the

mass squared is

M2 =
1

α′

 ∞∑
n=1

naI†n a
I
n +

∑
r∈Z++ 1

2

rbI†r b
I
r −

1

16
(D − 2)

 . (3.22)

The ground state | NS > ⊗ | p+, pI > has α
′
M2 = − 1

16 (D − 2) and it is a tachyon for D > 2. The �rst

excited states are of the form

bI†1
2

| NS > ⊗ | p+, pI > (3.23)

with a mass α
′
M2 = 1

2 −
1
16 (D − 2) Indeed, using the anticommutation relations (3.17), it is easy to

prove that
∑
r rb

I†
r b

I
rb
J†
s | NS >= sbJ†s | NS >, with an identical result for the bosonic operators acting

on the bosonic ground state | p+, pI >. If we de�ne the number operator N =
∑
n na

I†
n a

I
n +

∑
r rb

I†
r b

I
r

(see (2.116)), the ground state has N = 0 and the states (3.23) have N = 1
2 . The next excited states,

for example, have N = 1 and can be written as one bosonic creation operator on the vacuum or two

fermionic creation operators on the vacuum: aI†1 | NS > ⊗ | p+, pI >, bI†1/2b
J†
1/2 | NS > ⊗ | p

+, pI >. Now

we want to classify our states according to their bosonic or fermionic nature on the worldsheet. Let us

de�ne a fermion number operator F which counts the number of fermionic excitations on any given state.

Consequently, the operator (−1)
F has eigenvalue −1 on a fermionic state and eigenvalue +1 on a bosonic

state. Operationally, the basic property of this operator comes from the fact that it anticommutes with

all the fermionic operators:
{

(−1)
F
, bIr

}
=
{

(−1)
F
, bI†r

}
= 0. Conventionally, we de�ne the ground state

to be fermionic

(−1)
F | NS > ⊗ | p+, pI >= − | NS > ⊗ | p+, pI > . (3.24)

Then we see that the states in (3.23) are bosonic. These areD−2 bosonic states that form a representation

of the rotation group SO(D − 2). Again, for Lorentz invariance, these states must be massless as they

represent exactly the D − 2 polarization states of the Maxwell �eld Aµ. Therefore 1
2 −

1
16 (D − 2) = 0

which means D = 10. Lorentz invariance forces the superstring to live in 10 dimensions.
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3.3 R sector

The expansion for the Ramond �elds is (3.16) with r ∈ Z

ψI1,2 (τ, σ) =
1√
2

∑
r∈Z

bIre
−ir(τ±σ) . (3.25)

The ladder operators are the integrally moded coe�cients bIr , and they satisfy the anticommutation

relations (3.17). The main di�erence between Ramond and Neveu-Schwarz �elds is that the former have

zero modes bI0, with I = 2, ..., 10. It can be shown [4] that these eight operators can be arranged into

four creation operators and four annihilation operators by suitable linear combinations. Let's call the

four creation operators b̃†i , i = 1, 2, 3, 4 . These operators act on the ground state | 0 >, which is by

convention fermionic: (−1)
F | 0 >= − | 0 >, with

{
(−1)

F
, bIr

}
=
{

(−1)
F
, bI†r

}
= 0. Since the b̃†i are

zero modes, they do not change the mass of the ground state. This means that we can construct 16

degenerate Ramond ground states, of which 8 are bosonic and 8 are fermionic. We call the fermionic

ground states | Ra > and the bosonic ground states | Rā >, a = 1, ..., 8, ā = 1̄, ..., 8̄. Explicitly, the eight

fermionic Ramond ground states | Ra > are

| Ra >:


| 0 >

b̃†1b̃
†
2 | 0 >, b̃

†
1b̃
†
3 | 0 >, b̃

†
1b̃
†
4 | 0 >, b̃

†
2b̃
†
3 | 0 >, b̃

†
2b̃
†
4 | 0 >, b̃

†
3b̃
†
4 | 0 >

b̃†1b̃
†
2b̃
†
3b̃
†
4 | 0 >

(3.26)

and the eight bosonic Ramond ground states | Rā > are

| Rā >:


b̃†1 | 0 >, b̃

†
2 | 0 >, b̃

†
3 | 0 >, b̃

†
4 | 0 >

b̃†1b̃
†
2b̃
†
3 | 0 >, b̃

†
1b̃
†
2b̃
†
4 | 0 >, b̃

†
1b̃
†
3b̃
†
4 | 0 >, b̃

†
2b̃
†
3b̃
†
4 | 0 >

(3.27)

These are the only independent states that can be constructed acting with the four zero mode creation

operators b̃†i on the vacuum. For example, the state b̃†2b̃
†
1 | 0 > is the same as the state b̃†1b̃

†
2 | 0 > since the

two di�er only by a sign for the anticommutation property of the operators. The mass squared operator

for the Ramond sector is

M2 =
1

α′

( ∞∑
n=1

naI†n a
I
n +

∑
r∈Z+

rbI†r b
I
r + aB + aR

)
. (3.28)

As before aB = − 1
24 (D − 2) and aR comes from the normal ordering of the operator 1

2

∑
r∈Z+ rbIrb

I†
r :
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1

2

∑
r=1,2,...

rbIrb
I†
r = −1

2

∑
r=1,2,...

rbI†r b
I
r +

1

2
(D − 2)

∑
r=1,2,...

r , (3.29)

from which aR = − 1
2 (D − 2)

∑
r=1,2,... r = 1

24 (D − 2). For the Ramond sector, therefore, aB + aR = 0,

independently of the dimension of spacetime D, and (3.28) becomes

M2 =
1

α′

( ∞∑
n=1

naI†n a
I
n +

∑
r∈Z+

rbI†r b
I
r

)
. (3.30)

This formula tells us that all the Ramond ground states, (3.26) and (3.27), are massless. The states with

α
′
M2 = 1 are aI†1 | Ra >, b

I†
1 | Rā > which are fermionic, and aI†1 | Rā >, b

I†
1 | Ra >, which are bosonic.

The number of bosonic states at this mass level is 8 × 8 × 2 = 128, which is equal to the number of

fermionic states. More generally, it is true that at every mass level in the Ramond sector, the number of

bosonic states is exactly equal to the number of fermionic states (note for example that the eight fermionic

ground states | Ra > are coupled to the eight bosonic ground states | Rā >). This is a distinctive feature

of supersymmetry on the worldsheet. To obtain spacetime supersymmetry we will have to combine states

from the Ramond and Neveu-Schwarz sectors, using the so-called GSO projection.

3.4 GSO projection

In the preceding two sections we obtained the spectrum of states of the two superstring sectors. This

spectrum has mainly two problems: it still contains a tachyon, which we want to get rid of, and it is

not globally supersymmetric in spacetime (we saw that the Ramond sector is supersymmetric on the

worldsheet, but of course we want supersymmetry to hold in ordinary spacetime. Also, the boson and

fermion character of the particles we examined was relative to the worldsheet theory) . Since all the

states in the NS sector have vector indices (see, for example the photon states (3.23)) they all represent

spacetime bosons [37]. Similarly, the indices a and ā that label the ground states of the Ramond sector are

spinor indices, therefore all the states in the R sector describe spacetime fermions. Now take for example

the tachyon in the NS sector. This is a spacetime scalar particle and it has no fermionic partner, i.e. there

is no fermion in the spectrum with the same mass: the spectrum is not supersymmetric.

We can solve both these problems with a procedure that projects out the unwanted states and leaves a

supersymmetric spectrum with no tachyon. This is the GSO projection [38].

Starting from the NS sector, we projects out the states with (−1)
F

= −1. Concretely, this is done by

de�ning a projection operator
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PGSO =
1

2

(
1 + (−1)

F
)

(3.31)

and replacing every state in the NS sector | state >NS with PGSO | state >NS . In this way the tachyon

disappears from the spectrum and the new ground states are the massless photon states of (3.23). In a

similar way, for the R sector we projects out the states with (−1)
F

= +1. This is equivalent to selecting

the worldsheet fermionic states from the supersymmetric Ramond spectrum. We have now the eight

ground states | Ra >, which form a spinor, and the �rst excited states aI†1 | Ra >, b
I†
1 | Rā >. We have

to check, of course, that the spectrum after the GSO projection is supersymmetric in spacetime. To do

this, we have to be sure that at every mass level the numbers of fermionic and bosonic states match. This

is true for the ground states (which have M2 = 0) , for example, because the eight spinor states | Ra >

coming from the Ramond sector exactly match the eight photon polarization bI†1
2

| NS > ⊗ | p+, pI >≡ AI

coming from the NS sector, but we want a more systematic way to check the matching of degeneracies.

To count the number of states at any given mass level we use the notion of a generating function [39].

The generating function

f (x) =

∞∑
n=0

a (n)xn (3.32)

describes a theory with a (n) states with mass α
′
M2 = n, where α

′
M2 = N + c, with c an ordering

constant and N the mode number operator. Let's take the simple example of one creation operator of

mode number one, a†1, with c = 0. In this theory N = a†1a1 and we have one ground state | 0 >with

N = 0, one state a†1 | 0 > with N = 1, one state
(
a†1

)2

| 0 > with N = 2 and, in general, one state(
a†1

)k
| 0 > with N = k. Therefore the generating function is

f1 (x) = 1 + x+ x2 + x3 + ... =
1

1− x
. (3.33)

The second equality, strictly speaking, is valid only when | x |< 1, but here we are not interested in

the particular value of x. The above equality is to be regarded as a formal identity which allows one to

reconstruct the generating function via Taylor expansion from the simple function 1/ (1− x).

If we have one creation operator of mode number two a†2, the mode number operator is N = 2a†2a2 and we

have, as before, one ground state | 0 > with N = 0. The �rst excited state is a†2 | 0 > and it has N = 2.

We see that there is no state with N = 1. In the language of the generating function, this means that

the linear term in x will be absent. The next excited states will have N = 4, 6, 8, ..., so the generating
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function is

f2 (x) = 1 + x2 + x4 + x6 + ... =
1

1− x2
. (3.34)

In general, the generating function of a theory with one creation operator of mode number k a†k, is

fk (x) = 1 + xk + x2k + x3k + ... =
1

1− xk
. (3.35)

If we have two creation operators, a†1 and a†2, for example, it is easy to see that the generating function of

the theory f12 (x) is the product of the generating functions for a†1 and a†2

f12 (x) =
1

1− x
1

1− x2
. (3.36)

To see that this is right take for example the term of order two in the expansion of the generating function

f12 (x) =
(
1 + x+ x2 + x3 + ...

) (
1 + x2 + x4 + x6 + ...

)
. The term of order two is 2x2 and this correspond

to the two degenerate states
(
a†1

)2

| 0 > and a†2 | 0 >. All the other states can be obtained in this way.

As a consequence, the generating function for an in�nite collection of creation operators a†1, a
†
2, a
†
3, ... will

be the in�nite product

f (x) =

∞∏
n=1

1

1− xn
. (3.37)

The bosonic string, for example, is a theory with in�nite integrally moded creation operators aI†1 , aI†2 ,

aI†3 , ... acting on a ground state. Each of these operators carry a vector index I which can take 24 values.

Moreover, for the bosonic string the ordering constant is −1, so the relation between mass squared and

mode number is α
′
M2 = N − 1. If N = 2, say, α

′
M2 = 1, therefore the number of states with mass

squared k is the k+ 1 coe�cient of the generating function obtained if the ordering constant is zero. This

means that we have to divide the old generating function by x. All considered, the generating function

for bosonic (open) string theory is

fBST (x) =
1

x

∞∏
n=1

1

(1− xn)
24 . (3.38)

Expanding the generating function we obtain

fBST (x) =
1

x
+ 24 + 324x+ 3200x2 + ... . (3.39)
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Correctly, we have 1 tachyon with mass α
′
M2 = −1, 24 massless photon states, 324 states with α

′
M2 = 1,

etc.

In superstring theory we have fermionic oscillators too, so we have to understand the generating functions

associated with fermionic ladder operators. Let us start with the NS sector. Here we have an in�nite

collection of bosonic creation operators, each carrying a vector index I which can take 8 values, since we

are now in 10 spacetime dimensions. The generating function for these bosonic operators is
∞∏
n=1

1

(1− xn)
8 . (3.40)

Of course, we also have an in�nite collection of fermionic creation operators bI†r . These are di�erent from

the bosonic ones because they can appear at most once in any state. The generating function for one of

them is

fr (x) = 1 + xr (3.41)

where, for the NS sector, r = 1
2 ,

3
2 , .... All higher terms in the expansion are zero, because the creation

operator is anticommuting and squares to zero. The generating function for the whole set of creation

operators
{
bI†r
}
is

∞∏
n=1

(
1 + xn−

1
2

)8

=
[(

1 + x1/2
)(

1 + x3/2
)(

1 + x5/2
)
...
]8

. (3.42)

The generating function for the NS sector is the product of (3.42) and (3.40), divided by
√
x, because the

relation between mass squared and mode number for this sector is α
′
M2 = N − 1

2

fNS (x) =
1√
x

∞∏
n=1

(
1 + xn−

1
2

1− xn

)8

(3.43)

or, explicitly

fNS (x) =
1√
x

+ 8 + 36
√
x+ 128x+ 402x3/2 + ... . (3.44)

We have the tachyon with mass squared α
′
M2 = − 1

2 , the eight massless photon states, 36 states with

α
′
M2 = 1

2 , etc.

The generating function for the Ramond sector is very similar to (3.43). The only di�erences are that the

shifting constant is zero, so α
′
M2 = N , the fermionic operators are integrally moded, that is r = 1, 2, ...,

and we have 16 di�erent vacua to choose from, so
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fR (x) = 16

∞∏
n=1

(
1 + xn

1− xn

)8

(3.45)

or, explicitly

fR (x) = 16 + 256x+ 2304x2 + ... . (3.46)

We recognize the 16 Ramond ground states and the 256 states with α
′
M2 = 1.

We said that in spacetime the NS states are bosons and the R states are fermions. By looking at (3.44)

and (3.46), we see explicitly that the spectrum is not supersymmetric. There is no Ramond partner to the

tachyon, the number of massless Ramond states is twice the number of NS massless states, etc. In order

to have supersymmetry, the two expansions must be identical. This is achieved by the GSO projection.

We saw that after the projection the worldsheet fermionic states of the NS sector disappeared. These

correspond to the term with half-integer power in the expansion. We call the truncated sector the NS+

sector. The related generating function is

fNS+ (x) = 8 + 128x+ 1152x2 + ... . (3.47)

To above expression can be obtained by series expansion from the function

fNS+ (x) =
1

2
√
x

 ∞∏
n=1

(
1 + xn−

1
2

1− xn

)8

−
∞∏
n=1

(
1− xn− 1

2

1− xn

)8
 . (3.48)

That's because if we change the sign in the numerator of (3.43), the only e�ect is changing the sign of the

coe�cients of the integer powers in the expansion. Subtracting the two expressions and dividing by two

we recover (3.47).

The truncated Ramond sector, which we call R−, contains only eight ground states and, as a consequence,

the generating function is simply (3.45) divided by two, since the creation operators can now only act on

half the ground states.

fR− (x) = 8

∞∏
n=1

(
1 + xn

1− xn

)8

= 8 + 128x+ 1152x2 + ... . (3.49)

The two functions (3.47) and (3.49) are the same, fNS+ (x) = fR− (x). The resulting theory is su-

persymmetric and devoid of tachyons and unstable vacua. Recalling (3.48) and (3.49) the identity

fNS+ (x) = fR− (x) becomes
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1

2
√
x

 ∞∏
n=1

(
1 + xn−

1
2

1− xn

)8

−
∞∏
n=1

(
1− xn− 1

2

1− xn

)8
 = 8

∞∏
n=1

(
1 + xn

1− xn

)8

. (3.50)

This is the �aequatio abstrusa� that Jacobi proved in his work on elliptic functions (1829). In physics,

this is a central identity at the basis of superstring theory.

3.5 Closed superstring theory

We saw in section 2.5.4 that closed string theory can be thought roughly as two copies of open string

theory, corresponding to right-moving waves and left-moving waves. Since open superstring theory has

two sectors, R and NS, there are four closed superstring sectors

(NS,NS) , (NS,R) , (R,NS) , (R,R) , (3.51)

where the �rst entry in (·, ·) is conventionally the left-moving sector and the second entry the right-moving

sector. The NS sector gives spacetime bosons and the R sector gives spacetime fermions, therefore for

closed strings the two sectors (NS,NS) and (R,R) give spacetime bosons and (NS,R), (R,NS) give

spacetime fermions. In order to have supersymmetry we must truncate the spectrum of the two sectors

according to the GSO projection. The two truncated sectors are NS+ and R− and we could try to

build closed superstrings using only these two sectors. Accordingly, the four truncated closed superstring

sectors are

(NS+, NS+) , (NS+, R−) , (R−, NS+) , (R−, R−) . (3.52)

This is called type IIB superstring theory. The massless states of this theory are



(NS+, NS+) : b̄I†1
2

| NS >L ⊗bJ†1
2

| NS >R ⊗ | p+, pI >

(NS+, R−) : b̄I†1
2

| NS >L ⊗ | Ra >R ⊗ | p+, pI >

(R−, NS+) : | Ra >L ⊗bI†1
2

| NS >R ⊗ | p+, pI >

(R−, R−) : | Ra >L ⊗ | Rb >R ⊗ | p+, pI >

(3.53)

Note that both the left sector and the right sector containNS+ andR−. The massless states (NS+, NS+)

carry two vector indices. Just like in the bosonic case these are the graviton, the Kalb-Ramond �eld and

the dilaton. The states (NS+, R−) and (R−, NS+) are spacetime fermions. Both I and a take 8 values

so the number of fermionic states is 2 × 8 × 8 = 128. The (R−, R−) states are �doubly� fermionic, i.e.
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spacetime bosons. There are 8× 8 = 64 of them. Together with the 64 (NS+, NS+) states, we have 128

bosonic states that match the 128 fermionic ones. The spectrum is supersymmetric.

Indeed (3.52) is not the only possible choice to construct a coherent and supersymmetric closed string

theory. Other choices are possible. For example one can immagine using NS+, R− and R+ (we don't

consider NS− because this sector contains the unwanted tachyon). The resulting theory is called of type

IIA and the massless states are

(NS+, NS+) : b̄I†1
2

| NS >L ⊗bJ†1
2

| NS >R ⊗ | p+, pI >

(NS+, R+) : b̄I†1
2

| NS >L ⊗ | Rā >R ⊗ | p+, pI >

(R−, NS+) : | Ra >L ⊗bI†1
2

| NS >R ⊗ | p+, pI >

(R−, R+) : | Ra >L ⊗ | Rb̄ >R ⊗ | p+, pI >

(3.54)

In type IIA superstring theory the left sector contains NS+ and R−, while the right sector contains NS+

and R+. The massless states (NS+, NS+) are the same for the two theories, but the R −R bosons are

quite di�erent. The R-R states of type IIA include a 1-form Cµ and a 3-form Cµνρ , while the R-R states

of type IIB include a 0-form (scalar �eld) C, a 2-form Cµν and a 4-form Cµνρσ (see appendix B). The

spectrum is likewise supersymmetric.

We have not yet exhausted the possible consistent superstring theories. In addition to the type IIA

and IIB, there are also the so-called heterotic superstring theories. These are built by combining a left-

moving bosonic string with a right-moving superstring and e�ectively live in 10 dimensions. There are two

heterotic theories: E8×E8 and SO(32), where the labels stand for the gauge group of the theories. Finally,

there is the type I superstring theory, which is a theory of open and closed unoriented superstrings.

To summarise, we have �ve superstring theories:

• type IIA

• type IIB

• E8 × E8

• SO(32)

• type I

It would seem that the uniqueness of string theory is in danger, since we have �ve di�erent theories to

choose from. It was suggested by Witten in 1995 that these �ve theories are di�erent limits of a single,
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unique theory in 11 dimensions, which he called M-theory [40]. It is important to emphasize that M-theory

is not a string theory, but a theory of membranes ( 2 and 5 dimensional objects that are not D-branes).

The implications of M-theory are largely unknown.

3.6 Low energy effective action

In order to construct a realistic model of particle physics, we will work with type IIB superstring theory.

All particles described by an excited string have masses near the Planck scale, as we saw, therefore if we

are interested in low energy physics (compared to the enormous Planck scale) we can focus only on the

massless degrees of freedom of our theory. In the preceding section, we saw that the massless states of

type IIB superstring theory, which we rewrite here for convenience, are



(NS+, NS+) : b̄I†1
2

| NS >L ⊗bJ†1
2

| NS >R ⊗ | p+, pI >

(NS+, R−) : b̄I†1
2

| NS >L ⊗ | Ra >R ⊗ | p+, pI >

(R−, NS+) : | Ra >L ⊗bI†1
2

| NS >R ⊗ | p+, pI >

(R−, R−) : | Ra >L ⊗ | Rb >R ⊗ | p+, pI >

(3.55)

The (NS,NS) and (R,R) states are bosonic, while the (NS,R) and (R,NS) states are fermionic. The

(NS,NS) states comprise gravity, a Kalb-Ramond �eld and the dilaton, while the (R,R) states comprise

a scalar �eld C0, a 2-form C2 and a 4-form C4 (the subscript here stands for the �p� in p-form), for a

total of 128 bosonic states. The corresponding 128 fermionic states are �xed by supersymmetry, therefore

we only need to worry about the bosons. To sum up, the massless bosonic �elds of type IIB superstring

theory are

• Gravity �eld Gµν (NS,NS)

• Kalb-Ramond �eld Bµν (NS,NS)

• Dilaton �eld Φ (NS,NS)

• 0-form C ≡ C0 (R,R)

• 2-form Cµν ≡ C2 (R,R)

• 4-form Cµνρσ ≡ C4 (R,R)

At low energy, superstring theory reduces to a 10d supersymmetric quantum �eld theory of interacting

massless �elds. Supersymmetry actually determines univocally the low energy e�ective action. The action

of the (NS,NS) sector is [5, 20]
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SNS =
1

2k2

ˆ
d10x
√
−Ge−2Φ

(
R+ 4∂µΦ∂µΦ− 1

2
HµνρH

µνρ

)
, (3.56)

where Hµνρ is the 3-form �eld strength associated to the Kalb-Ramond 2-form Bµν : H3 = dB2 and k is

a dimensionful constant. For ease of notation we will write HµνρH
µνρ ≡| H3 |2. Note that this is also the

e�ective action for the bosonic string. The action of the (R,R) sector is

SR = − 1

4k2

ˆ
d10x
√
−G

(
| F1 |2 + | F̃3 |2 +

1

2
| F̃5 |2

)
, (3.57)

where F1 = dC0, F3 = dC2 and F5 = dC4. The kinetic terms for the �elds in SR involve nontrivial

combinations of the forms, with F̃3 = F3 − C0 ∧H3 and F̃5 = F5 − 1
2C2 ∧H3 + 1

2B2 ∧ F3. The complete

IIB action contains also a Chern-Simons term (described in appendix B on di�erential forms) of the type

SCS = − 1

4k2

ˆ
d10xC4 ∧H3 ∧ F3 . (3.58)

The low energy e�ective action of type IIB superstring theory is the sum of the three terms plus the

corresponding terms for the fermionic degrees of freedom, which we do not write explicitly: SIIB =

SNS + SR + SCS + Sfermions. This is a supergravity theory in 10 dimensions. Actually, if one studies in

detail the spectrum of the IIB string, one �nds that the 5-form �eld strength F̃5 is self-dual, i.e. F̃5 = ∗F̃5.

There is no way to incorporate this equation in the action, therefore it must be imposed by hand as a

constraint on the solutions.

We can de�ne the combined three-�ux G3 = F3 − τH3, where τ = C0 + ie−Φand rewrite the action SIIB

in terms of G3:

SIIB =
1

2k2

ˆ
d10x
√
−G

[
e−2Φ (R+ 4∂µΦ∂µΦ)− | F1 |2

2
− 1

2 · 3!
G3 ·G3 −

| F̃5 |2

4 · 5!

]
(3.59)

+
1

8ik2

ˆ
d10xeΦC4 ∧G3 ∧G3 .

Now, if we rescale the metric e−2ΦG→ G to bring the action in its canonical form, we obtain
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SIIB =
1

2k2

ˆ
d10x
√
−G

[
R− ∂µτ∂

µτ

2 (Imτ)
2 −

1

12Imτ
G3 ·G3 −

| F̃5 |2

4 · 5!

]
(3.60)

+
1

8ik2

ˆ
d10x

C4 ∧G3 ∧G3

Imτ
.
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4 Compactification of extra dimensions

We have seen that string theory requires the existence of additional spatial dimensions. In bosonic string

theory there are 25 spatial dimensions, while in superstring theory the number of spatial dimensions

is 9. In both cases, we must explain the obvious discrepancy between the perceived number of spatial

dimensions, which is 3, and the theoretical number. One way to do this is through compacti�cation of the

extra spatial dimensions [32, 41]. In a compacti�ed theory, the global 10 dimensional spacetime (if we are

talking about superstrings) includes a four dimensional sector which is macroscopic (this is our usual 4d

spacetime), with the other six dimensions forming a compact manifold, too small to have been observed.

The linear size of this compact manifold is often taken to be only some order of magnitude larger than the

Planck length, more than enough to escape detection. Schematically, we can write the ten dimensional

spacetime M10 as a product, M10 = M4 × S6, with M4 the usual 4d spacetime and S6 the compact six

dimensional manifold. Although the extra dimensions are hidden, the exact shape and topology of the

compact manifold S6 determines the features of the quantum �eld theory that describes physics in the four

dimensional spacetime M4 at low energies, as we will see. The major problem of compacti�cation is that

it introduces unwanted massless scalar �elds in the quantum �eld theory that approximates string theory

at low energies. These (unobserved) scalar �elds are called moduli. Those related to the shape and the

size of the compact manifold are called geometric moduli, for obvious reasons. The massless moduli are

associated with �at directions of the potential, and they parametrize the space of all possible ground states,

which is called the moduli space of vacua. Since we don't observe massless scalar �elds in nature, our

theory must generate a potential for these scalar �elds which �xes their vacuum expectation value (VEV)

and gives them a mass. This process is called moduli stabilization and it is a central step in constructing

a realistic string model of particle physics. We stress that the compacti�cation procedure is necessary,

since a non-compact ten dimensional spacetime would be in stark contrast with experiments. Newton's

law of gravitation, for example, is modi�ed in n spatial dimensions: the dependence on the distance r

is r−(n−1); in a 1+9 dimensional spacetime without compacti�cation we would have a dependence r−8,

which is clearly ruled out by experiments.

In this section we will consider simple compacti�cation models in 5d and 6d, including the original

Kaluza-Klein theory, and then turn in the next section to the general problem of moduli stabilization in

6-dimensional Calabi-Yau compacti�cations, which will be the main focus of this thesis.
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4.1 Toroidal compactification

Let us �rst discuss models in which the compact manifold is taken to be a d-dimensional torus T d.

Topologically T d can be thought as a product of d circles S1

T d = S1 × ...× S1︸ ︷︷ ︸
d times

. (4.1)

This kind of compacti�cation is called toroidal and the global spacetime is M4 × T d.

For the sake of simplicity, we will consider the case d = 1, in which the global spacetime is 5-dimensional,

and the extra dimension is curled up into a circle of radius R. This is the simplest case of toroidal

compacti�cation.

4.1.1 Complex scalar field

Let's consider a complex scalar �eld Φ
(
xM
)
living in a 5d spacetime with one dimension compacti�ed

in a circle of radius R, M4 × S1, with M = 0, 1, 2, 3, 4. The coordinates xM can be decomposed in a

4-vector on M4 and a coordinate on S1: xM = (xµ, y), with µ = 0, 1, 2, 3 and y ≡ x4. As a consequence

Φ
(
xM
)
≡ Φ (xµ, y). Since the compact dimension is a circle of radius R, the scalar �eld must be periodic

in y [14]

Φ (xµ, y) = Φ (xµ, y + 2πR) (4.2)

and can be expanded in a Fourier series

Φ (xµ, y) =
1√
2πR

∞∑
n=−∞

φ(n) (xµ) e
iny
R . (4.3)

The coe�cients φ(n) (xµ) are complex scalar �elds that depend only on the 4d spacetime M4 and the

normalization factor (2πR)
−1/2 is there for convenience.

The 5d action for a free massless complex scalar �eld is

S =

ˆ
d5x∂MΦ∗ (xµ, y) ∂MΦ (xµ, y)

√
−g , (4.4)

where gµν ≡ ηµν is the Minkowski metric. Plugging (4.3) in (4.4) we have

S =
1

2πR

ˆ
d4x

ˆ 2πR

0

dy
∑
n,m

e
i(n−m)y

R

[
∂µφ∗(n)∂µφ

(m) − nm

R2
φ∗(n) (xµ)φ(m) (xµ)

]√
−g . (4.5)
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Remembering that
´ 2πR

0
dye

i(n−m)y
R = 2πRδn,m we have, upon integration over y,

S =

ˆ
d4x

∑
n

[
∂µφ∗(n)∂µφ

(n) − n2

R2
φ∗(n) (xµ)φ(n) (xµ)

]√
−g . (4.6)

This is the e�ective action in the 4d spacetime M4. The second term on the right hand side is clearly a

mass term of the form m2φ∗φ. We see that from the point of view of M4, the action (4.4) describes a

(countably) in�nite collection of complex �elds of mass m(n) = n
R . This in�nite set of massive particles

is called the Kaluza-Klein tower, after the names of the two physicists who made seminal contributions

to the theory of extra dimensions [11, 12]. Now, if R is small enough, all the masses with n 6= 0 will be

extremely large and e�ectively unobservable at low energies. Indeed, if R were of the order of the Planck

length, the masses would be multiple of the Planck mass. The only observable �eld will be the massless

zero mode φ(0) (xµ), which depends only on the 4d coordinates. Therefore a massless scalar �eld living in

a 5d spacetime with one dimension compacti�ed in a circle becomes, at energies lower than the KK scale,

a massless scalar �eld living in the non-compact 4d spacetime at energies lower than 1
R .

We can easily generalize our earlier results to the case of a d-Torus T d with d > 1. The expansion will be

Φ (xµ, y1, ..., yd) =
1

(2π)
d/2

(R1...Rd)
d/2

∑
n1,...,nd

φ(n1,...,nd) (xµ) e
in1y1
R1 e

in2y2
R2 ...e

indyd
Rd , (4.7)

with yi the coordinate on the i-th circle of the torus and Ri the radius of the i-th circle. The 4 + d action

for a free massless scalar �eld is

ˆ
d4+dx∂MΦ∗ (xµ, y1, ..., yd) ∂MΦ (xµ, y1, ...yd) , (4.8)

where now M = 0, ..., 4 + d. In terms of the expansion coe�cients the action becomes

S =

ˆ
d4x

∑
n1,...,nd

[
∂µφ∗(n1,...,nd)∂µφ

(n1,...,nd) −
(
n2

1

R2
1

+ ...+
n2
d

R2
d

)
φ∗(n1,...,nd) (xµ)φ(n1,...,nd) (xµ)

]
.

(4.9)

As before we have one massless zero mode φ(0,...,0) (xµ) and a Kaluza-Klein tower of complex �elds with

masses

m2
n1,...,nd

=
n2

1

R2
1

+
n2

2

R2
2

+ ...+
n2
d

R2
d

. (4.10)
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4.1.2 Maxwell field

Let's consider now the Maxwell �eld AM in M4 × S1 [42]. The action for the Maxwell theory in 5d is

S = −1

4

ˆ
d5xFMNFMN

√
−g , (4.11)

where FMN = ∂MAN−∂NAM is the electromagnetic �eld strength tensor in 5d and once again gµν ≡ ηµν .

We split the vector potential AM (xµ, y) in Aµ (xµ, y) with µ = 0, ..., 3 and A4 (xµ, y). In the end we will

arrive to an action in the 4d spacetime M4. With respect to the Lorentz group in M4, SO(1, 3), the

fourth component of the vector potential A4 behaves as a scalar (mathematically we have that the group

SO(1, 4) breaks down to SO(1, 3)× SO(1)). Therefore we set

A4 (xµ, y) ≡ φ (xµ, y) . (4.12)

As before, the vector and scalar �elds Aµ and φ must be periodic in y, so


Aµ (xµ, y) = 1√

2πR

∑∞
n=−∞A

(n)
µ (xµ) e

iny
R

φ (xµ, y) = 1√
2πR

∑∞
n=−∞ φ(n) (xµ) e

iny
R

(4.13)

Since both Aµ and φ are real, the coe�cients must satisfy the reality condition


A
∗(n)
µ = A

(−n)
µ

φ∗(n) = φ(−n)

(4.14)

The integrand in equation (4.11) is

FMNFMN = FµνFµν + 2Fµ4Fµ4 (4.15)

and the action becomes

S =

ˆ
d4x

ˆ 2πR

0

dy

(
−1

4
FµνFµν −

1

2
∂µφ∂µφ−

1

2
∂yA

µ∂yAµ + ∂µφ∂yAµ

)
, (4.16)

where ∂y = ∂
∂x4 . Substituting the expansion (4.13) in (4.16) we have

S =
1

2πR

ˆ
d4x

ˆ 2πR

0

dy
∑
m,n

ei
(n+m)y

R

(
−1

4
Fµν(n)F (m)

µν −
1

2
∂µφ(n)∂µφ

(m) +
nm

2R2
Aµ(n)A(m)

µ +
im

R
∂µφ(n)A(m)

µ

)
,

(4.17)
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where F (n)
µν = ∂µA

(n)
ν − ∂νA(n)

µ . Integrating over y we arrive at the e�ective action in the 4d spacetime

M4

S =

ˆ
d4x

∞∑
n=−∞

(
−1

4
Fµν(n)F (−n)

µν − 1

2
∂µφ(n)∂µφ

(−n) − n2

2R2
Aµ(n)A(−n)

µ − in

R
∂µφ(n)A(−n)

µ

)
. (4.18)

Taking into account the reality condition (4.14), we rewrite the action splitting the sum in a zero-mode

contribution plus terms with n 6= 0 and we obtain

S =

ˆ
d4x{−1

4
Fµν(0)F (0)

µν −
1

2
∂µφ(0)∂µφ

(0)

+

∞∑
n=1

[
−1

2
Fµν(n)F ∗(n)

µν − ∂µφ(n)∂µφ
∗(n) − n2

R2
Aµ(n)A∗(n)

µ +
in

R

(
∂µφ∗(n)A(n)

µ − ∂µφ(n)A∗(n)
µ

)]
} . (4.19)

The zero modes of the e�ective action correspond to a Maxwell �eld and a real scalar �eld. The n 6= 0

Kaluza-Klein modes correspond to complex Proca �elds A(n)
µ with masses n

R coupled to complex scalar

�elds φ(n). The last term in the action describes the interaction between these �elds. In the low-energy

limit we can observe only the n = 0 part of the spectrum, i.e. a Maxwell �eld plus a real scalar �eld. This

is another instance of the process of dimensional reduction, by which a theory in D spacetime dimensions

becomes a theory in d < D spacetime dimensions at energies smaller than the KK scale, if all the �elds

are taken to be independent of the extra D− d dimensions. In our case the mechanism that ensures that

the �elds are independent of the extra dimensions is compacti�cation, together with the assumption that

the radius of compacti�cation is small enough that the Kaluza-Klein tower (n 6= 0 modes) is unobservable,

so that we can safely set n = 0 in all our formulae. Sure enough, if we set n = 0 in (4.13), we see that the

zero modes are independent of y, the coordinate of the extra dimension.

In the case of the d-torus T d the zero modes will contain a 4d gauge �eld and d real scalar �elds [14].

4.2 Kaluza-Klein theory

In this section we will use the mostly plus convention (−,+,+, ...) for the signature of the metric. We

considered the dimensional reduction of a complex scalar �eld and a gauge �eld. The next step would be

to consider the metric �eld, i.e. gravity. This was �rst done by Kaluza and Klein, who managed to unify

electromagnetism and gravity by applying Einstein's general theory of relativity to a 5d spacetime with

topology M4 × S1.
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Besides unifying electromagnetism and gravity, Kaluza hoped to explain matter in four dimensions as a

manifestation of pure geometry in �ve dimensions. Therefore he made the key assumption (inspired by

Einstein) that the universe in higher dimensions is empty, and started from the 5d Einstein action with

no sources [43]

S = − 1

16πG5

ˆ
R(5)

√
−g(5)d5x . (4.20)

Here G5 is the 5d Newton's constant, g(5) the determinant of the 5d metric and R(5) the 5d Ricci scalar.

Varying the action we obtain the Einstein's �eld equations in vacuum

R
(5)
AB = 0 . (4.21)

R
(5)
AB is the Ricci tensor and A,B = 0, 1, 2, 3, 4. The Ricci tensor is de�ned in terms of the 5d metric

through the Christo�el symbols as in four dimensions


R

(5)
AB = ∂CΓ

C
AB − ∂BΓCAC + ΓCABΓ

D
CD − ΓCADΓDBC

ΓCAB = 1
2g
CD (∂AgDB + ∂BgDA − ∂DgAB)

(4.22)

We can write the metric tensor in �ve dimensions in this way

g
(5)
AB =

 g
(5)
µν g

(5)
µ4

g
(5)
4ν g

(5)
44

 , (4.23)

where the index (5) is there to remember that the quantities we are talking about refer to the 5d spacetime

M4 × S1. g(5)
µν , for example, is not the metric tensor of M4, which we denote by g(4)

µν , or simply gµν . To

see why this is true consider the basis vectors eµ, which span the 4d spacetime M4, and e4 which is in the

direction of the 5th dimension. In general the vector e4 will not be orthogonal to the eµ's , that is

e4 · eµ = g
(5)
µ4 6= 0 . (4.24)

Therefore we can decompose the vector eµ into a parallel and orthogonal part to e4

eµ = eµ⊥ + eµ‖ , (4.25)

with eµ⊥ · e4 = 0. We now know that g(4)
µν = eµ⊥ · eµ⊥. Since eµ‖ is parallel to e4 we can write
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eµ‖ = Cµe4 , (4.26)

where Cµ is a 4 vector �eld. So, the �rst component of the 5d metric tensor (4.23) is

g(5)
µν = eµ · eν = g(4)

µν + CµCνg
(5)
44 . (4.27)

We parametrize the metric by choosing g(5)
44 = φ2, with φ a scalar �eld, and Cµ = kAµ, with k a constant

to be determined and Aµ a vector �eld. Taking into account (4.24), (4.25), (4.26) and (4.27), the metric

(4.23) becomes

g
(5)
AB =

 gµν + k2φ2AµAν kφ2Aµ

kφ2Aν φ2

 , (4.28)

where we dropped the index (4) on the 4-metric. The inverse metric is

gAB(5) =

 gµν −kAµ

−kAν k2gµνA
µAν + φ−2

 . (4.29)

Again, the circular topology of the �fth dimension allows us to expand the �elds in the metric in a Fourier

series


gµν (xµ, y) =

∑∞
n=−∞ g

(n)
µν (xµ) e

iny
R

Aµ (xµ, y) =
∑∞
n=−∞A

(n)
µ (xµ) e

iny
R

φ (xµ, y) =
∑∞
n=−∞ φ(n) (xµ) e

iny
R

(4.30)

and if the compacti�cation scale R is small enough even the lowest mode n = 1 will have an energy so

large as to put it beyond the reach of experiments. Therefore we only take the n = 0 modes, which are

independent of y, that is g(0)
µν (xµ) , A(0)

µ (xµ) and φ(0) (xµ). Later we will drop the index (0) in order

to have a clean notation, with the understanding that we are dealing only with the zero modes of the

metric. Since the zero modes do not depend on the �fth coordinate y we can e�ectively drop all the

derivatives with respect to y in our formulas. This is called the cylinder condition and it was �rst invoked

by Kaluza without a proper justi�cation, which was later given by Klein in the contest of a compacti�ed

�fth dimension, with the overall spacetime having the topology of a (�ve dimensional) cylinder.

Now we want to express the 5d action (4.20) in terms of the new �elds in the metric (4.28) as an e�ective

4d action inM4. First we compute the factor
√
−g(5). To do so we need the determinant of the 5d metric
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(4.28). With the help of a symbolic manipulator we �nd that

g(5) = g(4)φ2 , (4.31)

where g(4) = det
(
g

(4)
µν

)
. For the sake of simplicity we will write g(4) ≡ g. Next we need to compute the

Ricci scalar R(5), making use of the general form of the metric (4.28) and its inverse (4.29), together with

the de�nitions (4.22). Using the cylinder condition to drop derivatives with respect to y and pull the

integration over y out of the action integral we �nd [43]

S = − 1

16πG5

(ˆ 2πR

0

dy

) ˆ
d4x
√
−gφ

(
R+

k2

4
φ2FµνF

µν +
2

3

∂µφ∂µφ

φ2

)
, (4.32)

where R is the 4d Ricci scalar and Fµν = ∂µAν −∂νAµ9. This action resembles that of gravity coupled to

electromagnetism and a scalar �eld. In order to make the connection more clear and determine the value

of the constant k, we write the �eld equations corresponding to the above action


Gµν = k2φ2

2 TEMµν − 1
φ [∇µ∇νφ− gµν � φ]

∇µFµν = −3∇
µφ
φ Fµν

�φ = k2φ3

4 FµνF
µν

(4.33)

where Gµν = Rµν − 1
2Rgµν is the Einstein tensor, TEMµν = gµνF

αβFαβ/4− Fαµ Fνα is the electromagnetic

stress-energy tensor, � = gµν∇µ∇ν and ∇µ is the standard 4d covariant derivative. The �rst equation

describes the interaction between the gravitational �eld and the electromagnetic and scalar �elds. The

second equation describes the evolution of the electromagnetic �eld, with the scalar �eld acting as a

source, and the third equation describes the evolution of the scalar �eld with the electromagnetic �eld

acting as a source. Now if we take φ = 1, as Kaluza originally did, the equations (4.33) become


Gµν = k2

2 T
EM
µν

∇µFµν = 0

FµνF
µν = 0

(4.34)

The �rst equation is simply the Einstein equation in the presence of an electromagnetic source. Consistency

with general relativity then �xes the constant k2 = 16πG, with G the 4d gravitational coupling constant.

The �rst two equations constitute what has been called the Kaluza miracle, meaning that the precise

9 We use the letter R to denote both the Ricci scalar and the radius of the extra dimension. The meaning of R should be
clear from the context.
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form of the electromagnetic stress-energy tensor emerges from the vacuum �eld equations in 5d. Four

dimensional matter (in this case electromagnetic radiation) arises purely from the geometry of the empty

5d spacetime. There is a problem, however, in putting φ = 1, or, in general, in putting φ equal to

a constant. The third equation in (4.34) dictates that FµνFµν = 0, a serious restriction on the �eld

strength tensor. In general the scalar �eld cannot be assumed to be a constant, since it interacts with

both the gravitational and the electromagnetic �eld.

As we said in the introduction to this chapter, the main problem of compacti�cation is that it comes with

moduli, i.e. unobserved massless scalar �elds. In the present case of Kaluza-Klein theory of 5d gravity

we have only one modulus: the scalar �eld φ (x). This is a geometric modulus, since it is related to the

size of the extra dimension. To see this, let us compute the measure (length) of the compact dimension

S1. This is

ˆ
√
g44dy =

2πRˆ

0

√
φ2dy = 2πRφ (x) . (4.35)

The size of the extra dimension is directly proportional to the value of φ (x). This means that the length

of the circle S1 varies in space and time: it is a dynamical �eld whose oscillations give rise to the unwanted

massless particle. To give a mass to φ (x), one need to introduce a potential V (φ (x)) for the scalar �eld

with at least one stable minimum at φ0. The �eld will then have a de�nite vacuum expectation value

< φ (x) >0= φ0 , and oscillations around φ0 will produce scalar particles with a mass di�erent from zero.

This process of giving a mass to the moduli is called moduli stabilization. After the stabilization procedure,

the size of the compact space will oscillate around the stable value 2πRφ0. The scalar �eld will no longer

appear in the massless sector of our theory and the e�ective action at low energies will become (substitute

φ = φ0 in (4.32))

S = − 1

16πG5
2πRφ0

ˆ
d4x
√
−g
(
R+

k2

4
φ2

0FµνF
µν

)
. (4.36)

Now we can absorb the size of the compact space 2πRφ0 into a rede�nition of the gravitational coupling

constant and write the action as

S = −
ˆ
d4x
√
−g
(
R

16πG
+

1

4
φ2

0FµνF
µν

)
, (4.37)

with
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G =
G5

2πRφ0
. (4.38)

In general, if we start from a d dimensional gravity theory, compacti�ed on a d − 4 dimensional space

with a (stabilized) volume V, the relation between the coupling constants will be

G =
Gd
V

, (4.39)

with G the 4d coupling constant and Gd the d-dimensional coupling constant. In our 5d case the one-

dimensional volume, i.e. the length, of the compact space is precisely 2πRφ0.

The Kaluza-Klein theory uni�es electromagnetism with gravity in the presence of a dynamical Klein-

Gordon scalar �eld. Again, if one puts φ = 1, one recovers the Einstein-Maxwell action in four dimensions

S = −
ˆ
d4x
√
−g
(
R

16πG
+

1

4
FµνF

µν

)
, (4.40)

but this is incompatible with general �eld con�gurations (FµνFµν = 0).

We have learned that pure gravity in 5 dimensions with one dimension compacti�ed in a circle is equivalent

to gravity, electromagnetism and a massless scalar �eld in the non-compact four dimensional spacetime,

at low energies.

The Kaluza-Klein theory can also explain the quantization of electric charge [14, 43]. Suppose we have a

5d complex scalar �eld ψ in M4 × S1. Its action is

Sψ = −
ˆ
d4x

ˆ 2πR

0

dy
√
−gφ∂Aψ∗∂Aψ . (4.41)

As always the �eld can be expanded in a Fourier series along the compact dimension

ψ (xµ, y) =
1√
2πR

∞∑
n=−∞

ψ(n) (xµ) e
iny
R . (4.42)

The integrand in (4.41) is ∂Aψ∗∂Aψ = g(5)AB∂Aψ
∗∂Bψ . Expanding out the expression we �nd

g(5)AB∂Aψ
∗∂Bψ = gµν∂µψ

∗∂νψ + gµ4∂µψ
∗∂4ψ + g4ν∂4ψ

∗∂νψ + g44∂4ψ
∗∂4ψ (4.43)

and, using the inverse metric (4.29)
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g(5)AB∂Aψ
∗∂Bψ = ∂µψ∗∂µψ − kAµ∂µψ∗∂4ψ − kAν∂4ψ

∗∂νψ +
(
φ−2 + k2AµAµ

)
∂4ψ

∗∂4ψ . (4.44)

Substituting everything into the action and integrating on y we get

Sψ = −
∑
n

ˆ
d4x
√
−gφ

[(
∂µ +

inkAµ

R

)
ψ∗(n)

(
∂µ −

inkAµ
R

)
ψ(n) +

n2

φ2R2
ψ∗(n)ψ(n)

]
. (4.45)

Taking φ = 1, we can rewrite the action using the covariant derivative for a charged �eld D(n)
µ = ∂µ −

ie(n)Aµ, with e(n) the electromagnetic charge of the n-th mode

Sψ = −
∑
n

ˆ
d4x
√
−g
[(
D(n)µψ(n)

)∗
D(n)
µ ψ(n) +

n2

R2
ψ∗(n)ψ(n)

]
, (4.46)

from which we read that the electromagnetic charge of the scalar �eld ψ(n) is

e(n) =
nk

R
=
n
√

16πG

R
. (4.47)

The electric charge is quantized in steps of k/R. Moreover, looking at (4.42), we see that n/R is just

the momentum of the particle along the �fth dimension and it is quantized precisely because the space is

compact. We arrive at the conclusion that in a Kaluza-Klein theory we can explain the electric charge of

a particle as motion along the extra dimensions, quantization being only the expression of the ��niteness�

of the compact space. We can even predict the size of the extra dimension using (4.47) with n = 1 and

e(1) ≡ e the electric charge of the electron

R =

√
16πG

e
∼ 10−30cm , (4.48)

about a hundred times bigger than the Planck length 10−33cm. This value is consistent with the cylinder

condition, i.e. the undetectability of the extra dimension at everyday energies.

Unfortunately, the masses are way too big to be compatible with experiments. Referring to (4.46), the

mass of the n-th mode is10

m(n) =
n

R
. (4.49)

10 Remember that in the mostly plus convention for the signature that we are using, the action for a scalar �eld ψ is
Sψ = −

´
d4x
√
−g

(
∂µψ∗∂µψ +m2ψ∗ψ

)
, with the mass term being positive in the integral.
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The mass of the n = 1 mode ism = 1/R ∼ mPL
100 , wheremPL is the Planck mass. This mass is enourmously

big, compared to the electron mass of 0.5 MeV . Of course, a scalar �eld cannot describe a spin 1/2 particle

like the electron, but one can prove that the same conclusions are reached if one starts with the Dirac

action for the electron. This clearly wrong prediction of the Kaluza-Klein theory is its main drawback,

but modern compacti�ed theories bypass the problem by doing two things:

• Identifying observed particles (like the electron) with the n = 0 modes of the Fourier expansion.

By virtue of equation (4.49) these particles have zero mass. The observed (small) masses of the

particles are then explained by the mechanism of spontaneous symmetry breaking.

• Going to higher dimensions. Equation (4.47) tells us that in 5d the n = 0 modes have zero charge.

In higher dimensions the n = 0 modes may have a non-zero charge since massless particles are no

longer singlets of the gauge group (in our case U (1)).

4.3 Calabi-Yau spaces

In this section we use extensively the material covered in appendix B and D. Up until now we have only

considered compacti�cation models in which the compact space is a �at torus. Of course, this is not

the most general case. In this section we will give an answer to the question: what is the most general

class of compact spaces that gives a low dimensional e�ective �eld theory that is compatible with the

four dimensional world? A realistic model of particle physics would have to start from a 10d superstring

theory. In this thesis we will focus on models derived from type IIB superstring theory, which, before com-

pacti�cation, possesses N = 2 supersymmetry in 10 dimensions. For phenomenological reasons, we would

like the least preserved supersymmetry in the 4d theory, and this means that the compact space should

have certain speci�c properties. These properties are derived by imposing the condition of unbroken 4d

supersymmetry on the resulting spacetime. Let us start then by requiring that supersymmetry is unbro-

ken in the usual spacetime M4. We denote the supersymmetry (susy) transformation by U (ε) ≡ eiε·Q,

where Q is the susy charge and ε (x) the parameter of the transformation [7]. Unbroken supersymmetry

means that the vacuum is left invariant under a susy transformation, i.e. eiε·Q |0〉 = |0〉, implying that

ε · Q |0〉 = 0. In our case both ε and Q are spinors of SO(1, 9) [31]. We can obtain a condition on the

vacuum expectation values of the �elds of the theory by noting that δεψ = [ε ·Q,ψ], where ψ is a generic

�eld (bosonic or fermionic) and δεψ is its �rst order (in ε) variation. Taking the vacuum expectation value

we have 〈0| δεψ |0〉 ≡< δεψ >= 〈0| [ε ·Q,ψ] |0〉 = 0. The condition for unbroken susy is

〈δεψ〉 = 0 (4.50)
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for every �eld ψ. Since we want Lorentz invariance to be preserved, only scalar �elds may have nonvan-

ishing expectation value, so 〈ψFermi〉 = 0. Since the susy variation of a bosonic �eld is proportional to a

fermionic �eld, it vanishes automatically by Lorentz invariance: 〈δεψBose〉 ∼ 〈ψFermi〉 = 0. On the other

hand, the susy variation of a fermionic �eld is proportional to a bosonic �eld, and it need not vanish.

Requiring that it does will impose a restriction on the background �elds. Among the fermion �elds in

supergravity there is always the gravitino ψM , whose variation is [17]

δεψM = ∇M ε−
1

8
HMNPΓNP ε+ ... . (4.51)

Here M = 0, 1, ..., 9 and ∇M is the covariant derivative on the 10d manifold. ΓAB = 1
2 [ΓA, ΓB ], with ΓA

the gamma matrices and HMNP is the �eld-strength 3-form of type IIB string theory. The dots stand for

terms that vanish when we take the vacuum expectation value, since they contain scalar �elds. For the

moment, we set the 3-form H3 to zero, with the understanding that the following results will only be true

as an approximation. In particular, in setting H3 = 0 we are neglecting the backreaction of the �uxes on

the Calabi-Yau metric, see equation (5.39) and the discussion below. Then, 〈δεψM 〉 = 0 gives 〈∇M ε〉 = 0.

If we restrict our attention to the components on the compact space S6, we have ∇mε = 0 everywhere on

the manifold, with m = 4, ..., 9. This means that there must exist a globally de�ned covariantly constant

spinor �eld on S6. One can easily �nd such a constant spinor �eld locally (in any given neighbourhood of

a point), but it is not at all obvious that this is possible globally. Indeed, this is a topological restriction

on S6. As an example, consider the analogous case of a vector �eld on the 2-sphere. The �hairy ball�

theorem states that any continous vector �eld on the sphere must vanish in at least one point, but if

a covariantly constant vector �eld vanishes in one point, it vanishes everywhere. Therefore there is no

globally covariantly constant vector �eld on the 2-sphere. On the other hand, it is easy to �nd such a

vector �eld on the 2-torus, which has a di�erent topology from that of the sphere. The condition ∇M ε = 0

actually implies the following identity

[∇M ,∇N ] ε =
1

4
RMNPQΓPQε = 0 . (4.52)

This in turn implies the vanishing of the Ricci tensor

RMN = 0 . (4.53)

We arrive at the conclusion that the compact space S6 must be Ricci-�at, i.e. its Ricci tensor must vanish.

An equivalent condition on S6 can be obtained if we introduce the concept of holonomy group H [27]. If
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we parallel transport a vector v along a closed curve γ on a D dimensional orientable manifold, this vector

will be rotated into Uv, where U is a SO (D) matrix. The set of all possible such matrices (for every

closed curve γ) forms the holonomy group H. This will be in general a subgroup of the rotation group

of the tangent space of the Riemannian manifold, i.e. H ⊆ SO (D). Since S6 admits a constant spinor

�eld ε, this spinor �eld must remain unchanged under the action of the holonomy group, which means

that ε is a singlet under H. ε is a spinor of SO (6) ' SU (4) and transforms as the fundamental 4 or

antifundamental 4̄ representation of SU (4). Now suppose that the holonomy group is H = SU (3). Under

SU (3) the fundamental representation decomposes into a triplet and a singlet: 4SU(4) → (3 + 1)SU(3). A

similar reasoning is carried out in the case of the antifundamental representation. As a simpli�ed example,

consider the case of a compact manifold of dimension 3 with a covariantly constant vector �eld on it. In

such a case the vector �eld transforms as the fundamental representation of SO (3), 3. In order to be

covariantly constant, it must be a singlet under H. To achieve this we can take H = SO (2) ⊆ SO (3),

in which case 3SO(3) → (2 + 1)SO(2), i.e. the SO (3) vector (3) decomposes in a SO (2) vector (2)

and a SO (2) scalar (1). The covariantly constant vector �eld is then identi�ed with the SO (2) scalar.

Geometrically if we �x the plane of rotation of the holonomy group SO (2), any vector perpendicular to

that plane will be a singlet under SO (2).

Thus, if H = SU (3) there is at least one covariantly constant spinor on the manifold (in fact two,

one of positive and one of negative chirality, corresponding to the fundamental and antifundamental

representations). It can be shown that H = SU (3) is the only possibility if we want to retain N = 2

supersymmetry in M4 in the case of type IIB.

To summarize, we have seen that in order to have the least preserved supersymmetry in the 4d spacetime

M4 (N = 2 in the case of type IIB), the compact space S6 must admit a covariantly constant spinor �eld,

which implies Ricci-�atness (strictly, this is only true in the case of zero �ux, see section 5.2 and appendix

C) and holonomy SU (3).

A 2n-dimensional compact Riemannian manifold with SU (n) holonomy is called a Calabi-Yau manifold

and it is denoted by CYn. Calabi-Yau manifolds admit covariantly constant spinor �elds and are Ricci-�at.

For n = 1, there is only one Calabi-Yau manifold CY1 and it is the 2-torus T 2, which is �at. The only CY2

is the K3 manifold, and for n ≥ 3 there are many. For realistic models we are obviously only interested in

CY3. Finally, we can also consider singular Calabi-Yaus, if the singularities are such that string theory is

still well de�ned on these spaces. One of the simplest types of tractable (in the sense that string theory is

still well de�ned) singularity which can arise is an orbifold singularity [44]. An orbifold is the quotient of

a smooth Calabi-Yau manifoldM by a discrete symmetry group G which has �xed points. Locally such

an orbifold can be written as Cn/G, and the �xed points of G generically develop conical singularities.
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Take for example the simple case of C/ZN , where ZN is the cyclic group of order N . ZN acts on the

complex coordinate z ∈ C2 as z → e2πi/Nz. Thus C/ZN is simply the 2d plane where every point is

identi�ed with the image obtained under rotation around the origin through an angle 2π/N , with N ≥ 2

an integer. The only �xed point of Z2 is the origin z = 0, and it is easy to see that the resulting space

after the identi�cations is a 2d cone with the singular apex corresponding to z = 0 and angle at the apex

given by 2π/N .

Whereas a generic quantum �eld theory de�ned on an orbifold becomes singular near the �xed point of G,

orbifolding a string theory produces a new perfectly smooth string theory that is well behaved even near

the singular �xed points of the discrete group G. See appendix E for an account of orbifold singularities

in algebraic geometry.

A Calabi-Yau n-fold, then, is a manifold with n complex dimensions (2n real dimensions). It is also a

Kähler manifold, i.e. its metric gαβ can be encoded (locally) in a single scalar function K, called the

Kähler potential:

gαβ = ∂α∂βK . (4.54)

The fundamental topological numbers specifying a Calabi-YauM are its Betti numbers bk, where bk counts

the number of linearly independent harmonic k-forms onM (see appendix B). On a Calabi-Yau, the Betti

numbers can further be decomposed in terms of the Hodge numbers hp,q counting the holomorphicity of

the respective k-forms, with p+ q = k. Basically, hp,q counts the number of harmonic (p, q)-forms, where

a generic (p, q)-form can be written as

H(p,q) =
1

(p+ q)!
Hµ1...µq ν̄1,...,ν̄qdz

µ1 ∧ ... ∧ dzµp ∧ dzν1 ∧ ... ∧ dzνq . (4.55)

We have the obvious relation

bk =

k∑
p=0

hp,k−p = h0,k + h1,k−1 + ...+ hk−1,1 + hk,0 . (4.56)

The Calabi-Yau structure imposes several constraints on these numbers. In particular, for a Calabi-Yau

n-fold it can be shown that [17]
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hp,0 = hn−p,0

hp,q = hq,p

hp,q = hn−q,n−p

(4.57)

Moreover, for a compact simply connected space we have h0,0 = 1 and h1,0 = h0,1 = 0. For the case of

interest, i.e. n = 3, the only Hodge numbers left to specify are h1,1 and h2,1. The whole set of Hodge

numbers can be arranged in a Hodge diamond

The relevant Betti numbers are



b0 = 1

b1 = 0

b2 = h1,1 + h2,0 + h0,2 = h1,1

b3 = h0,3 + h1,2 + h2,1 + h3,0 = 2
(
1 + h1,2

)
(4.58)

Two distinct Calabi-Yau manifolds are topologically inequivalent. Given a Calabi-Yau speci�ed by its

topological numbers hp,q, we can still deform the shape and size of the manifold, as this process will

result in the same topological object. Therefore we see that a single Calabi-Yau manifold really consists

of a continously in�nite number of topologically equivalent manifolds, each related to the other by smooth

deformations of certain parameters that control the shape and size of the space, called moduli. The moduli

responsible for the shape of the manifold are called complex structure moduli and those related to the

size of the manifold are called Kähler moduli. It is also useful to de�ne the Euler characteristic χ as the

weighted sum of the Hodge numbers:

χ (M) =

3∑
n,m=0

(−1)
p+q

hp,q = 2
(
h1,1 − h1,2

)
. (4.59)
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We can generalize the discussion of section 4.1 on Kaluza-Klein compacti�cation in the case of a compact

Calabi-Yau space. Starting with the simple case of a scalar �eld φ (xµ, ym), with µ = 0, 1, 2, 3 and

m = 4, 5, ..., 9, we can expand it in Fourier modes (see for comparison equation (4.3)):

φ (x, y) =
∑
i

φ(i) (x) f (i) (y) , (4.60)

where f (i) (y) are eigenfunctions of 6d Laplacian operator: ∇2
(y)f

(i) (y) = λ2
i f

(i) (y). As usual xµ are the

coordinates of the 4 non-compact dimensions and ym the coordinates of the compact 6d Calabi-Yau space.

If we start with a massless ten dimensional �eld φ (x, y), then ∇2φ (x, y) = 0. The 10d laplacian ∇2 splits

into a 4d part and a 6d part: ∇2 = ∂µ∂
µ +∇2

(y), so we have
[
∂µ∂

µ +∇2
(y)

]
φ (x, y) = 0. Substituting in

the expansion (4.60), we get
[
∂µ∂

µ +∇2
(y)

]∑
i φ

(i) (x) f (i) (y) = 0, and, using the fact that f (i) (y) are

eigenfunctions of ∇2
(y), ∂µ∂

µφ(i) (x) = λ2
iφ

(i) (x), for �xed i. This is a Klein-Gordon equation for a scalar

�eld with mass λi. We immediately see that if we want a massless scalar �eld in 4 dimensions, λi must be

zero, which means that ∇2
(y)f

(i) (y) = 0, i.e. f (i) (y) must be an harmonic function. Hence, the number

of massless scalar �elds in 4 dimensions that we obtain from a massless scalar �eld in 10 dimensions is in

1-to-1 correspondence with the number of harmonic functions on the compact manifold, which is given by

the 0-th Betti number b0 = 1. A scalar function is of course a special case of a p-form, with p = 0. The

compacti�cation of higher p-forms is completely analogous. Given a massless p-form in 10 dimensions,

Hp (x, y), we can expand it using higher order forms both in Minkowski space and in the compact space

Hp (x, y) =
∑
i

(
H(i)
p (x) f

(i)
0 (y) +H

(i)
p−1 (x) f

(i)
1 (y) + ...+H

(i)
0 (x) f (i)

p (y)
)
. (4.61)

We know now that the massless p-formsH(k)
p (x) we obtain in 4 dimensions are those for which∇2

(y)f
(k)
0 (y) =

0. The number of harmonic 0-forms on the Calabi-Yau is given by b0, which is 1. Therefore we obtain only

one massless p-form. Analogously, the number of massless (p− 1)-forms we obtain is given by the number

of harmonic 1-forms on the compact space, ∇2
(y)f

(k)
1 (y) = 0, which is the �rst Betti number, b1 = 0, etc.

For example, let us consider a massless 10d 2-form B2 (x, y). After compacti�cation we obtain b0 = 1

massless two-forms B2 (x) ≡ Bµν (x), b1 = 0 massless 1-forms (vector �elds), and b2 = h1,1 massless scalar

�elds.

We now show that the number of complex structure moduli of a Calabi-Yau is equal to h1,2 and the number

of Kähler moduli is h1,1 (again, we do not get vector �elds since b1 = 0). These moduli parametrize the

size and shape of the manifold and are rightfully called geometric moduli. The massless scalar �elds

coming from the dimensional reduction of form-�elds discussed above are non-geometric moduli since
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they are not related to the geometry of the manifold. These are all massless scalar �elds and are therefore

physically indistinguishable.

The existence of one covariantly constant spinor on a six dimensional manifold is equivalent to the existence

of a closed 2-form J of degree (1,1), the Kähler form, and a unique holomorphic 3-form Ω of degree

(3,0). We know that a Calabi-Yau space is a complex manifold, meaning that we can introduce complex

coordinates on every given patch of the manifold with holomorphic transition functions between one patch

and the other. A 2n-dimensional real manifold is an n-dimensional complex manifold if it admits a globally

de�ned complex structure Imn such that InmI
l
n = −δlm [27]. We can use the complex structure to de�ne

local complex coordinates. First choose a set of real coordinates xi, yj for i, j = 1, ..., n so that locally

I =

 0 1n

−1n 0

, then de�ne the complex coordinates zi = xi + iIiky
k and zi = xi − iIikyk. Moreover,

the metric on a complex manifold can be chosen such that the only nonzero components are mixed, i.e.

gij (see (4.54)). Using the metric and the complex coordinates, we can construct the Kähler form J :

J =
i

2
gijdz

i ∧ dzj , (4.62)

which is closed, meaning that dJ = 0 (this is clear because locally J = ∂∂K, whereK is the aforementioned

Kähler potential), but cannot be exact on a compact manifold because Jn/n! 6= 0 is the volume form

determined by the metric, as we will see. We said that the geometric moduli parametrize the space of

topologically equivalent CY manifolds, meaning that if we start with a CY metric g, the moduli correspond

to the deformations of the metric δg such that the deformed metric g + δg is still CY and with the same

topology. In particular the preservation of the CY condition entails that if RMN (g) = 0, then also

RMN (g + δg) = 0. We can connect this to the two examples we saw in the previous sections: a circle S1

has one modulus, namely its radius R and the fact that any value of R is allowed manifests itself in the

space-time theory as a massless scalar �eld with vanishing potential. Similarly the 2-torus T 2 has one

Kähler modulus and one complex structure modulus. Thus, the number of geometric moduli is exactly the

number of free parameters in the choice of the SU (3) holonomy metric. We can count these parameters

in the following way. It is easy to show that Jn/n! = det g dx1 ∧ ...∧ dxn ∧ dy1 ∧ ...∧ dyn, which implies,

for our case of a CY three-fold,

1

6

ˆ
M

J ∧ J ∧ J =

ˆ
det g dx1 ∧ ... ∧ dxn ∧ dy1 ∧ ... ∧ dyn = V ol (M) . (4.63)

So J cannot be exact, because if it were the volume would come out zero. Indeed, if J = dA, for a 1-form

A, then
´
M
J ∧ J ∧ J =

´
M
d (A ∧ J ∧ J) = 0. Therefore J is cohomologically non-trivial (see appendix
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D) and it can be expanded in a basis H1,1 (M), i.e. a basis of independent closed (1,1)-forms {ωa} (the

space of all harmonic k-forms on M being isomorphic to Hk (M) and of dimension bk),

J =

h1,1∑
a=1

taωa . (4.64)

The coe�cients ta are the h1,1 Kähler moduli and determine the choice of the Kähler form. They control

the sizes of the even dimensional 2-cycles and 4-cycles of the compact manifold, whose volumes are

measured by integrating respectively J and J2/2 over them. One can show that, similarly, the choice of

a complex structure tensor is equivalent, via contraction with the holomorphic 3-form Ω, to the choice of

a (2, 1)-form that we can expand in a basis, retrieving h1,2 complex parameters that correspond exactly

to the complex structure moduli. These control the sizes of the 3-cycles of the CY, whose volumes are

measured by integrating Ω over them.
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5 Moduli stabilization

5.1 Moduli stabilization in a M6 = M4 × T 2 toy model

We now turn systematically to the problem of moduli stabilization. Before tackling realistic models with

S6 = CY3, we study a 6-dimensional toy model that will allow us to understand the essential features

of moduli stabilization in a simple case. Let us consider then a 6d spacetime M6 = M4 × T 2 where the

compact space is the n = 1 Calabi-Yau manifold, i.e. the 2d torus T 2. We start from the Einstein action

in 6 dimensions (this is an instance of a Kaluza-Klein theory on a torus)

S = k

ˆ √
−g(6)R(6)d

6x . (5.1)

We use the signature (−,+,+, ...) and k is a dimensionful constant. Note that this is very similar to what

we did in section 4.2: we have simply replaced the 1d circle with a 2d torus. Since we are only interested

in the moduli (scalar particles), we can simply take the 6d metric to be block diagonal. O�-diagonal terms

would give rise to vector �elds, as we saw in the case of the Kaluza-Klein theory on a circle. The ansatz

for the metric is

g
(6)
MN (xµ) =

 gµν (x) 0

0 gT 2 (x)

 , (5.2)

where M,N = 0, 1, ..., 5 and the metric depends only on the non-compact coordinates xµ ≡ x. gT 2 is of

course the metric of the 2-torus, which is a real and symmetric 2x2 matrix, having three independent real

components. We can parametrize the metric using a real number V, and a complex number τ = τ1 + iτ2

[26]:

gT 2 =
V
τ2

 1 τ1

τ1 | τ |2

 . (5.3)

We can already guess the number of moduli that we will have to deal with after compacti�cation: since

the metric has three independent real components V,τ1 and τ2 we will obtain three massless scalar �elds

V (x),τ1 (x) and τ2 (x) in the 4d e�ective action. Compare this to the Kaluza-Klein compacti�cation on

a circle where the metric of the compact space was a 1x1 matrix (a number) and we had exactly one

modulus, the scalar �eld φ (x). In general if we have an n-dimensional compact space, the number of

moduli will be equal to the number of independent entries in a real symmetric n×n matrix: n (n+ 1) /2.
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If we pick coordinates on the torus y1, y2 ∈ [0, 1], its volume11 is
´ 1

0
dy1

´ 1

0
dy2
√
gT 2 =

´ 1

0
dy1

´ 1

0
dy2V =

V = 4π2R1R2, where R1 and R2 are the two radii of the torus. Therefore the real number V represent the

volume of the torus and it is called the size modulus, since it is obviously related to the size of the compact

space. What is the geometrical meaning of τ? The metric is constant with respect to the coordinates on

the torus, therefore the torus is �at. We can construct a rectangular torus by starting with a rectangle of

area V in the plane and then gluing the opposite sides, as shown in �gure 5.1.

Fig. 5.1: Start from a rectangle in the plane, then identify all the points on opposite sides. In �gure
one identi�cation is represented by an arrow (vertical edge) and the other by a double arrow
(horizontal edge). If we identify the horizontal sides �rst, we obtain a cylinder. The end result
is a (rectangular) torus. [27]

Since opposite sides are identi�ed, the coordinates on the torus will satisfy the periodicity conditions


y1 → y1 + 1

y2 → y2 + 1

(5.4)

where the arrow means that coordinate values that di�er by 1 represent the same point on the torus, due

to the identi�cation. Since we assume dimensionless coordinates, all information about the size of the

torus is contained in the metric. In this case the line element is ds2 = V/τ2
(
dy2

1 + τ2
2 dy

2
2

)
≡ gmndymdyn

with y1 ≡ y1 and y2 ≡ y2, since the basis vectors are orthogonal. τ2 ≡ R2/R1 is simply the ratio between

the radii of the torus. We conclude that the metric for a rectangular torus is gmn = V/τ2 diag
(
1, τ2

2

)
,

a diagonal matrix. This is a special case of the general metric (5.3), i.e. the case in which τ is a purely

imaginary number, τ = iτ2. To arrive at the metric (5.3) we have to think of the most general construction

of a torus starting from a �at shape in the plane. We have seen that V is just the size of the torus and

τ2 represents the ratio of the radii. We have yet to understand the role of τ1. Let us write �rst the line

element corresponding to the metric gT 2 . This is

ds2 =
V
τ2

(
dy2

1 + 2τ1dy1dy2+ | τ |2 dy2
2

)
=
V
τ2
| dy1 + τdy2 |2 . (5.5)

Introducing the complex coordinates w = y1 + τy2 and w = y1 + τy2, we can rewrite the line element as

11 We use the word �volume� to represent the size of a given space, indipendently of its number of dimensions. In this case,
for example, the torus is 2 dimensional, therefore the volume is simply its area. In a more precise mathematical language,
by �volume� we really mean the �measure� of the space.
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ds2 =
V
τ2
dwdw . (5.6)

Now suppose we make the identi�cations [26] (compare to (5.4))


w → w + 1

w → w + τ

(5.7)

With these identi�cations we are thinking of the torus as the points w in the complex plane identi�ed

under the two translation vectors represented by the complex numbers 1 and τ , as shown in �gure 5.2.

Note that for τ = iτ2, (5.7) reduces to (5.4). We are identifying every point on one side with every other

point on the opposite side, but with a twist, quanti�ed by the angle θ between the two basis vectors (1, 0)

and (0, 1). Using the metric (5.3), the twist angle θ is given by

cos (θ) =
τ1
| τ |

=
τ1√

τ2
1 + τ2

2

. (5.8)

The modulus τ1 is then related to the twist angle. For τ1 = 0, cos (θ) = 0 and θ = π/2. The basis vectors

are orthogonal and we have a rectangular (non-twisted) torus.

V is also called the Kähler modulus and τ the complex structure modulus.

Fig. 5.2: The torus as the complex plane with identi�cations represented by the complex numbers 1 and
τ [26]

The three moduli V,τ1 and τ2 are related to the three fundamental parameters of a torus: the �major�

radius R1, the �minor� radius R2 and the twisting angle θ.
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Now we are ready to compactify the action (5.1). Once again the determinant of the 6d metric decomposes

in the product of the two determinants:

g(6) = g(4)det (gT 2) = g(4)V2 . (5.9)

The Ricci scalar also decomposes in a 4d part plus the action for a bunch of free massless scalar (under

the action of the 4d Poincarè group) �elds. The computation is involved but straightforward. The result

is

R(6) = R(4) +
1

4
gµν∂µgmn∂νg

mn , (5.10)

where, as always µ, ν = 0, 1, 2, 3 and m,n = 4, 5, and gmn ≡ gT 2 is the metric of the torus. Substituting

(5.9) and (5.10) into the action (5.1) we obtain

S = k

ˆ √
−g(6)R(6)d

6x = k

ˆ √
−g(4)V (x)

(
R(4) +

1

4
gµν∂µgmn∂νg

mn

)
d4x . (5.11)

Since nothing depends on the coordinates on the torus (y1, y2), we can take out of the integral the factor
˜
dy1dy2 ≡ 1, which is trivial. The moduli part of the action is

Smoduli = k

ˆ
d4x
√
−g(4)V (x)

1

4
gµν∂µgmn∂νg

mn , (5.12)

where the moduli are contained in the metric gmn. In order to make this expression explicit in terms of

the scalar �elds V (x), τ1 (x) and τ2 (x) we need the inverse torus metric. This is

gmn =
1

Vτ2

 | τ |2 −τ1

−τ1 1

 . (5.13)

Carrying out the sum on the �compact� indices m,n, we obtain

∂µgmn∂νg
mn = −2

(
∂µτ1∂ντ1 + ∂µτ2∂ντ2

τ2
2

+
∂µV∂νV
V2

)
. (5.14)

We suppressed the dependence of the �elds on x in order to maintain the notation clean. Using (5.14),

(5.12) becomes

Smoduli = −k
ˆ
d4x
√
−g(4)V

1

2
gµν

(
∂µτ1∂ντ1 + ∂µτ2∂ντ2

τ2
2

+
∂µV∂νV
V2

)
. (5.15)
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We may now write the action in terms of the complex �eld τ (x) = τ1 (x) + iτ2 (x):

Smoduli = −k
ˆ
d4x
√
−g(4)V

1

2

(
∂µτ ∗ ∂µτ

τ2
2

+
∂µV∂µV
V2

)
. (5.16)

The action Smoduli describes a free complex massless scalar �eld and a free real massless �eld , after

absorbing the factor V in a rede�nition of the 4d metric (which we will do later), in order to bring the

action in the canonical form. In particular, we note that there is no potential term, therefore the moduli

are unconstrained, as we expected. We must stabilize the moduli, i.e. we must generate a potential that

will �x the vacuum expectation value of these scalar �elds and give them a mass di�erent from zero.

One way to do this is to consider a con�guration with �eld strength p-forms with a non-zero �ux in

the extra dimensions (see appendix C) without breaking Lorentz invariance. This particular type of

compacti�cation in which the Calabi-Yau manifold is equipped with non-zero values of generalized gauge

form �uxes is called �ux compacti�cation [19] and will play a major role in our attempts to stabilize the

moduli.

Let us introduce in our toy model two �eld strength 1-forms12, F1 and H1, with non-zero �uxes on the

torus. This means that, if we call Σ1 and Σ2 the two fundamental cycles of the 2d torus along the y1 and

y2 directions respectively, the �ux quantization condition reads



´
Σ1
F1 = f1, f1 ∈ Z

´
Σ2
F1 = f2 f2 ∈ Z

´
Σ1
H1 = h1, h1 ∈ Z

´
Σ2
H1 = h2, h2 ∈ Z

(5.17)

Note that having non-trivial gauge �elds in our observed four dimensions would break Lorentz symmetry,

but we can perfectly well turn on magnetic �uxes in the extra dimensions without breaking 4d Lorentz

invariance, which is exactly what we did. Using (5.17), we can write the two 1-forms using the coordinates

y1, y2 on the torus:


F1 = f1dy1 + f2dy2

H1 = h1dy1 + h2dy2

(5.18)

12 Later we will focus on moduli stabilization in type IIB superstring theory, which has various gauge p-forms in its massless
spectrum. Therefore we will not need to introduce them by hand, as we have to do in this toy model.
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where the coe�cients of F1 and H1 are integers, due to the �ux quantization. The vacuum expectation

value of the 1-forms is di�erent from zero.

Now, the key point is that these gauge �elds have a certain energy associated with them and since the

�uxes thread cycles in the compact geometry, the energy will depend on the metric of the compact space,

generating a potential for the moduli space of T 2. Indeed, the action for F1 and H1 is

Sflux =

ˆ
d4x
√
−g(4)

(ˆ
T 2

F1 ∧ ∗F1 +

ˆ
T 2

H1 ∧ ∗H1

)
, (5.19)

from which the moduli potential is

V =

ˆ
T 2

F1 ∧ ∗F1 +

ˆ
T 2

H1 ∧ ∗H1 . (5.20)

Note that the dependence on the geometric moduli is in the Hodge star operator that contains the metric

of the compact space. Moreover (5.20) does not contain any derivative of the �elds, therefore it is a

genuine potential for the moduli. Now, if we de�ne

G1 = F1 + iH1 , (5.21)

we can write (5.20) as

V =

ˆ
T 2

G1 ∧ ∗Ḡ1 , (5.22)

where Ḡ1 is the complex conjugate of G1. We can further construct the two combinations

G±1 =
G1 ± i ∗G1

2
. (5.23)

Now, we can write G1 = G+
1 +G−1 and ∗Ḡ1 = i

(
Ḡ+

1 − Ḡ
−
1

)
, and substituting in 5.22 we get

V =

ˆ
T 2

(
G+

1 +G−1
)
∧ i
(
Ḡ+

1 − Ḡ
−
1

)
=

ˆ
T 2

(
G+

1 +G−1
)
∧ i
(
2Ḡ+

1 − Ḡ
+
1 − Ḡ

−
1

)
, (5.24)

that, after rearranging, becomes

V = 2i

ˆ
T 2

G+
1 ∧ Ḡ

+
1 − i

ˆ
T 2

G1 ∧ Ḡ1 . (5.25)

The second term is topological (a Chern-Simons term) since it does not depend on the metric (no Hodge

star), so it will be a simple constant shift of the potential. In the realistic model we will consider later,
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starting from the low energy e�ective action of type IIB superstring theory, this topological term will be

cancelled by other contributions. In this toy model we simply ignore this Chern-Simons term and focus

on the relevant �rst term 2i
´
T 2 G

+
1 ∧ Ḡ

+
1 . Note that since the topological term is a constant shift, the

minima of the potential will be una�ected by its presence. The only di�erence will be the value of the

potential at the minima, which will be of concern to us later. After dropping the topological term, the

potential is V = 2i
´
T 2 G

+
1 ∧ Ḡ

+
1 . We can express G+

1 using the complex coordinates z = y1 + τy2 and

z̄ = y1 + τ̄ y2 :

G+
1 =

dz

−2iτ2
(g1τ̄ − g2) , (5.26)

with g1 = f1 + ih1 and g2 = f2 + ih2. Now we can compute the potential explicitly as a function of the

moduli using (5.26):

V = 2i

ˆ
T 2

G+
1 ∧ Ḡ

+
1 = 2i

ˆ
T 2

dz

−2iτ2
(g1τ̄ − g2) ∧ dz̄

2iτ2
(ḡ1τ − ḡ2) . (5.27)

Rearranging a bit and using
´
dzdz̄ =

´
(dy1 + τdy2) ∧ (dy1 + τ̄ dy2) = τ̄ − τ = −2iτ2, we obtain

V (τ) =
1

2τ2

(∣∣g2
1

∣∣ |τ |2 +
∣∣g2

2

∣∣− g1ḡ2τ̄ − ḡ1g2τ
)
. (5.28)

The scalar potential is a function of the complex structure moduli only and it is easy to see that it is

positive de�nite, V ≥ 0. Expressing everything in terms of f1, f2, h1, h2 we can �nd the minima of the

potential in a straightforward way. We note that this potential can only �x the complex structure modulus

τ , while the Kähler modulus V is still unconstrained. The unique minimum of the potential is also a global

minimum, i.e. V (τmin) = 0, with τmin given by

τmin :


τ1 = f1f2+h1h2

f2
1 +h2

1

τ2 = f2h1−f1h2

f2
1 +h2

1

(5.29)

The potential �xes the vacuum expectation value of the complex strucure modulus τ that is therefore

stabilized. As we said, the potential does not �x the vev of the Kähler modulus V, that is still an

unstabilized massless scalar �eld. We shall see that the realistic model we will develop later will be able

to stabilize all closed string moduli, unlike this toy model. The potential (5.28) is not the end of the story,

since we have not yet absorbed the volume V (x) of the compact space in a rede�ned 4d metric to bring the

action for the scalar �elds in its canonical form. Schematically the kinetic term is
√
−det g(4)V (x) ∂µφ∂

µφ,

where φ is a scalar �eld and can be either τ or V. The derivative ∂µφ brings down a factor of g−1
(4) , the
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inverse metric, so we have
√
−det g(4)V (x) g−1

(4)∂φ∂φ, where we dropped the four-vector indices. Therefore

the Weyl rescaling we want to do is such that
√
−det g(4)V (x) g−1

(4) =
√
− det g′(4)g

′−1
(4) , with g

′
(4) the new,

rede�ned metric. It is easy to see that the two metrics are related by the Weyl transformation g′(4) = Vg(4).

After the rede�nition, the action for the �uxes becomes (see (5.19), (5.22) and (5.28))

Sflux =

ˆ
d4x
√
−g′(4)

V (τ)

V2
≡
ˆ
d4x
√
−g′(4)V

′ (τ,V) , (5.30)

with V ′ (τ,V) the rede�ned potential, which is a function of all moduli:

V ′ (τ,V) =
1

2τ2V2

(∣∣g2
1

∣∣ |τ |2 +
∣∣g2

2

∣∣− g1ḡ2τ̄ − ḡ1g2τ
)
. (5.31)

From now on we will drop the primes on the rede�ned metric and potential, with the understanding that

g(4) refers to the new Weyl rescaled metric and V (τ,V) to the new potential. Note that the fact that

V (τmin,V) = 0 is crucial. In fact, if V (τmin,V) was di�erent from zero, then V (τmin,V) = α/V2, with

α a non-zero constant. In this case V would no longer be a modulus but it would be stabilized (minimum

of the potential) for V = ∞, corresponding to the decompacti�cation of the Calabi-Yau space. This

would violate our very starting point of taking the extra dimensions to be unobservable at low energies.

Therefore the minimum must be attained for V (τmin,V) = 0, with the volume of the compact space still

a modulus to be stabilized in other ways that we will see later.

Since the realistic model we will work with is derived from the low energy e�ective action of type IIB

superstring theory, which describes a supergravity theory in 4 dimensions after compacti�cation, we should

be able to derive the potential for the scalar �elds from the e�ective supergravity theory. Indeed, we can

de�ne by analogy in our toy model a superpotential W ,

W (τ) =

ˆ
T 2

G1 ∧Ω1 , (5.32)

with Ω1 = dz = dy1 + τdy2, and a Kähler potential K,

K = − ln

(
i

ˆ
Ω1 ∧ Ω̄1

)
− 2 ln

(
V
(
T + T

))
. (5.33)

In (5.33), V
(
T + T

)
=
(
T+T

2

)3/2

, where T = ρ + ia is the complexi�ed Kähler modulus, with ρ the

so-called radial modulus and a a new scalar �eld that will appear in our type IIB model, called the axion.

Note that the Kähler coordinate ρ is related to the volume of the Calabi-Yau space by V ∼ ρ3/2, therefore
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we can write the second term of the Kähler potential in the two equivalent ways 2 ln (V) = 3 ln (ρ). Both

writings are found in the literature. Now, we can express the scalar potential in terms of the superpotential

W and the Kähler potential K using the standard relation [20]

V = eK
(
KΦΨ̄DΦWDΨW − 3 |W |2

)
, (5.34)

where the sum is on the super�elds of the theory and DΦW ≡ ∂ΦW +KΦW is the covariant derivative,

with KΦ ≡ ∂ΦK. KΦΨ̄ is the inverse matrix of the second-order partial derivatives of the Kähler potential.

The superpotential isW (τ) =
´
T 2 G1∧Ω1 =

´
(g1dy1 + g2dy2)∧(dy1 + τdy2) = τf1−f2 +ih1τ−ih2. The

�rst term of the Kähler potential is ln
(
i
´
Ω1 ∧ Ω̄1

)
= ln

(
i
´
dz ∧ dz̄

)
= ln (i (τ̄ − τ)) = ln (2τ2). Note

that the superpotential does not depend on the Kähler modulus. Expanding the sum in the potential

(5.34) we get

V = eK
(
Kττ̄DτWDτW +KTTDTWDTW − 3 |W |2

)
. (5.35)

Since W only depends on τ , DTW = −3W/
(
T + T̄

)
and KT T̄ =

(
T + T̄

)2
/3. Therefore we have

KT T̄DTWDTW = 3 |W |2, and this term exactly cancels the negative term in the potential −3 |W |2 .

This is called the no-scale property of the potential. In a no-scale theory it is always true that the

contributions in the potential from the Kähler moduli exactly cancel the negative term −3 |W |2, leaving

a positive de�nite potential, V ≥ 0. This is consistent with what we found earlier using a more direct

approach. The potential becomes

V = eK
(
Kττ̄DτWDτW

)
. (5.36)

Since the potential is positive de�nite, any solution of DτW = 0 will be a minimum of the potential

with V = 0. Indeed, if we solve DτW = 0, we �nd exactly (5.29). A straightforward computation,

starting from (5.36), also gives the full potential as a function of τ and V that we found earlier. As

before, the Kähler modulus V is unstabilized and the vacuum energy, i.e. the minimum of the potential, is

zero. Everything is consistent. In this framework we can also investigate the question of supersymmetry

breaking. Supersymmetry will be unbroken if all the F-terms vanish on the vacuum, i.e. if DΦW = 0 for

every super�eld Φ. In our case DτW = 0, but DTW = −2W0/
(
T + T̄

)
6= 0, where W0 = 2i(f2h1−f1h2)

f1−ih1

is the value of W on the vacuum. Therefore supersymmetry is spontaneously broken in the vacuum

of the theory. This is an interesting phenomenological feature of our model, since we know that in

our world supersymmetry must be broken at su�ciently low energies. To summarise, we motivated the
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introduction of Calabi Yau spaces as a way to preserve supersymmetry in the four dimensional world after

compacti�cation, but we knew that supersymmetry could not be preserved at all energy scales. Indeed,

the potential generated by the �uxes spontaneously breaks supersymmetry at low energies.

5.2 Flux compactification in type IIB superstring theory

We now focus on type IIB superstring theory compacti�ed from ten dimensions to four-dimensional

Minkowski space on a six dimensional Calabi-Yau manifoldM. We start from the e�ective action (3.60)

SIIB =
1

2k2

ˆ
d10x
√
−G

[
R− ∂µτ∂

µτ

2 (Imτ)
2 −

1

12Imτ
G3 ·G3 −

| F̃5 |2

4 · 5!

]
(5.37)

+
1

8ik2

ˆ
d10x

C4 ∧G3 ∧G3

Imτ
+ Sloc ,

where we added the term Sloc, which is the action of localized objects, such as D-branes. We remind

that G3 = F3 − τH3 and τ = C0 + ie−Φ is the axio-dilaton �eld. As we mentioned in section 4.3,

this is a supergravity theory in 10 dimensions with N = 2 supersymmetry. On the other hand, the

only non-trivial phenomenologically viable supersymmetry is the N = 1 type, since for N ≥ 2 the

resulting theory is necessarily non-chiral [7]. Therefore we want to break half of the supersymmetry.

One way to do this is through orientifold projection, which in our case takes the form of the involution

(−1)
FL Ωσ, where FL is the left-moving spacetime fermion number, Ω the worldsheet parity operator

(Ω : (σ1, σ2)→ (2π − σ1, σ2) for closed strings) and σ a geometric holomorphic involution on the Calabi-

Yau space M. The geometric involution σ is chosen in such a way as to preserve the metric and the

complex structure of the manifold, therefore it also leaves the Kähler form J invariant: σJ = +J . As

for the holomorphic (3,0)-form Ω3 we are free to choose between σΩ3 = +Ω3 and σΩ3 = −Ω3. This

choice leads to two di�erent kinds of orientifold projection and it turns out that the phenomenologically

interesting case is the latter, σΩ3 = −Ω3. From this relation we see that the involution σ leaves invariant

an even number of holomorphic complex coordinates and so the �xed loci of σ, i.e. the subspaces of

the compact manifold which are left invariant by the action of σ, are points (0 real dimensions) and

complex two-dimensional submanifolds (4 real dimensions). The �xed loci of σ are the orientifold planes,

which are dynamical objects in string theory that carry negative topological charge with respect to the

D-branes. Since σ does not act on the non-compact part of the manifold, with our choice of orientifold

projection we have two types of orientifold planes: O3 (3 non-compact + 0 compact) and O7 (3 non-

compact + 4 compact) planes, with respectively 3 and 7 spatial dimensions. Incidentally, the alternative
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choice σΩ3 = +Ω3 would give rise to O5 and O9 planes, but we are not interested in them. Note that

the involution acts on the Kähler (1,1)-form as σJ = +J . This has the expected result that the number

of Kähler moduli parametrizing the space is reduced by the orientifold action. To explicitly see this,

expand J in a basis of (1,1)-forms ωi, J = Kiωi, where the coe�cients Ki are the Kähler moduli, with

i = 1, 2, ..., h1,1 (see section 4.3 on Calabi-Yau spaces). Since σJ = +J , only the Kähler moduli Kj paired

with basis (1,1)-forms ωj : σωj = +ωj even under the action of σ will survive the orientifold projection.

This creates a splitting of the Hodge number as h1,1 = h1,1
+ + h1,1

− , and the Kähler moduli that remain

after the orientifold action are h1,1
+ , which is exactly the number of even basis (1,1)-forms. The h1,1

− sector

is projected away and we have J = Kiωi with i = 1, 2, ..., h1,1
+ . A similar argument can be made for the

complex structure moduli, which are h1,2
− after orientifolding, each of odd parity under σ .

In analogy with what we did in section 5.1, now we want to turn on �uxes to stabilize some of the

moduli. Let us consider then a con�guration with non-zero F3 and H3 �uxes, which from the arguments

in appendix C, must obey a Dirac quantization condition


´
Σi
F3 = fi ∈ Z

´
Σi
H3 = hi ∈ Z

(5.38)

where Σi are all the topologically non-trivial three-dimensional cycles of M. Actually, non-zero �uxes

also have an important e�ect on the metric of the compact manifold, called backreaction. Before turning

on �uxes, the metric of the global spacetime is just ds2
10 = ηµνdx

µdxν + gmndy
mdyn, where gmn is a

Ricci-�at metric (Calabi-Yau metric) and ηµν the Minkowski metric. However, the metric is modi�ed by

the presence of the �uxes in the following way [20]:

ds2
10 = e2A(y)ηµνdx

µdxν + e−2A(y)gmndy
mdyn , (5.39)

where A (y) is a function de�ned on the compact manifold and eA(y) is called the warp-factor. We see that

the metric of the compact manifold is now only conformally Calabi-Yau and that the four-dimensional

scale varies as one moves along the compact dimensions parametrized by the ym. Compacti�cations

in which A (y) varies signi�cantly over the compact manifold are called warped compacti�cations and

provide a useful explicit string model of the Randall-Sundrum scenario [45]. This is one of the two famous

extra-dimensional scenarios devised in order to solve the hierarchy problem (the other is the large extra

dimensions scenario of [13]).
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The only term in the action (5.37) that can potentially give a scalar potential for the moduli generated

by the �uxes is

SG = − 1

2k2

ˆ
d10x
√
−G 1

12Imτ
G3 ·G3 =

ˆ
d4x
√
−g(4)

[
− 1

24k2Imτ

ˆ
d6y
√
g(6)G3 ·G3

]
, (5.40)

where G is 10d metric, g(4) the 4d metric and g(6) the 6d Calabi-Yau metric. As in the toy model, we

introduce the imaginary self-dual parts of G3:

G±3 =
1

2
(G3 ± i ∗G3) , (5.41)

where * is the 6d Hodge dual, G3 = G+
3 +G−3 and ∗G±3 = ∓iG±3 . The term in paranthesis in (5.40) can

then be written as

− 1

24k2Imτ

ˆ
d6y
√
g(6)G3 ·G3 = − 1

12k2Imτ

ˆ
d6y
√
g(6)G

+
3 ·G

+

3 −
i

4k2Imτ

ˆ
G3 ∧G3 , (5.42)

from which we read the scalar potential

V = − 1

12k2Imτ

ˆ
d6y
√
g(6)G

+
3 ·G

+

3 = − 1

2k2Imτ

ˆ
G+

3 ∧ ∗G
+

3 . (5.43)

The second term in (5.42) is a topological term that does not depend on the metric of the compact

manifold. In particular this term is proportional to QG3 , the D3 charge carried by the three-form �ux.

Since the total D3 charge in a compact manifold must be zero by Gauss's theorem, QG3 needs to be

cancelled by the charge of the localized sources, such as D3-D7 branes, O3-O7 planes. In particular we

will see that these charges satisfy a tadpole condition, for which Qloc3 = −QG3 .

The scalar potential V can also be derived from a superpotential (Gukov-Vafa-Witten superpotential)

[18, 20, 46, 47]

W (za, τ) =

ˆ
M
G3 ∧ Ω3 , (5.44)

which only depends on the complex structure moduli za through the holomorphic (3,0)-form Ω3 and the

axio-dilaton �eld τ , and a Kähler potential

K = −2 ln
(
V
(
Ti + T i

))
− ln

(
−i
ˆ
M

Ω3 ∧ Ω3

)
− ln (−i (τ − τ)) , (5.45)
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where Ti are the complexi�ed 4-cycle volumes, Ti = ρi + ici, with ρi =
´
Σ

(i)
4

√
g(6) the volumes of the

independent 4-cycles of the Calabi-Yau and ci =
´
Σ

(i)
4
C4 the axion �elds arising from the integral of the

RR 4-form over the corresponding 4-cycles. The scalar potential is given by (see equation (5.34))

V = eK
(
KΦΨ̄DΦWDΨW − 3 |W |2

)
, (5.46)

where the sum is over the super�elds of the theory, Ti, za and τ . The potential has the important no-scale

property [48, 49]

V = eK

(∑
za,τ

KΦΨ̄DΦWDΨW +
∑
Ti

KΦΨ̄DΦWDΨW − 3 |W |2
)

= eK

(∑
za,τ

KΦΨ̄DΦWDΨW

)
(5.47)

that we already described in the toy model. The resulting scalar potential V ∼ Kττ̄DτWDτW +

KaāDaWDaW , with a running over the complex structure moduli, is positive (semi)-de�nite and in-

dependent of Ti on the vacuum. The minima of the potential are obtained for [50, 51]

DiW = 0 i = τ, a . (5.48)

This is a system of h1,2
− + 1 equations for h1,2

− + 1 variables for each choice of the integral �uxes. In the

minimum, V = 0, and we have vanishing vacuum energy. Note that for su�cient generic �uxes, we can

always �nd an isolated point satisfying (5.48), that will also be a minimum due to the positive de�niteness

of the potential, corresponding to positive masses for all directions in �eld space. This will �x all the

complex structure moduli as well as the axio-dilaton τ and leave all the Kähler moduli Ti unstabilized since

they correspond to �at directions of the potential in the minimum. Note that generically DTiW ∼W0 6= 0

on the vacuum (see the discussion at the end of section 5.1) and supersymmetry is broken.

To sum up, the no-scale model of moduli stabilization has the following fundamental features:

• axio-dilaton and complex structure moduli stabilized

• vanishing vacuum energy

• supersymmetry generically broken (unless W0 = 0)

• Kähler moduli Ti unstabilized

The no-scale property of the potential is broken by quantum corrections both perturbatively and non-

perturbatively, as we will see, and this will allow us to stabilize the Kähler moduli.
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Actually, there is a no-go theorem concerning �uxes on compact manifolds [52]. We know that non

trivial �uxes carry topological charge (think about the simple example of the Dirac magnetic monopole

where a non-zero magnetic �ux is associated with a non-zero magnetic charge), but the total charge on a

compact manifold must vanish [19] for simple geometrical reasons (roughly, the �ux lines generated by a

charged object cannot escape to in�nity and therefore must end on a charge of opposite sign). Therefore

in a setting with no localized sources, the �uxes due to the 3-form �eld strenghts must vanish, as they

contribute positively to the D3 brane charge (see discussion below) so there cannot be any cancellation.

This is the content of the no-go theorem. The way to evade the theorem is of course to allow the

existence of localized sources, such as D-branes and Op-planes whose charge can cancel that of the 3-form

�uxes. We already talked about the necessity to introduce orientifold planes in our model in order to

have N = 1 susy in the non-compact manifold, and D3 and D7 branes are also needed to reproduce the

known features of the standard model of particle physics, as well as to break the no-scale property of the

scalar potential through perturbative and non-perturbative quantum corrections. Therefore string theory

naturally provides such localized sources and they are actually needed for the physical consistency of our

string models. The equation for charge cancellation takes the form of the tadpole condition [20]

1

2k2T3

ˆ
M

F3 ∧H3 +Qloc3 = 0 , (5.49)

where T3 is the brane tension and Qloc3 the D3 charge due to the localized sources. This also proves our

earlier claim that the second term in equation (5.42) is cancelled by the charge of localized sources, with

QG3 = 1
T3

(
− i

4k2Imτ

´
G3 ∧G3

)
= 1

2k2T3

´
M
F3∧H3. Since G3 is imaginary self-dual (∗G3 = iG3)13 the �rst

term in (5.49) is strictly positive, therefore in order to satisfy the tadpole condition the overall charge of

the localized sources must be negative, Qloc3 < 0. Orbifolds planes are such localized sources with negative

topological charge, so they must be present in our setting in order to ensure a total negative charge coming

from non-�ux sources. All in all, the orientifold projection that ensures minimal supersymmetry in four

dimensions introduces O3 and O7 planes with negative brane charge, which is cancelled, as it should be

in a compact manifold, by the corresponding positive charge coming from D3 and D7 branes and the

3-form �uxes F3 and H3. The �uxes are needed to stabilize the geometric moduli and the axio-dilaton

and the D3 and D7 branes are useful to construct realistic string theory models of elementary particles

(non-abelian gauge groups, three generations, etc.) as well as to generate the corrections to the scalar

potential that stabilize the size moduli. Summarising, the extra dimensions contain

13 this can be seen from equation 5.43. We know that the potential is minimized at V = 0, which immediately gives
G+

3 = 0. And from equation 5.41, ∗G3 = iG3.
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• D3/D7 branes

• O3/O7 orientifold planes

• 3-form �uxes G3 = F3 − τH3

5.3 The KKLT scenario

This section is based on the seminal paper [21] by Kachru, Kallosh, Linde and Trivedi on the construction

of metastable de Sitter vacua of type IIB string theory. In this paper the authors show that incorporating

quantum non-perturbative corrections to the superpotential can yield supersymmetric AdS minima with

all moduli stabilized. We start with a �ux compacti�cation of (orientifolded) type IIB string theory

(see previous section) and we assume that the CY manifold has only one Kähler modulus, h1,1
+ = 1, for

simplicity. For explicit realisations of the KKLT scenario see [53].

The non-perturbative corrections to the superpotential can come from two sources:

1. The �rst type of correction to the superpotential comes from D3 brane instantons14, i.e. Euclidean

D3-branes [54]. Typically, D3 brane instantons contribute to the superpotential when they wrap a

4-cycle that is rigid (a rigid cycle is a cycle without in�nitesimal holomorphic deformations) and

invariant under the orientifold involution. The correction can be written as

Winst = A (zi) e
−2πT , (5.50)

where A (zi) is a complex structure dependent function and T = ρ + ic the only (complexi�ed)

Kähler modulus of the model. Since the axio-dilaton and the complex structure moduli zi are �xed

by the �uxes at higher scales, we can integrate them out in (5.50) and view Winst (T ) as a function

of the Kähler modulus only.

2. The second type of corrections to the superpotential comes from a stack of N coincident D7 branes

wrapping a 4-cycle in the compact manifold. The world volume of this D7-brane con�guration

carries a SU(N) Yang-Mills theory, whose gauge coupling gYM satis�es

g2
YM =

πgs
4ρ

. (5.51)

The complex structure moduli are �xed by the �uxes, as well as the D7 brane moduli [20]. If the

number of �avours is small enough, the SU (N) Yang-Mills theory undergoes gluino condensation

14 The exponential dependence of the correction comes from the action of a Euclidean D3 brane wrapping a four-cycle in
M, so that it is localized in Minkowski space, as instantons should be.
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[55, 56, 57], in complete analogy with the case of QCD, and the corresponding non-perturbative

correction to the superpotential is

Wgauge = Ae−2πT/N , (5.52)

where A is related to the cut-o� energy scale below which the perturbation theory is no longer valid

and physics is governed by non-perturbative e�ects.

We see that the two corrections, although completely di�erent in nature, have identical functional depen-

dence on the Kähler modulus. Therefore we can simply assume that there is an exponential superpotential

correction for T .

Following KKLT, we now show that the exponential correction to the superpotential can stabilize the size

modulus T in a susy preserving AdS minimum, i.e. Vmin < 0. We retain the tree-level Kähler potential

for the size modulus

K = −3 ln
(
T + T

)
, (5.53)

while the superpotential is the sum of its tree-level value W0 6= 0 and the non-perturbative correction

W = W0 +Ae−aT , (5.54)

where the coe�cient a is 2π for D3 brane instantons and 2π/N for gluino condensation, with N the size of

the non-abelian gauge group. We suppose that the complex structure moduli have already been stabilized

by the �uxes and we focus only on the T dependence of K and W . Now, since ∂TW 6= 0, thanks to the

exponential correction, we can hope to solve DTW = 0:

DTW = −aAe−aT − 3

T + T

(
W0 +Ae−aT

)
= 0 . (5.55)

BothW0 and A will in general be complex numbers, and we can write them in polar form: W0 = |W0| eiθW

and A = |A| eiθA . Substituting in (5.55) and multiplying by e−iθW we obtain −a |A| ei(θA−θW−ac)e−aρ −
3
2ρ |W0| − 3

2ρ |A| e
i(θA−θW−ac)e−aρ = 0. Taking the imaginary part of the equation, we get ImDTW ∝

sin (θA − θW − ac) = 0, which sets the axion c at one of the values given by the relation θA−θW−ac = nπ,

with n an integer. The real part of the equation cannot be solved unless n is an odd number (so that

ei(θA−θW−ac) = −1), and it gives 0 = ReDTW = a |A| e−aρ + 3
2ρ (− |W0|+ |A| e−aρ). Thus we may,

without loss of generality, simplify the calculation in (5.55) by replacing T by ρ and assuming A,a and
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W0 to be real with W0 negative. Then the solution of equation (5.55) is

W0 = −Ae−aρmin
(

1 +
2

3
aρmin

)
, (5.56)

with ρmin the value of the size modulus at the minimum. The minimum of the scalar potential V =

eK
(
KT T̄DTWDTW − 3 |W |2

)
is

VAdS = −3eK |W |2 = −a
2A2e−2aρmin

6ρmin
(5.57)

and it is negative, providing a supersymmetric (since now all the F-terms are zero, being DTW = 0) AdS

minimum with negative cosmological constant. Note that in a supersymmetric vacuum the minimum of

the potential is always negative and equal to −3eK |W |2, since the F-terms are all zero. In order for the

low energy supergravity approximation to be trusted (and other more phenomenological reasons such as

the gauge hierarchy problem), the volume must be very large, i.e. we must have ρ� 1. In this limit (5.56)

gives ρ ∼ 1
a ln (|W0|), so for ρ to be very large,W0 must be enormously small (a logarithm is involved). For

generic �ux choices, we have instead W0 ∼ O (1), and the condition of ρ large will not be met, but we can

imagine to tune the �uxes in such a way as to have W0 � 1. This tuning is possible because of the large

number of �ux vacua for a given CY orientifold compacti�cation, so that some of them may accidentally

realize small values of W0. Of course, this situation is not satisfactory, and in the next section we will be

able to build a compacti�cation model with all moduli stabilized that does not rely on the �ne-tuning of

the tree-level superpotential. Qualitatively, the shape of the scalar potential is that of �gure 5.3.

Fig. 5.3: Scalar potential V multiplied by a factor of 1015 for the following choice of parameters: a = 0.1,
A = 1, W0 = −10−4. There is one AdS minimum at ρmin ∼ 113. [21]

Of course, we know that the cosmological constant is very small and positive [58] and that supersymmetry

is spontaneously broken in the vacuum, therefore we are not that happy with a supersymmetric AdS
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minimum. Both these problems can be solved if we introduce anti D3 branes (D3) in our model, such

that the tadpole condition (5.49) is still satis�ed. It can be shown [21] that the addition of D3 in a highly

warped throat of the compacti�cation manifold breaks supersymmetry by a small amount and provides

an additional term in the potential of the form [59]

δV =
D

ρ2
, (5.58)

where the coe�cient D depends on the number of D3 and on the �uxes.

Let us elaborate a little bit on the uplift term (5.58). The discussion is heuristic, for more details see

Ref. [20, 22]. First, why do we need an anti-brane? If one adds a D3 brane to the KKLT background,

the cosmological constant does not change and SUSY remains unbroken. This is because D3 branes

repel orientifolds gravitationally (orientifolds have negative tension) as strong as they attract them "elec-

tromagnetically" (orientifolds have negative D3 brane charge) and vice versa for the �uxes, that have

positive tension and positive D3 brane charge, as we saw. Therefore the potential energy of the brane

is zero and the vacuum energy is unchanged: the energy in the tension of the brane gets cancelled when

the tadpole condition is satis�ed [20]. On the other hand, D3 branes violate the no-force condition, as

they have negative D3 brane charge but positive tension. Thus they are attracted by the �uxes (that act

as a smooth D3 charge distribution). The energy added by the anti-brane is proportional to twice the

anti-brane tension TD3 [60]. This is because the D3 adds an extra anti-D3 charge to the system that must

be cancelled by the addition of �uxes (which have positive D3 brane charge) in the tadpole condition and

the energy contribution of the extra �uxes turns out to be equal to the tension of the anti-brane. The

additional energy provided by the D3 is [21, 22, 59]

δV = 2TD3

a4
0

g4
sρ

2
, (5.59)

where a0 = eA0 is the warp factor at the location of the D3. At �rst it seems that the uplift term (5.59)

cannot produce a de Sitter minimum since TD3 is of the order of the string scale, which is much larger

than the value of the unperturbed potential at the minimum, VAdS (equation (5.57)). In order to have

a minimum of the potential the two terms must be of the same order of magnitude. This is achieved by

putting the D3 in a region of the compact manifold where the warp factor eA0 is exponentially small.

Such a region is often called a warped throat, depicted in �gure 5.4.
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Fig. 5.4: Warped throat in a CY manifold. The RR �uxes thread the A-cycle (S3) and the NS �uxes
thread the dual B-cycle. The anti-D3 brane sits at the tip of the throat. [61]

The simplest example of a warped throat is the (deformed) conifold, reviewed in [20, 62]. The conifold

can be described locally by the equation

P (x1, x2, x3, x4) = x2
1 + x2

2 + x2
3 + x2

4 = 0 (5.60)

in C4. The geometry is singular at (x1, x2, x3, x4) = (0, 0, 0, 0) since one can solve simultaneously P =

dP = 0 there (see appendix E). The conifold singularity can be regarded as a cone whose base has the

topology of S3 × S2. At the singularity both the S3 and the S2 shrink to zero size. We can smooth the

singularity by blowing up the S3 to �nite size, for example. The resulting non-singular space is called the

deformed conifold and can be described by the equation

x2
1 + x2

2 + x2
3 + x2

4 = ε2 . (5.61)

For ε 6= 0, at the tip of the conifold there is an S3 with minimal size di�erent from zero and no singularity.

Taking ε2 to be real, for simplicity, we see that the real slice of (5.61) (given by Imx = Imy = Imz =

Imω = 0) de�nes the S3, therefore we can take ε2 to be the modulus that controls the size of the 3-sphere.

The deformed singularity (5.61) arises locally in many compact CY spaces. Near the singularity there are

two topologically non-trivial 3-cycles: the A-cycle S3, which vanishes for ε→ 0 and a dual B-cycle which

intersects the A-cycle exactly once and consists of the S2 times the radial direction of the cone (see �gure

5.4). Note that the B-cycle is compact only if the conifold singularity is embedded in a compact manifold.

The complex parameter ε of equation (5.61) has an associated complex structure modulus z = ε2. This



5 Moduli stabilization 100

modulus z is equal to the integral of the holomorphic (3,0)-form Ω over the A-cycle S3 at the tip of the

conifold and measures its size: z =
´
S3 Ω = Vol

(
S3
min

)
.

If we turn on �uxes the modulus z = ε2 will be �xed at a precise value. Choosing

ˆ
A

F3 ∼M,

ˆ
B

H3 ∼ −K , (5.62)

i.e. M units of RR gauge form �ux on the A-cycle and −K units of NS gauge form �ux on the B-cycle,

one obtains, in the limit of K/Mgs large [20]

z ≡ ε2 ∼ exp [−2πK/ (gsM)] , (5.63)

which means that there are �ux vacua (parametrized by K and M) exponentially close to the conifold

point z = 0 in moduli space. In this setting, the warp factor at the tip of the throat is [20]

eAmin ∼ z1/3 ∼ exp [−2πK/ (3gsM)] , (5.64)

and (5.59) becomes δV = 2TD3
e4Amin

g4sρ
2 . The energy of the anti-brane is signi�cantly red-shifted in the

region of high warping, and by a careful choice of the �ux integers K andM , we can adjust the value of δV

to be comparable to VAdS . The great thing about this idea is that we do not have to put the anti-brane in

a region of high warping by hand: the redshift occurs dynamically, since the anti-brane feels an attractive

force towards the tip of the throat, as that is the region where its potential energy is minimized. Indeed,

the �uxes threading cycles near the deformed singularity exert an attractive force on the anti-brane. By

comparing (5.59) with (5.58) we obtain

D = 2TD3

e4Amin

g4
s

. (5.65)

By tuning the �uxes we can adjust the value of D and perturb the AdS vacuum very slightly to produce

a (metastable) dS minimum with a small cosmological constant. The amount of supersymmetry breaking

is also controlled by the value of D.

The perturbed scalar potential is

V =
aAe−aρ

2ρ2

(
1

3
aAρe−aρ +W0 +Ae−aρ

)
+
D

ρ2
. (5.66)

By �ne-tuning D, we can �nd a dS minimum with a small cosmological constant, as in �gure 5.5.
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Fig. 5.5: Perturbed scalar potential multiplied by 1015 for the following choice of parameters: a = 0.1,
A = 1, W0 = −10−4 and D = 3× 10−9. The metastable dS minimum is evident. [21]

For small enough D, the value of the Kähler modulus ρ in the minimum shifts only slightly, so if the

volume was large in the AdS minimum it will also be large in the dS minimum. If we want to use this

potential to describe the present stage of accelerated expansion of the universe, we need to �ne-tune

the minimum of the potential to the value Vmin ∼ 10−120, in Planckian units. This could in principle

be achieved by a su�cient tuning of D, even though the tuning is heavily dependent on the number of

3-cycles in M, which gives the number of �ux integers. The new vacuum is clearly metastable because

all of the terms in the scalar potential go to zero for ρ → ∞, the true vacuum being at in�nite volume

[63]. KKLT also showed that the metastable vacuum is long-lived and phenomenologically viable, in the

sense that its lifetime is much greater than the cosmological time scale of 1010 years, and much shorter

than the Poincarè recurrence time [64, 65]. Finally, it is important to point out that the dS minimum

we have achieved is localised in the sense that it is not surrounded by in�nitesimally close other minima.

This is due to the fact that the moduli in the minimum of the potential are given as a function of the

�uxes which are discrete parameters that cannot be varied continuously.

5.4 LARGE volume scenario

This section is based on the paper [23] by Balasubramanian, Berglund, Conlon and Quevedo on the

large volume limit of the scalar potential in Calabi-Yau �ux compacti�cations. The authors found a

limit in which the potential approaches zero from below, with a non-supersymmetric AdS minimum at

exponentially large volume that doesn't require a �ne-tuning of the tree-level superpotential W0. This is

achieved by considering perturbative corrections to the Kähler potential as well as the non-perturbative

corrections to the superpotential analyzed in the previous section. Let us consider then the leading α′
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correction to the Kähler potential, which is of the form [66]

K = K0 − 2 ln

(
V
(
Ti + T i

)
+

ξ

2g
3/2
s

)
, (5.67)

where gs = e〈Φ〉 is the string coupling constant and ξ = − ξ(3)χ(M)

2(2π)3
, with ξ (3) ' 1.2 the Riemann zeta

function and χ (M) = 2
(
h1,1 − h1,2

)
the Euler number ofM . We require ξ > 0, which means h1,2 > h1,1:

the Calabi-Yau has more complex structure than Kähler moduli. K0 is the complex structure dependent

part of the Kähler potential and we regard the volume of the Calabi-Yau manifold as a function of

the complexi�ed Kähler moduli Ti and their complex conjugates. The superpotential is protected from

perturbative corrections and receives only non-perturbative corrections, as we saw in the previous section.

We write it as in equation (5.54):

W = W0 +
∑
n

Ane
−anTn (5.68)

with W0 6= 0 the tree-level superpotential with all complex structure moduli �xed. We will see that

the perturbative correction to the Kähler potential in (5.67) will allow us to �nd an AdS minimum at

very large volume pretty much for any value of W0. The �ux vacua are distributed according to the law

eK0 |W0|2 [67, 68] in the �ux landscape [69, 70] (this is the space of all possible �ux vacua). This means

that the probability of �nding a �ux vacuum in the landscape with particular values of K0 and W0 is

proportional to eK0 |W0|2. Hence vacua with large W0 are much more common and it would be much

more likely for us to live in one of those minima with a �natural� value of W0, of order O (1) perhaps, and

not exponentially small as the KKLT scenario requires. Note also that vacua with the same value of W0

and K0 are uniformly distributed.

We illustrate the LARGE volume scenario with the classical example of �ux compacti�cation on an

orientifold of the Calabi-Yau manifold given by the degree 18 hypersurface in P4
[1,1,1,6,9], whose de�ning

equation is [53, 71]15

z18
1 + z18

2 + z18
3 + z3

4 + z2
5 − 18ψz1z2z3z4z5 − 3φz6

1z
6
2z

6
3 = 0 , (5.69)

with h1,1 = 2 and h1,2 = 272. ψ and φ are two of the 272 complex structure moduli. The volume V of

the Calabi-Yau as a function of the 2 Kähler moduli T5 and T4 is

15 For a nice introduction to the mathematical machinery of toric geometry, see [72], or appendix E.



5 Moduli stabilization 103

V =
1

9
√

2

[(
T5 + T 5

2

)3/2

−
(
T4 + T 4

2

)3/2
]

=
1

9
√

2

[
ρ

3/2
5 − ρ3/2

4

]
, (5.70)

where ρ4 and ρ5 are the 4-cycle volumes. CY manifolds whose volume can be written in the form

V = VL−
∑
i V

(i)
S , as in (5.70), are also called Swiss-Cheese CYs. VL is the volume of the big divisor that

controls the overall size of the CY and V (i)
S are the volumes of the small divisors that act as �holes� in

the cheese and are due to blowup modes. We assume that all complex structure moduli have been �xed

by solving the equations DτW = DφiW = 0. The superpotential is

W = W0 +A4e
−a4T4 +A5e

−a5T5 (5.71)

and the Kähler potential is

K = K0 − 2 ln

(
V +

ξ

2g
3/2
s

)
. (5.72)

We now study the large volume limit of the scalar potential V (ρ4, ρ5). In particular we will show that

there is a direction in moduli space (ρ4, ρ5) along which V → ∞ and the scalar potential approaches zero

from below. This will lead to the existence of an AdS minimum at large volume. The large volume limit

is V → ∞ and ρ4 ∼ lnV, so ρ5 � ρ4 in this limit and V ∼ 1
9
√

2
ρ

3/2
5 . Note that the other possible limit

ρ4 → ∞ and ρ5 ∼ lnV is not viable because the volume would become negative. The scalar potential

is V = eK
(∑

Ti
KΦΨ̄DΦWDΨW − 3 |W |2

)
with W and K given by respectively (5.71) and (5.72). A

not-so-quick computation gives
∑
Ti
KΦΨ̄DΦWDΨW = 3 |W |2 + terms that go to zero as V → ∞. In

particular we have in this limit


KT4T 4 ∼ √ρ4V

KT4T 5 ∼ ρ4V
2
3

KT5T 5 ∼ V 4
3

(5.73)

and the potential takes the schematic form

V ∼

(
1

V
a2

4A
2
4

√
ρ4e
−2a4ρ4 − 1

V2
a4ρ4e

−a4ρ4A4W +
ξ

g
3/2
s V3

W 2
0

)
, (5.74)

where the negative sign in the second term comes from extremizing with respect to the axion b4, which is

then stabilized. The terms in which the axion �eld b5 appears, instead, are exponentially suppressed and

we can ignore them. For V → ∞ and a4ρ4 = lnV, (5.74) becomes
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V ∼

(
1

V3
a2

4A
2
4

√
lnV − lnV

V3
a4A4W +

ξ

g
3/2
s V3

W 2
0

)
(5.75)

and it is clear that the second term dominates at large volume, leading to a potential that approaches

zero from below. To �nd the minimum we rewrite the potential in the simple form

V (V, ρ4) ∼
(
λ

V
√
ρ4e
−2a4ρ4 − µ

V2
ρ4e
−a4ρ4 +

ν

V3

)
, (5.76)

where λ = a2
4A

2
4, µ = a4A4W0 and ν = ξW 2

0 /g
3/2
s are all constant and we solve ∂VV = ∂ρ4V = 0. Using

the fact that a4ρ4 � 1 to simplify the result we �nd the following minimum


ρ4 =

(
4νλ
µ2

) 2
3

V = µ
2λ

√
ρ4e

a4ρ4

(5.77)

Since V ∼ ea4ρ4 with a4ρ4 � 1, we have proved that the minimum is at exponentially large volume,

independently of the value ofW0, so no �ne-tuning is required (there is a caveat, see below). Of course, the

existence of an AdS minimum at large volume independent of the value of the tree-level superpotential is

not restricted to the P4
[1,1,1,6,9] example, but it is a general feature of a very large class of compacti�cations,

for which h1,2 > h1,1 > 1. While it is true that in this scenario we can achieve an exponentially large

volume without �ne-tuning W0, in certain explicit models the volume turns out to be too large for

W0 ∼ O (1), and we still have to �ne-tune the tree-level superpotential to bring it down to acceptable

values. This is exactly what happens in this P4
[1,1,1,6,9] numerical example, whose volume for typical values

of W0 is too large to be phenomenologically viable. For more details see section 6. In order to have a

dS minimum with a positive and small cosmological constant we add the uplift term of (5.58) (note that

V ∼ ρ3/2, thus the di�erence in the exponent)

δV =
D

V4/3
. (5.78)

We can tune D to have a positive minimum of the potential, as we did in the previous section. With

the uplift term added, the full potential will go to zero from above at large volume because (5.78) will

overwhelm the negative term − lnV
V3 a4A4W in the potential. Therefore the vacuum will be metastable and

de Sitter, as in the KKLT scenario.

We end this section by noting that the second equation in (5.77), V = µ
2λ

√
ρ4e

a4ρ4 , tells us two important

things. The �rst thing is that the volume is larger in the case of D3 instantons, for which a4 = 2π.
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Gaugino condensation gives a4 = 2π/N , which can also lead to a large volume if N is su�ciently small.

The second thing is that the volume scales as V ∝ W0, thus increasing W0 increases the volume of the

Calabi-Yau. This is exactly opposite to the behaviour of V in the KKLT scenario, in which large volume

requires an extremely small value forW0. Since, as we saw, the distribution of vacua goes like ∼ eK0 |W0|2,

typical choices of �uxes will give rise to large values of W0, e�ectively making the tuning in this model

minimal. The only tuning necessary is that of the dilaton to ensure that we are working at weak coupling.

5.5 Uplift term from a nilpotent chiral superfield

As we saw, both in the KKLT and LV scenarios we need an uplift term of the general form δV = D/V4/3

in order to achieve a slight dS minimum. This term in the scalar potential comes from the positive energy

provided by the tension of an anti-D3-brane D3 located at the tip of a warped throat [22]. In fact, the

D3 is dynamically driven to the end of the throat, where the warp factor is minimized. For more details

see the discussion in section 5.3, below equation (5.58). It turns out that the tension of the D3 gets

multiplied by some power of the warp factor (this is similar to a redshift e�ect in general relativity) and

is then exponentially suppressed. In practice, this means that we can tune the constant D to very small

values to bring the uplift term δV down to the same order of magnitude as the other terms in the scalar

potential and lift in a controlled manner the supersymmetric AdS minimum. Moreover, the presence of

the anti-brane breaks supersymmetry spontaneously by a very small amount, and we are left with a slight

non-supersymmetric dS minimum. In the previous sections we simply added the uplift term by hand to

the scalar potential, but it would be nice to be able to reproduce this term starting from a supersymmetric

e�ective �eld theory. In fact it is possible to prove that the spectrum of a single D3 in a warped throat of

type IIB orientifold compacti�cation on top of an O3-plane is precisely that of a nilpotent chiral super�eld

X [73], such that X2 = 0 (nilpotency). As is explained in details in [73], the massless spectrum of a single

anti-D3 brane, classi�ed according to representations of the SO (1, 3) 4d Lorentz group, is given by one

vector gauge boson, six scalars, that correspond to the translational degrees of freedom of the anti-brane in

the six directions transverse to the brane, and four spinors. If the anti-brane is on top of an O3-plane, the

new worldvolume spectrum is obtained by the orientifold projection of the original spectrum. In the case

of an anti-brane, the massless bosonic states are odd under the orientifold action and they are projected

out, while the massless fermionic states are even and they remain in the spectrum. Thus, the spectrum of

a D3 on top of an O3-plane consists of 4 fermions. It is easy to understand physically why the scalars are

absent from the spectrum: the anti-brane is stuck at the tip of the throat because a single brane has no

orientifold image and therefore it cannot move o� the O3-plane as the resulting con�guration would not
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be invariant under the orientifold involution. This means that the anti-brane has no translational degrees

of freedom and the corresponding scalar �elds are absent. We are not �nished, because the anti-brane

is in a background with supersymmetric �uxes. It can be shown that the �uxes give mass to three of

the four fermions of the D3 , leaving exactly one massless 4d fermion. So, for a single D3 on top of an

O3-plane in the presence of �uxes, the low energy spectrum is given precisely by one 4d massless fermion.

We can describe the spectrum using a nilpotent chiral super�eld, which has exactly one fermionic degree

of freedom. A chiral super�eld has components

X (y, θ) = φ (y) + θ · χ (y) +
1

2
θ · θF (y) , (5.79)

where yµ = xµ − i
2θσ

µθ̄, θ and θ̄ are Grassmann variables, φ (sgoldstino) and F (auxiliary �eld) scalar

�elds, and χ the fermionic goldstino of SUSY breaking. The nilpotent condition X2 = 0 eliminates the

sgoldstino from the spectrum and what we have left is a theory of a single goldstino (on-shell). The

superpotential (5.71) and Kähler potential (5.72) get modi�ed by the presence of the anti-brane in the

following way [73, 74, 75]:


W = W0 +Ase

−asTs + ρX

K = K0 − 2 ln
(
V + ξ

2g
3/2
s

)
+ α XX̄

V2/3

(5.80)

where W0 and K0 are the tree-level values of the superpotential and Kähler potential, the subscript �s�

refers to the small cycle that supports the non-perturbative e�ects (recall that the terms related to the

big cycle are exponentially suppressed and we can consistently ignore them), ρ16 is the constant that will

appear in the uplift term, α a number of order O(1), and as = 2π or 2π/N , depending on the nature of

the non-perturbative correction (gaugino condensation or E3 instanton). We can now compute the scalar

potential V = eK
(∑

Ti
KΦΨ̄DΦWDΨW − 3 |W |2

)
starting from the new values for W and K, (5.80). As

usual, we are focusing on the stabilization of the Kähler moduli, as we suppose that the complex structure

moduli have already been stabilized at tree-level. Working in the large volume limit we obtain [76]

V = VLV S +
ρ2

V4/3
, (5.81)

where VLV S is the large volume scenario potential and δV = ρ2

V4/3 , the uplift term, with D = ρ2. A

nonvanishing value of ρ re�ects the breaking of supersymmetry. Thus it is possible to reproduce the uplift

term from the supersymmetric e�ective �eld theory of an anti-D3-brane at the tip of a warped throat.

16 Do not confuse this ρ with the Kähler modulus.
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6 de Sitter vacuum in an explicit type IIB compactification

In this section we describe the moduli stabilisation of an explicit type IIB orientifold compacti�cation,

resulting in a de Sitter vacuum with a small cosmological constant, which is the main purpose of this

thesis. We will consider a speci�c CY three-fold with two dP8
17 (del Pezzo) singularities [77]. This CY

has a holomorphic involution that exchanges the two singularities, and the �xed locus of the involution,

which gives rise to O3 and O7 orientifold planes, does not include the two dP8's. Physically, this means

that the two singularities do not intersect the orientifold plane. We can put D3 branes on top of one of the

two singularities, useful for local model building: these branes can support (extensions of) the Standard

Model gauge group and matter content [9, 10, 78]. The O7 orientifold plane carries a negative D7-charge

that must be cancelled, for example by placing four D7 branes on top of the O7 plane. These branes do

not intersect the SM branes and provide a hidden sector. We study this CY because it has been proven in

[25] that it supports a nilpotent goldstino whose contribution to the scalar potential is a positive de�nite

term that can be used to lift the minimum of the potential and lead to a de Sitter vacuum [24] (see section

5.5).

6.1 Geometric set-up

In this section we will use the mathematics of toric geometry, which is reviewed in section 5 of [72] or in

appendix E. We will explain very brie�y some of the mathematical techniques employed here as we go

along but appendix E is necessary to fully understand this section. The compact CY three-fold that we

consider is described in appendix A of [8]. We will stick with the notation of that paper. This CY X has

Hodge numbers h1,1 = 4 and h1,2 = 214 and Euler characteristic χ (X) = 2
(
h1,1 − h1,2

)
= −420. We can

describe it as a hypersurface in the ambient spaceM with the following weight matrix [77]:

W1 W2 W3 W4 W5 Z X Y DH

0 0 0 0 0 1 2 3 6

1 1 1 0 0 0 6 9 18

0 1 0 1 0 0 4 6 12

0 0 1 0 1 0 4 6 12

(6.1)

As we explain in the appendix, we can represent the ambient toric variety asM =
{
x ∈ C8 |

∑8
i=1Q

a
i |xi|

2
= ξa

}
modulo a U (1)

4 gauge symmetry, with a = 1, ..., 4. The charges Qai are simply the rows of the matrix

(6.1) (last column excluded), so for example Q2 = (1, 1, 1, 0, 0, 0, 6, 9), and they give the weights of the
17 A dPn surface is given by CP2 with n points blown up to CP1, where CPm is the complex projective space of dimension
m. The singularity arises by shrinking the dPn to zero size.
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homogeneous coordinates xi18 under the action of the U (1)s. Therefore the symmetry group U (1)
4 acts

as

(W1,W2,W3,W4,W5, Z,X, Y )→(
eiϕ2W1, e

i(ϕ2+ϕ3)W2, e
i(ϕ2+ϕ4)W3, e

iϕ3W4, e
iϕ4W5, e

iϕ1Z, ei(2ϕ1+6ϕ2+4ϕ3+4ϕ4)X, ei(3ϕ1+9ϕ2+6ϕ3+6ϕ4)Y
)
,

(6.2)

where ϕ1 is the group parameter of the �rst U (1), ϕ2 is the group parameter of the second U (1), etc.

Note that the points related by the group action (6.2) are identi�ed. The Stanley-Reisner ideal de�nes the

toric variety as it gives the combinations of the homogeneous coordinates that are not allowed to vanish

simultaneously if we want to solve the constraints
∑8
i=1Q

a
i |xi|

2
= ξa. The SR ideal of our ambient space

is

SR = {W1W2W3,W2W4,W3W5,W4W5,W1W2XY,W1W3XY,W4Z,W5Z,XY Z} , (6.3)

where, for example, the term W1W2W3 means that the points given by W1 = W2 = W3 = 0 do not

belong to the toric space. The CY three-fold X is given by a homogeneous equation eqX = 0 in the

toric four-fold de�ned by (6.1), where eqX is a homogeneous polynomial whose degrees with respect to

the homogeneous coordinates of the four-fold are given by the last column of the matrix. So for example,

eqX may contain monomials of the form Z6W 18
1 W 12

4 W 12
5 or X3, since these have degree (6, 18, 12, 12),

but cannot contain monomials of the form X3Y 3 or W1W2W3W4W5 as the degree is not the right one.

The CY condition of vanishing �rst Chern class translates in a condition on the rows of the matrix (6.1):

the sum of the weights of the homogeneous coordinates in a given row must be equal to the weight of the

equation eqX in that same row. So, for example, for the �rst row we have 1 + 2 + 3 = 6, for the second

1 + 1 + 1 + 6 + 9 = 18, etc. All the four conditions are satis�ed, so the �rst Chern class of X vanishes. A

basis of divisors (holomorphic hypersurfaces) is given by

Γ1 = 3D3 + 3D4 +DZ Γ2 = D4 Γ3 = D5 Γ4 = DZ , (6.4)

where Di = {Wi = 0} and DX = {X = 0}, DY = {Y = 0}, DZ = {Z = 0}. Note that we are denoting

by the same symbol two very di�erent objects. Take for example DX = {X = 0}. This is a holomorphic

18 In this section we use the conventions of the paper [8], in which the coordinates of the ambient space are calledW1,W2,..,
etc. as in 6.1. By xi here we are using a di�erent symbol for the same coordinates in order to write the equation for the
toric variety in a compact notation.
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hypersurface in the ambient toric four-fold, thus it has 6 real dimensions. But here we are using DX to

denote the 4-cycle on X de�ned by the intersection between the 6-cycle Z = 0 and the CY hypersurface

eqX = 0. The same is true for the other divisors in (6.4). Unless otherwise stated, by divisor we will always

implictly mean a divisor on X obtained by the intersection of the divisor onM and the CY hypersurface.

The intersection numbers on X in the basis (6.4) are:



Γ3
1 = 9

Γ3
2 = 1

Γ3
3 = 1

Γ3
4 = 9

, (6.5)

with all the other intersection numbers vanishing. In (6.5), Γ 3
i ≡ # (Γi ∩ Γi ∩ Γi) =

´
X

Γ̂i∧ Γ̂i∧ Γ̂i, where

Γ̂i = P (Γi) ∈ H2 (X) is the Poincaré dual 2-form associated with the 4-cycle Γi.

X has one dP0 at Z = 0 and two dP8's at W4 = 0 and W5 = 0. Again, this means that, for example,

the 4 dimensional sub-manifold de�ned by the intersection between the hypersurface Z = 0 and the CY

hypersurface eqX = 0 is a dP0 surface on X, and similarly for the dP8's. The holomorphic involution that

exchanges the two dP8's is

W2 ↔W3 W4 ↔W5 . (6.6)

The �xed loci of the involution (6.6) are given by W3W4 −W2W5 = 0, which is a complex codimension

one object, one isolated �xed point at W3W4 + W2W5 = W1 = Z = 0 and three isolated �xed points

at W3W4 + W2W5 = W1 = Y = 0. The �xed loci are derived using the form of the involution (6.6)

and the weight matrix (6.1). Let's consider a generic point P = (W1,W2,W3,W4,W5, Z,X, Y ) on X.

Under the involution P = (W1,W2,W3,W4,W5, Z,X, Y ) → Q = (W1,W3,W2,W5,W4, Z,X, Y ). Thus,

a point is said to be �xed if P = Q modulo gauge transformations. Naively one could deduce as �xed

loci W2 = W3 and W4 = W5, but this is clearly wrong because W2 and W3 have di�erent weights

and equally W4 and W5, and the equations W2 = W3 and W4 = W5 would make no sense. It could

seem then that there are no �xed loci, but this is wrong again because we can use the gauge freedom

in (6.1) to transform Q back to P . Indeed, using the weight matrix we know that the points Q and

Qλ =
(
λ2W1, λ2λ3W3, λ2λ4W2, λ3W5, λ4W4, λ1Z, λ

2
1λ

6
2λ

4
3λ

4
4X,λ

3
1λ

9
2λ

6
3λ

6
4Y
)
are identi�ed under the group

action ∀λi ∈ C∗19. By an adequate choice of group parameters λi, we can transform Qλ into P and easily

19 We are using here the equivalent representation of a toric variety as (Cn − SR) / (C∗)s, see the appendix.
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�nd the �xed loci by consistency. In other words we have to �nd λi ∈ C∗ such that P = Qλ. If we choose

λ2 = 1 and λ1 = 1, the condition Qλ = P gives λ3 = W4/W5, λ4 = λ−1
3 = W5/W4, λ2λ3 = W2/W3 and

λ2λ4 = W3/W2. Using λ2 = 1 and λ3 = W4/W5 in λ2λ3 = W2/W3 we arrive at the �xed locus equation

W3W4 −W2W5 = 0. The other two relations are redundant, as one can easily see. Choosing instead

λ2 = −1 and λ1 = 1, we obtain W3W4 + W2W5 = W1 = Y = 0 and choosing λ2 = −1 and λ1 = −1, we

obtain W3W4 +W2W5 = W1 = Z = 0.

It is fairly easy to compute the number of �xed points using the basis (6.4). Take for example the locus

of the involution W3W4 + W2W5 = W1 = Y = 0. The divisor W3W4 + W2W5 = 0 is in the homology

class D3 + D4, the divisor W1 = 0 in the class D1 and the divisor Y = 0 in the class DY . The locus

corresponds to the intersection between these three divisor classes, and the number of intersection points

is given by the intersection number (D3 +D4)D1DY . The intersection numbers (6.5) are expressed in

terms of the basis divisors {Γ1,Γ2,Γ3,Γ4}, therefore all we have to do is rewrite the intersection number

(D3 +D4)D1DY in terms of the basis divisors and use the intersection form to compute the number of

�xed points. This is easly done using a vector formalism, in which we write the divisors as 4-vectors

whose components are the weights of the de�ning polynomial. For example Γ1 = (1, 3, 3, 3), since a

de�ning polynomial would be W 3
3W

3
4Z = 0 that has weights (1, 3, 3, 3). Similarly Γ2 = (0, 0, 1, 0) ,

Γ3 = (0, 0, 0, 1) and Γ4 = (1, 0, 0, 0). Since D1 = (0, 1, 0, 0), D3 = (0, 1, 0, 1) and DY = (3, 9, 6, 6), we

have D1 = 1
3 (Γ1 − Γ4 − 3Γ2 − 3Γ3), D3 = 1

3 (Γ1 − Γ4 − 3Γ2) and DY = 3 (Γ1 − Γ2 − Γ3). Plugging these

expressions in the intersection number we �nd (D3 +D4)D1DY = 3, i.e. 3 �xed points. Similarly one

veri�es that (D3 +D4)D1DZ = 1.

All in all we obtain one O7 plane in the equivalence class [DO7] = [D3] + [D4] and four O3 planes. The

Kähler form J in the basis (6.4) is J =
∑
i tiΓ̂i, and the volume of the CY X is

V ≡ V ol (X) =
1

3!

ˆ
X

J ∧ J ∧ J =
1

6

(
9t31 + t32 + t33 + 9t34

)
. (6.7)

The volume of a basis divisor can be written as V ol (Γi) = 1
2!

´
Γi
J ∧ J = 1

2!

´
X
Γ̂i ∧ J ∧ J = ∂tiV (tk). So,

for example, the volumes of the three del Pezzo divisors are

τs ≡ V ol (DZ) =
9

2
t24 τ2 ≡ V ol (D4) =

1

2
t22 τ3 ≡ V ol (D5) =

1

2
t23 . (6.8)

In (6.8), we called the volume of the Z divisor τs because this will turn out to be the �small� rigid divisor

�xed at a size much smaller than the large four-cycle τb ≡ V ol (Γ1) that controls the overall size of X.

As we explain in more details in the appendix, to each charge Qa we can associate a 2-cycle Ca such that

Di · Ca = Qai and
´
Ca
J = ta. Now, since

´
Ca
J is equal to the area of Ca, we must have

´
Ca
J ≥ 0 ∀Ca.
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This implies a set of inequalities on the ta and the set of all J ∈ H2 (M) satisfying
´
Ca
J ≥ 0 ∀Ca is

called the Kähler cone. In our case the Kähler cone of the ambient space is

t2 < 0 t3 < 0 t1 + t2 + t4 > 0 t1 + t3 + t4 > 0 t4 < 0 . (6.9)

Using (6.8), the volume (6.7) becomes

V =

√
2

9

(
τ

3/2
b − τ3/2

s − 3τ
3/2
2 − 3τ

3/2
3

)
. (6.10)

Since the orientifold involution exchanges the two divisors D4 and D5, the orientifold invariant Kähler

form is given by t2 = t3. Moreover, as we said in the introduction to this chapter, we want to put D3

branes on top of the two dP8 singularities (the reason is that this is one way to obtain chiral matter

spectra, see [78, 79, 80, 81]). Therefore we want to consider the limit t2 = t3 → 0. Actually, in [8] it was

shown that the shrinking of the two Kähler moduli τ2 = τ3 → 0 is forced by a D-term potential at high

energies, therefore our model naturally picks this point in Kähler moduli space, and we do not have to

impose it by hand. In this limit, the Kähler cone (6.9) becomes

t1 + t4 > 0 t4 < 0 , (6.11)

and the volume of X, expressed in terms of the big and small divisors τb and τs, is

V =

√
2

9

(
τ

3/2
b − τ3/2

s

)
. (6.12)

Note that, apart from the prefactor, (6.12) is identical to (5.70), therefore this CY certainly admits a

LARGE volume non-supersymmetric AdS minimum, as in the case of the 11169 example of [23].

6.2 Nilpotent goldstino

Here, we cite the discussion of section 4.2 of the paper [25]. In section 5.5, we showed that a nilpotent

super�eld X captures the low-energy physics of an anti-D3-brane at the tip of a warped throat. In

particular this is true if the anti-D3-brane is on top of an O3-plane at the tip of a warped throat, the

O3-plane being necessary to project away the unwanted degrees of freedom of the anti-D3-brane and

obtain the right spectrum of a single nilpotent chiral super�eld. In fact, the conifold singularity already

has an orientifold involution that produces an O3-plane at the tip of the throat. For a brief review of the

conifold geometry, see the discussion below equation (5.59). Consider the conifold singularity
∑4
i x

2
i = 0,
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written in new coordinates x = x1 + ix2, y = x1 − ix2, z = i (x3 + ix4) and ω = i (x3 − ix4):

xy = zω (6.13)

in C4. We can describe the conifold using equation (5.60) or (6.13) as the two are related by a change of

coordinates. The singularity is at (x, y, z, ω) = (0, 0, 0, 0). The deformed conifold is given by

zω = xy + ε2 , (6.14)

with ε related to the size of the S3 at the tip of the throat. We consider the orientifold action with

geometric part given by

σ : (x, y, z, ω)→ (y, x,−z,−ω) . (6.15)

Acting on the conifold singularity (6.13), the only �xed point of σ is the singularity itself x = y = z =

ω = 0. Acting on the deformed conifold (6.14), we obtain two �xed points at (x, y, z, ω) = (λ, λ, 0, 0), with

λ = ±iε. These are two O3-planes sitting on antipodal points of the blown-up three-sphere at the tip of

the throat. Note that in the singular regime, ε→ 0, the two �xed points collapse to a single �xed point:

the singularity. Therefore, for ε→ 0 we have two O3-planes on top of each other at the tip of the throat.

We have seen that CY (6.1) has one O3-plane at W3W4 + W2W5 = W1 = Z = 0 and three O3-planes

at W3W4 + W2W5 = W1 = Y = 0. Let's call the invariant monomials under the orientifold involution

u = W2W3, v = W4W5 and w = W3W4 +W2W5. We focus on the three O3-planes at w = W1 = Y = 0.

We can write the most general form of the CY equation eqX = 0 using the weights in (6.1). This is

Y 2 = X3 + f (Wi)XZ
4 + g (Wi)Z

6 , (6.16)

where f (Wi) and g (Wi) are homogeneous polynomials of degree respectively (0, 12, 8, 8) and (0, 18, 12, 12)

in the coordinates Wi for i = 1, ..., 5. The equation that gives the orientifolded CY hypersurface must

be invariant under the involution, thus f and g must depend on Wi only as functions of W1, u, v and

w. The coordinates X, Y and Z are already invariant under the involution. Near the O3-planes at

w = W1 = Y = 0, (6.16) becomes

X3 + αu6v2XZ4 + βu9v3Z6 = 0 , (6.17)
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where, f and g are functions of the invariant monomials and α and β are complex structure moduli. One

can easily verify that f (Wi) = αu6v2 has degree (0, 12, 8, 8) and g (Wi) = βu9v3 has degree (0, 18, 12, 12).

The invariant monomials W1 and w do not appear because they vanish at the �xed point. First, because

of the SR ideal conditions, u, v and Z are non-vanishing. At the �xed point we have W1 = 0 and

w = W3W4 + W2W5 = 0. u = W2W3 = 0 would mean either W2 = 0 or W3 = 0. In the �rst case

w = W3W4 = 0 which means either W3 = 0 or W4 = 0, but both W1W2W3 and W2W4 are in the SR

ideal. Simiarly, if we choose W3 = 0 we have w = W2W5 = 0 which means either W2 = 0 or W5 = 0,

but both W1W2W3 and W3W5 are in the SR ideal. Similar considerations are valid for v and Z. Z is

particularly simple because for Z = 0 we obtain X = 0, but XY Z is in the SR ideal as well. Thus we can

gauge �x W4 = W5 = Z = 1 and W2 = i using the C∗ projective rescalings. Then w = 0 gives W3 = −i.

This choice gives Z = u = v = 1, and (6.17) becomes

X3 + αX + β = 0 . (6.18)

The zeros of (6.17) are the zeros of the cubic (6.18). The solutions of (6.18) give the locations of the

O3-planes on the CY three-fold. As we saw, we should have two O3-planes meeting at the singularity,

thus we need a root with multiplicity 2. This is achieved if the discriminant of the cubic is zero. For a

general cubic x3 + bx2 + cx+ d = 0, the discriminant is 4 ≡ 18bcd− 4b3d+ b2c2− 4c3− 27d2. In our case

b = 0, c = α and d = β, so we obtain

4 = 4α3 + 27β2 = 0 . (6.19)

This is a constraint on the complex structure moduli of the CY. Using the rede�nition α = −3a2 and

β = 2a3 − δ, we can rewrite the cubic (6.18) as

(X − a)
2

(X + 2a) = δ . (6.20)

So now it is clear that for δ = 0, there is a double root at X = a. Now we have to make sure that

locally, near the O3-planes, the geometry is that of the deformed conifold, so that our O3-planes really

sit at the tip of a conifold throat. Thus we study the local form of equation (6.16) around the �xed

point Y = W1 = w = X − a = 0. We gauge �x W4 = W5 = Z = u = 1. Near the �xed point we have

W2 = i+ω− i
2ω

2 andW3 = W−1
2 = −i+ω+ i

2ω
2, to quadratic order in ω � 1, which is a local coordinate.

Expanding in terms of the coordinates (X − a, Y,W1, ω) around the �xed point Y = W1 = ω = X−a = 0

we obtain
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− Y 2 + (3a+ ...) (X − a)
2

+ (cW1
+ ...)W 2

1 + (cω + ...)ω2 = δ , (6.21)

where the dots are terms that vanish on the �xed locus and cW1
and cω are non-zero constants. Equation

(6.21) is one of the many forms of the conifold equation (see also equation (5.61)) and for δ → 0 we obtain

the conifold singularity. Therefore the geometry near the O3-planes is exactly that of a warped throat,

which is what we wanted. It is also possible to verify that the holomorphic involution (6.6) acts on our

local conifold coordinates as (X − a, Y,W1, ω) → (X − a,−Y,−W1,−ω) which is the needed geometric

action. Note that the involution (6.15) is on the coordinates of the conifold equation xy = zω. Equation

(6.21) is instead of the form
∑4
i=1 x

2
i = 0 and the corresponding involution on the coordinates xi is

(x1, x2, x3, x4)→ (x1,−x2,−x3,−x4), which is reproduced by the local conifold coordinates of our CY.

See �gure 6.1 for a picture of the geometric setup.

Fig. 6.1: Our CY three-fold with two dP8 divisors exchanged by the orientifold involution and shrunk to
zero size in order to generate two singularities. D3 branes on top of the two dP8 singularities
generate non-abelian gauge groups and chiral matter spectra. The anti-D3-brane needed for the
de Sitter uplift is on top of an O3-plane at the tip of a warped throat that develops locally in a
region of the CY. [25]

6.3 Kähler moduli stabilisation

Now we focus on the stabilization of the Kähler moduli of our CY three-fold X de�ned in (6.1). The

dP0 cycle at Z = 0 (Γ4 in our previous notation) is a rigid and invariant divisor (it has no in�nitesimal

holomorphic deformations), thus we can wrap an E3 instanton on it. As we said, Γ4 plays the role of the
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small divisor (the hole in the cheese) that supports the non-perturbative e�ects needed for the realisation

of the large volume scenario (LVS). To summarise, our CY has the following features:

• A volume form of the Swiss-Cheese type that after the stabilisation τ2 = τ3 → 0 by the D-term

potential, is given by V =
√

2
9

(
τ

3/2
b − τ3/2

s

)
, with one big cycle and one small cycle, just like the

11169 case (the prefactor is di�erent)

• An E3 instanton wraps the small rigid divisor, therefore as = 2π

• The Euler characteristic is χ (X) = −420. Thus ξ = − ξ(3)χ(M)

2(2π)3
' 1.02

• Both As and α are typically of order 1 (see (5.80) and discussion below), therefore in the numerical

analysis that follows we simply take As = α = 1

• We have a D3 in the compacti�cation that provides the uplift term (see section 5.5)

The last feature is crucial to obtain a dS minimum and, as we said in the introduction to this section, it

has been proved recently that this CY supports such con�guration (see discussion above).

We assume that the complex structure moduli and the dilaton have received a mass, so we set them

equal to their VEVs and consider only the low-energy e�ective �eld theory of the Kähler moduli. This is

self-consistent, in that the �nal mass of the volume modulus will be small compared to that of the complex

structure moduli and the dilaton. We study explicit moduli stabilisation in the CY we described, which

is the only CY in the literature that has been checked to support a nilpotent goldstino and admit a large

volume minimum. This is the original part of the thesis as such computation has never been done before.

Of course, the �uxes must �x the dilaton at small string coupling to suppress loop e�ects, therefore we

have that qualitatively gs . 0.2. The value of W0 can vary a lot, but we would prefer a natural value

of order 1, to avoid �ne-tuning problems (recall that the �ux vacua are distributed according to the law

eK0 |W0|2, see discussion below (5.68)). This will not be possible in this model, as we will see. Finally,

we take the volume to be exponentially large but less than ∼ 1015, which gives the value of the volume

needed to bring the fundamental string scale ms ∼ MP /
√
V down to ∼ 1011GeV and the gravitino mass

m3/2 ∼MP /V down to ∼ 10TeV, solving the gauge hierarchy problem through TeV-scale supersymmetry.

The scalar potential in the large volume limit is (see (5.74) and (5.81))

V (V, τs) =
λ

V
√
τse
−4πτs − µ

V2
τse
−2πτs +

ν

V3
+

ρ2

V4/3
, (6.22)

with λ = 48π2
√

2, µ = 8πW0 and ν ' 0.763W 2
0 /g

3/2
s . Suppose for now that ρ = 0. According to equation

(5.77), in the AdS minimum we have
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τs ' 2.189/gs

V ' 0.0187W0
√
τse

2πτs

(6.23)

We immediately see that even for gs = 0.2 (the largest possible admissible value for gs), τs ' 11 and

V ' 4.5× 1028W0. The volume is way bigger than our maximum value of 1015 for W0 ∼ O (1). The only

way out is to �ne-tune W0 and consider exponentially small values for the tree-level superpotential. For

example, for W0 ∼ 10−20, we have V ' 4.5 × 108, a respectable value for the volume. Of course, the

number of vacua in the �ux landscape with such a small value of W0 is suppressed by a factor W 2
0 , but

there are still enough vacua to make it statistically signi�cant. A plot of the potential for gs = 0.2 and

W0 ∼ 10−20 is shown in �gure 6.2.

Fig. 6.2: Scalar potential V as a function of the CY volume V for gs = 0.2 and W0 = 10−20. Note the
AdS minimum at V ' 109

Now we want to uplift the AdS minimum, thus we consider ρ 6= 0. In �gure 6.3 we show the transition

between the AdS minimum and the dS minimum as we vary the value of ρ from 0 to ∼ 10−28, also showing

the disappearance of the dS minimum if we consider large enough ρ. The dS minimum is obtained as long

as ρ lies within the approximate range 1.2× 10−28 . ρ . 1.4× 10−28. Note that, as already pointed out

in [21], the value of the volume shifts only slightly in going from the AdS minimum to the dS minimum

as you can see from the �gure: the volume modulus is still V ' 109 in the dS vacuum.
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Fig. 6.3: Scalar potential V as a function of the CY volume V for gs = 0.2 and W0 = 10−20 and di�erent
values of ρ (in units of 10−28). a) ρ = 0. AdS minimum. Potential approaches zero from
below. Unperturbed large volume scenario. b) ρ = 1.2. Still AdS minimum but slightly uplifted.
Potential approaches zero from above. c) ρ = 1.3. Long-lived metastable dS minimum. d)
ρ = 1.4. Still dS minimum but the potential barrier between the dS vacuum and the runaway
vacuum at V → ∞ is almost zero. e) ρ = 2. The dS minimum disappears and the potential is
always positive.
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6.4 Moduli spectroscopy

We now study the mass spectrum of our model. Our unit of length will be the string length lS =
√
α′ (see

equation (2.18)) and the unit of mass the string mass MS = 1/lS . In particular we measure volumes in

units of lS and string excitations have masses that are integral multiples ofMS . Of course, we always work

in natural units: ~ = c = 1. Let us start with the mass of the Kaluza-Klein modes of the compacti�cation.

Recalling the discussion in section 4.1 on toroidal compacti�cations, the masses will be

m2
KK =

n2

R2
, (6.24)

where n is an integer and R the typical radius of the compact manifold. Strictly speaking, (6.24) is

valid only for toroidal compacti�cations, but if the internal space is isotropic, meaning that all directions

have approximately the same size, we can use it for a rough estimate of the relevant mass scale. In this

hypothesis, we can write R ∼ V1/6, and (6.24) becomes m2
KK = n2M2

S/V1/3. We can also express this in

terms of the 4d Planck massMP . The relation betweenMS andMP follows from elementary Kaluza-Klein

reduction of 10 dimensional gravity:

M8
S

ˆ
R1,3×X

d10x
√
−GR→M8

SV ol (X)

ˆ
R1,3

d4x
√
−g(4)R(4) + ... , (6.25)

from which M2
P = M8

SV (see also (4.39)). Now if we express the volume as V = Ṽl6S , where Ṽ is the

dimensionless part, we get M2
P = M2

SṼ, and the �rst Kaluza-Klein excitation has a mass in 4d Planck

units which scales as

mKK ∼
MP

Ṽ2/3
. (6.26)

From now on we will drop the tilde, and use the symbol V for the dimensionless volume. To �nd the mass

of the geometric moduli, we need their four-dimensional action. This follows straightforwardly from the

dimensional reduction of the type IIB 10d action, equation (5.37). The result is

Smoduli =

ˆ
d4x
√
−g(4)

[
−KIJ∂µφ

I∂µφ
J − V

(
φ, φ

)]
, (6.27)

where KIJ = ∂I∂JK is the Kähler metric, V
(
φ, φ

)
= eK/M

2
P

(
KIJ̄DIWDJW − 3

M2
P
|W |2

)
and φI runs

over the geometric moduli, both complex structure and Kähler. Indeed, looking at our toy model in

section 5.1, the action (5.16) corresponds exactly to the kinetic term of (6.27) with the Kähler potential

K given by (5.33). We see that in general we cannot directly read the masses of the geometric moduli
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from the potential V
(
φ, φ

)
, since the kinetic term is not canonically normalized, due to the Kähler metric.

What we need is a rede�nition of the moduli �elds ΦI ≡ ΦI
(
φJ
)
, such that KIJ∂µφ

I∂µφ
J

= ∂µΦI∂µΦI ,

which means KIJ̄ = ∂ΦK

∂φI
∂ΦK
∂φJ

∣∣∣
min

, computed at the minimum of the potential. In general, the masses of

the scalar �elds are the eigenvalues of ∂I∂JV |min, the Hessian matrix of the scalar potential. Under the

rede�nition ΦI ≡ ΦI
(
φJ
)
, it is easy to see that the matrix gets multiplied by KIJ , the inverse Kähler

matrix. Therefore the physical masses are the eigenvalues of the matrix 1
2K

IJ∂J∂KV |min (the factor of

1/2 comes from the Taylor expansion). With the aid of a symbolic calculator, we can now compute the

masses of the canonically normalized �elds, which are [82]:



m2
θNb

= 0

m2
θNs

=
648W 2

0 a
2
sτ

2
s (asτs−1)

τ3
b (4asτs−1)

m2
τNb

=
4374W 2

0 asτ
5/2
s (asτs−1)(5−11asτs+12a2sτ

2
s )

τ
9/2
b (4asτs−1)2(1+3asτs−6a2sτ

2
s+8a3sτ

3
s )

m2
τNs

=
324W 2

0 (asτs−1)(1+3asτs−6a2sτ
2
s+8a3sτ

3
s )

τ3
b (4asτs−1)2

(6.28)

where τs and τb are the values of the volume of the two divisors in the minimum, and θNb , θ
N
s , τ

N
b and τNs

are the normalized axions and Kähler moduli. The mass of the normalized �big� axion θNb is practically

zero because every term in the potential in which θNb appears is exponentially suppressed, thus in the

minimum θNb represents a �at direction of the potential. In the limit where asτs � 1, and this is our case

since as = 2π and 〈τs〉0 ' 11, (6.28) becomes



m2
θNb

= 0

m2
θNs

=
162W 2

0 a
2
sτ

2
s

τ3
b

(
1− 3

4asτs
+ ...

)
m2
τNb

=
6561W 2

0 τ
1/2
s

16τ
9/2
b as

(
1− 2

3asτs
+ ...

)
m2
τNs

=
162W 2

0 a
2
sτ

2
s

τ3
b

(
1− 5

4asτs
+ ...

)
(6.29)

For W0 = 10−20, as = 2π, τs ' 11 and τb ' 2 × 106, the masses are mθNs
' mτNs

∼ 3 × 10−27MP

and mτNb
∼ 10−33MP . The agreement between these approximate values and the exact values found

numerically is very good. From (6.26) we see that the Kaluza-Klein modes have a mass ofmKK ∼ 10−6MP ,

much higher than the moduli mass. Another important particle that acquires a mass is the gravitino.

This is the fermion mediating supergravity interactions, and when susy is spontaneously broken in a

supergravity theory, it acquires a mass which is determined by the energy scale of supersymmetry breaking.

The parameter of susy breaking is the tree-level superpotential W0 and the gravitino mass is simply
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m3/2 = eK/2 |W | ∼ W0

V
MP ' 2× 10−29MP . (6.30)

We can also compute the complex structure moduli masses mCS in a similar fashion and approximately

mCS ∼ m3/2 ∼ 10−29MP .

To summarise, in our model we �nd the following spectroscopy:

• String scale: MS ∼ MP√
V ∼ 10−5MP

• KK scale: mKK ∼ MP

V2/3 ∼ 10−6MP

• Gravitino mass: m3/2 ∼ W0

V MP ' 10−29MP

• Complex structure moduli mass: mCS ∼ m3/2 ∼ 10−29MP

• Small Kähler modulus mass: mθNs
' mτNs

∼ asτs
gs
m3/2 ∼ 10−27MP

• Big Kähler modulus mass: mτNb
∼ MPW0

V3/2 ∼ 10−33MP

We have computed the masses of the geometric moduli around the AdS minimum, but the uplift doesn't

change much the shape of the scalar potential in the vicinity of the minimum. This can be seen explicitly

in the following way: if we include the uplift term δV = ρ2/V4/3, the �mass matrix� KIJ∂I∂JV |min

changes by ∼ τ2
b ∂I∂J

(
ρ2/V4/3

)
, with a prefactor of order 1. Thus the shift in the mass of the small

modulus is zero, since the uplift depends only on the overall volume of the CY, and the shift in the mass

of the volume modulus is δm2
τb
∼ τ2

b ∂τb∂τb
(
ρ2/τ2

b

)
∼ ρ2/τ2

b ∼ 10−70M2
P , which is negligible.

The problem with our model is of course that both the mass of the gravitino and the masses of the

geometric moduli are too small. The mass of the gravitino, for example, is only a fraction of electronvolt

and the situation gets worse for the volume modulus which has a mass of order 10−5 eV. These values

of the masses are completely unrealistic, since if this were the case we would have already detected

these new particles. We started with a value for the volume V that was too big and we tried to �x the

problem by making W0 exponentially small. Unfortunately, the masses of the geometric moduli and that

of the gravitino are all proportional to W0, so reducing too much the tree-level superpotential is not a

viable option. This problem makes itself particularly explicit in the case of the gravitino mass, since

m3/2 ∼ W0

V MP and, as we saw, V ' 4.5 × 1028W0. Therefore m3/2 ∼ 10−29MP independently of the

value of W0! Since the problem doesn't alleviate with the uplift, as we proved, and making the string

coupling gs smaller only worsen the situation, this model is not phenomenologically viable. The same

is true for the 11169 example of the original large volume scenario paper, as the numbers are almost

identical. An interesting compacti�cation model should have a lower value for τs in the minimum, as this
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is the modulus that controls the exponential behaviour of the volume. We know that τs ∼ ξ2/3/gs, so

we should look for a CY with a smaller Euler characteristic. Of course, changing the non-perturbative

e�ect alters dramatically the situation, since the exponential dependence of the volume goes from e2πτs to

e2πτs/N , and all the problems we described disappear if N is su�ciently high. If N is too high tough, we

could not even reach a LARGE volume. All in all, we see that building a phenomenologically interesting

model is extremely di�cult even if we only focus on the stabilization of the Kähler moduli: there is of

course another topic of equal importance in string theory phenomenology that goes by the name of model

building, in which one tries to obtain the Standard Model matter spectrum in four dimensions. Combining

model building and moduli stabilization in a consistent manner is the real challenge.
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7 Conclusions

In this thesis we explored the connection between string theory and the standard model of particle physics,

focusing on the problem of moduli stabilisation in type IIB superstring theory. String theory is a candidate

for a unifying theory of all interactions, and as such it must reproduce all the known features of particle

physics. The fundamental traits of the low energy quantum �eld theory derived from a string theory

model are contained in the compacti�cation manifold, which takes the form of a six dimensional Calabi-

Yau manifold. In particular the geometry and topology of the manifold, as well as the brane and �ux

set-up, determine the features of the four dimensional world. In this respect we can look at the Calabi-

Yau manifold with a speci�c con�guration of branes and �uxes as providing a sort of DNA for the (four

dimensional) universe, storing the information about, among other things, the value of the cosmological

constant, the particle physics gauge group and the number of generations of fermions. Constructing a

realistic string model of particle physics is extremely di�cult as one has to �nd a geometric set-up that

exactly replicates (a suitable extension of) the standard model. One particular aspect of this problem

is the stabilisation of the moduli �elds, which is the subject of the thesis. We have provided an explicit

example of moduli stabilisation in a 6d toy model, which has never been studied before. In this example we

have seen explicitly that at tree-level we can only stabilise the complex structure moduli, while the Kähler

moduli remain massless, due to the no-scale property of the scalar potential. We have then reviewed the

two main scenarios of moduli stabilisation, namely the KKLT scenario and the LARGE volume scenario,

and we have seen that in order to stabilise the Kähler moduli one necessarily has to go beyond the tree-

level approximation, adding both perturbative and non-perturbative corrections to the scalar potential.

The resulting minimum in both scenarios has all moduli stabilised, but has negative cosmological constant

(AdS minimum). To achieve a dS minimum we need the positive energy provided by the tension of an

anti-D3 brane located in a warped throat of the compacti�cation manifold, whose low energy �eld theory

is that of a nilpotent goldstino. We have studied in detail one speci�c Calabi-Yau geometric set-up, on

the basis that the Calabi-Yau manifold we use is the only one in the literature that has been proved

(very recently) to support an anti-D3 brane at the tip of a long throat for which the only propagating

degree of freedom is the goldstino and as such can be described by a nilpotent chiral super�eld. We have

done the explicit moduli stabilisation in this setting, as well as computing the moduli masses. This is

an original computation and the main result of this thesis. Unfortunately, the model turned out to be

phenomenologically uninteresting due to the mass of the gravitino being too small. The gravitino mass is

independent of the value of the tree-level superpotential, thus is insensitive to tuning: its value is �xed for

a given Calabi-Yau compacti�cation and inversely proportional to the untuned (W0 = 1) volume of the
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CY manifold. We want a larger gravitino mass, therefore we should search for CY's with a lower volume.

In the LARGE volume minimum, the volume of the CY manifold depends exponentially on the value of

the small Kähler modulus, which in turn depends heavily on the Euler characteristic of the CY. A step

forward then, would be to �nd a swiss-cheese Calabi-Yau that admits a LARGE volume minimum and a

nilpotent goldstino, but with a lower value of Euler characteristic. In particular, all CY's with a similar

value of the Euler characteristic or greater (compared to the Euler characteristic of our CY, |χ| = 420)

should encounter the same problem with the gravitino mass. The model we studied has other interesting

features of course, such as a small (after appropriate tuning) and positive cosmological constant, a large

volume for the compacti�cation manifold and the stabilisation of all moduli. But this is exactly the reason

why string model building is so di�cult: the model has to agree with all experimental observations, both

in high energy physics and cosmology. This reasoning, of course, applies to any theory that dares to go

beyond the standard model, such as string theory. The hope is that in the vast landscape of string theory

there is at least one vacuum that represents our universe, just waiting to be discovered. If that were the

case, string theory would provide an anthropic explanation to the particular features of our world (such

as the value of the physical constants), simply by assuming that all the vacua in the string landscape are

actually realized. The anthropic principle would then select the subset of such vacua which are compatible

with the existence of intelligent life, or at least compatible with the standard model of particle physics.

The hope, again, is that this subset is not empty. The opposite viewpoint is that string theory, being

a unique theory, should also have a unique solution that exactly describe our universe. In that case the

failure of string theory to select a unique universe could be seen as a sign that our understanding of the

theory is still lacking. Clearly, in such a scenario, the anthropic principle has no place. There is also

the possibility that string theory is wrong, or incomplete and that the uni�ed �eld theory lies elsewhere.

There is the possibility that the uni�ed �eld theory does not exist. In any case, new ideas are needed.
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A Light-cone coordinates

In this thesis we use the light-cone coordinates to quantize the bosonic string. The standard coordinates

on a 4d spacetime are
(
x0, x1, x2, x3

)
, with x0 ≡ ct the time-like coordinate and xi with i = 1, 2, 3 the

space-like coordinates. The light-cone coordinates are
(
x+, x−, x2, x3

)
, with


x+ ≡ 1√

2

(
x0 + x1

)
x− ≡ 1√

2

(
x0 − x1

) (A.1)

The coordinates x0 and x1 are replaced by x+ and x−, while the others are unchanged. These are called

light-cone coordinates because the coordinate axes of x+ and x− are the world-lines of photons emitted

from the origin along the x1 axis. In fact, the coordinate axis associated to x+ is x− = 0, or x0 = ct = x1,

which describes a photon moving in the positive direction of the x1 axis. The coordinated axis associated

to x− is x+ = 0, or x0 = ct = −x1, which describes a photon moving in the negative x1 direction. An

obvious consequence of this fact is that the two coordinates x+ and x− are null coordinates. We have

traded a time-like coordinate and a space-like coordinate for two null coordinates. Although neither of

the two new coordinates is time-like, both can act as a time coordinate. The most intuitive property of

time is that is always goes forward for any physical motion. Both x+ and x− satisfy this property, with

the exception of light ray trajectories for which one of the two coordinates remains constant, depending

on wether the light ray travels in the positive or negative x1 direction. For a light ray moving in the

negative x1 direction, for example, x0 + x1 = constant and, as a consequence, x+ is constant along the

world-line.

The choice of x+ or x− as the time coordinate is purely conventional and we will take x+ to be the

light-cone time coordinate. Accordingly, x− will act as a space coordinate. The invariant interval ds2 in

Minkowski space, written in terms of the standard coordinates
(
x0, x1, x2, x3

)
is ds2 =

(
dx0
)2− (dx1

)2−(
dx2
)2 − (dx3

)2
. Using the light-cone coordinates, the invariant interval becomes

ds2 = 2dx+dx− −
(
dx2
)2 − (dx3

)2
(A.2)

as it is easy to prove that 2dx+dx− =
(
dx0
)2 − (dx1

)2
, using (A.1). The bene�t of using light-cone

coordinates over the standard ones is that in (A.2) the di�erentials dx+ and dx− are not squared, therefore

solving the equation for dx+ or dx− does not involve taking a square root. This is the crucial property of

light-cone coordinates that we exploit in section 2.5 to quantize the bosonic string. The invariant interval

ds2 in terms of generic coordinates xµ can also be written in the compact form ds2 = η̃µνdx
µdxν , using the
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metric tensor η̃µν . In standard coordinates η̃µν is just the Minkowski metric ηµν = diag (1,−1,−1,−1).

In light-cone coordinates, expanding the equation for ds2 as a function of the light-cone metric ηµν |LC ,

and comparing with (A.2), we �nd that

ηµν |LC=



0 1 0 0

1 0 0 0

0 0 −1 0

0 0 0 −1


(A.3)

The metric (A.3) can be used to lower and raise indices, as usual, with the formula xµ = ηµν |LC xν ,

where in our case µ = +,−, 2, 3. In particular we have that x+ = x− and x− = x+.

The light-cone components of any four-vector aµ are determined in analogy with (A.1), therefore the

light-cone components of the momentum vector pµ are


p+ ≡ 1√

2

(
p0 + p1

)
= p−

p− ≡ 1√
2

(
p0 − p1

)
= p+

(A.4)

In the coordinate system
(
x0, x1, x2, x3

)
, the energy is identi�ed with the zeroth component of the mo-

mentum vector, p0. What component should we regard as the light-cone energy, p+ or p−? In quantum

mechanics energy and momentum are conjugate variables: the hamiltonian operator, representing energy,

generates time translations. This is re�ected in the Schrodinger equation

i
∂

∂x0
ψ = Hψ = Eψ (A.5)

where ψ is the wavefunction of a particle with a de�nite energy E

ψ
(
x0, ~x

)
= exp (−ip · x) ≡ exp

[
−i
(
p0x

0 − ~p · ~x
)]

(A.6)

where the energy is p0 = p0 = E. Equation (A.5) is then automatically satis�ed. We can use the same

logic to derive the light-cone energy ELC . Start from the Schrodinger equation in light-cone coordinates

i
∂

∂x+
ψ = Hψ = ELCψ (A.7)

Again, ψ is the wavefunction of a particle with de�nite energy and momentum
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ψ (x) = exp (−ip · x) ≡ exp
[
−i
(
p+x

+ + p−x
− + p2x

2 + p3x
3
)]

(A.8)

Substituting in (A.7) we evaluate the light-cone energy

ELC = p+ = p− (A.9)

This is another important result that is used to evaluate the Hamiltonian of the relativistic string.
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B Differential forms

In this thesis we often write the action for various �elds in the language of di�erential forms. This appendix

covers the required material to understand this compact notation. Let us consider a D-dimensional

(pseudo)-Riemannian manifold. Let xµ be D coordinates on this manifold and Aµ (x) D local functions

of the coordinates xµ [3]. We de�ne the 1-form

A ≡ Aµdxµ = A0 (x) dx0 +A1 (x) dx1 + ...+AD (x) dxD (B.1)

The bene�t of working with the 1-form A instead of the D components Aµ is that A doesn't depend

on any particular coordinate system (it doesn't carry indices). Under a change of coordinates x → x′,

the di�erentials transform as dxµ = ∂xµ

∂x′ν dx
′ν , therefore A = Aµdx

µ = Aµ
∂xµ

∂x′ν dx
′ν ≡ A′νdx

′ν . This is

consistent because A′ν = Aµ
∂xµ

∂x′ν is the standard transformation law of a covector, which is an element of

the dual vector space. We note that a 1-form can be integrated on a one-dimensional space (a line). In

particular, if we have a curve C1 parametrized by t, we can de�ne the integral of the 1-form A as

ˆ
C1

A =

ˆ
C1

Aµdx
µ =

ˆ b

a

Aµ (xν (t))
dxµ

dt
dt (B.2)

given a parametrization xµ (t), with xµ (a) ≡ xµi and xµ (b) ≡ xµf the endpoints of the curve. We

understand now that the �1� in �1-form� comes from the dimensionality of the domain over which we can

integrate A.

We can, of course, generalize the notion of a 1-form to include generic p-forms. By analogy, these are

objects that we can integrate on a p-dimensional manifold. For example, a 2-form F would have the

general structure

F ≡ 1

2!
Fµνdx

µ ∧ dxν (B.3)

where the prefactor 1/2! is inessential and the symbol ∧ stands for the wedge product of two di�erentials.

The fundamental property of the wedge product is that it is anticommuting: dxµ ∧ dxν = −dxν ∧ dxµ.

The 2-form F can be integrated on a 2-dimensional surface. The reason why we didn't write simply

Fµνdx
µdxν , but we included the wedge product symbol ∧, is that the area element should be regarded

as directional. To see why this is true consider the area element dxdy and the coordinate transformation

x = x (x′, y′), y = y (x′, y′). The area element becomes
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dxdy =

(
∂x

∂x′
dx′ +

∂x

∂y′
dy′
)(

∂y

∂x′
dx′ +

∂y

∂y′
dy′
)

(B.4)

Now, if we regard dxdy to be same as dydx, the transformation law (B.4) is simply wrong! On the

other hand if we use the anticommuting wedge product, we immediately have dx ∧ dy = −dy ∧ dx and

dx ∧ dx = dy ∧ dy = 0. Equation (B.4) then reproduces the Jacobian for transforming dxdy to dx′dy′:

dx ∧ dy =

(
∂x

∂x′
∂y

∂y′
− ∂x

∂y′
∂y

∂x′

)
dx′ ∧ dy′ (B.5)

Therefore the area element should be regarded as directional, as we said, and the wedge product included,

with dx∧dy and dy∧dx representing in�nitesimal area elements of same magnitude but opposite directions.

We de�ne a generic p-form H as

H =
1

p!
Hµ1µ2...µpdx

µ1 ∧ dxµ2 ∧ ... ∧ dxµp (B.6)

where again the factor 1/p! is purely conventional. The p-form H can be integrated on a p-dimensional

manifold Mp:
´
Mp H. A 0-form would be a simple scalar function of the coordinates xµ: Λ ≡ Λ (x) is a

0-form. p-forms are also called di�erential forms, since they generalize the notion of the di�erential of a

function.

We now de�ne the exterior derivative d of a di�erential form. The exterior derivative of a p-form H is a

(p+ 1)-form such that

dH =
1

p!
∂νHµ1µ2...µpdx

ν ∧ dxµ1 ∧ dxµ2 ∧ ... ∧ dxµp (B.7)

For a 0-form we have dΛ = ∂µΛdxµ, which is the usual di�erential of the scalar function Λ. For a 1-

form we have dA = ∂νAµdx
ν ∧ dxµ = 1

2 (∂νAµ − ∂µAν) dxν ∧ dxµ, where we used the anticommuting

property of the di�erentials. An important property of the exterior derivative is that it is a nilpotent

operator, in the sense that d2 = 0, i.e. the exterior derivative applied twice to any di�erential form gives

zero. This comes simply from the fact that ordinary partial second derivatives commute. The names we

gave to the forms are not accidental, since this language is particularly suited for electromagnetism. We

can regard the vector potential as the 1-form A and the �eld strength as the 2-form F . The relation

between the two can be rewritten in this new notation as the strikingly simple equation F = dA. In

components the equation reads 1
2Fµνdx

µ ∧ dxν = 1
2 (∂νAµ − ∂µAν) dxν ∧ dxµ, from which we deduce the

usual relation Fµν = ∂µAν−∂νAµ. The identity d2 = 0 produces the Bianchi identity in elecromagnetism:

dF = d2A = 0.
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We now de�ne another useful operation, the Hodge �star� dual of a p-form, which we will denote by ∗.

The Hodge dual takes a p-form to a D − p-form, where D is the number of dimensions of the (pseudo)-

Riemannian manifold over which these di�erential forms are de�ned, as we said. Concretely, if we have a

p-form H = 1
p!Hµ1µ2...µpdx

µ1 ∧ dxµ2 ∧ ...∧ dxµp , the Hodge dual (also called star) of H is the D− p-form

∗H =
1

(D − p)!
√
| det g |Hν1...νpεν1...νpµ1...µD−pdx

µ1 ∧ ... ∧ dxµD−p (B.8)

where g is the metric of the manifold and ε the completely antisymmetric Levi-Civita tensor in D dimen-

sions. The absolute value of the determinant is necessary if the metric g is not positive-de�nite, i.e. if we

have a Lorentzian manifold as in any relativistic quantum �eld theory. It is understood that we raise and

lower indices using the metric tensor g of the ambient manifold.

As an example, let us take the 3 dimensional euclidean space (D = 3) R3, with coordinates
(
x1 ≡ x, x2 ≡ y, x3 ≡ z

)
.

The star of the 1-form dx is, using the de�nition (B.8),

∗dx = 1
2!δ

ν1εναβdx
α ∧ dxβ = 1

2ε1αβdx
α ∧ dxβ = 1

2 (dy ∧ dz − dz ∧ dy) = dy ∧ dz (B.9)

where we used the property dz ∧ dy = −dy∧ dz and δν1 is the Kronecker delta which is 1 when ν = 1 and

0 otherwise. For a generic space the Kronecker delta is replaced by the inverse of the metric.

Obviously we can take the wedge product of two forms, in the standard way. If we have a p-form H and

a q-form G the wedge product of the two is the p+q-form

H ∧G =
1

p!q!
Hµ1µ2...µpGν1ν2...νqdx

µ1 ∧ ... ∧ dxµp ∧ dxµ1 ∧ ... ∧ dxµq (B.10)

Let us see now if we can reformulate the Maxwell action in our new language. The Maxwell action on a

4d manifold M with metric gµν , written in components, is

SEM =
1

4

ˆ

M

d4x
√
−det gFµνFµν =

1

4

ˆ

M

d4x
√
−det ggαµgβνFµνFαβ (B.11)

We want to write the action using di�erential forms, without selecting a particular coordinate system.

Clearly we need a 4-form built out of the �eld strength 2-form F = 1
2!Fµνdx

µ∧dxν . The right combination

is F ∧ ∗F . Indeed it is fairly easy to prove that
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F ∧ ∗F =
1

4

√
−det gFµνFµνd4x (B.12)

the square root of the determinant coming from the de�nition of the dual form in (B.8). Therefore we

can rewrite the Maxwell action as

SEM =

ˆ

M

F ∧ ∗F (B.13)

In principle, we can build another 4-form using F , i.e. F ∧ F ≡ F 2. In the action we would have another

term of the form

Sθ = θ

ˆ
M

F ∧ F =
θ

4

ˆ
M

d4xεµνσρFµνFσρ (B.14)

where θ is a constant to be determined from experiment. This is called a Chern-Simons term and it is

very di�erent from (B.13). This term doesn't depend on the metric of the manifold M , since the �eld

strength tensors are contracted with the Levi-Civita tensor εµνσρ and there is no determinant of the

metric (compare with (B.11)) . The Chern-Simons term is insensitive to the geometry of the manifold

and it depends only on its topology. In other words the properties of the quantum �eld theory derived

from the action (B.14) depend only on the topology of the ambient manifold M , di�erent metrics giving

rise to the same theory. This is called a topological quantum �eld theory [1]. It is also easy to prove that

the term (B.14) is invariant under general coordinate transformations without the bene�t of
√
−det g.

In the speci�c case of electromagnetism, experiments are consistent with θ = 0, therefore one does not

include this term in the action for the electromagnetic �eld. Moreover a term of the form (B.14) is not

CP invariant, while electromagnetism famously is. An analogous Chern-Simons term appears in QCD

(quantum chromodynamics), the theory of strong interaction, leading to the strong CP problem.

All terms of the form H1 ∧H2 ∧ ... ∧Hn where Hi, i = 1, ..., n are generic di�erential forms, are Chern-

Simons (topological) terms, since they do not contain, by construction, the metric of the manifold M .

Note that in order to have a �geometric� term one needs the Hodge dual of a di�erential form (see (B.8)).
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C Magnetic monopoles and flux quantization

This appendix covers the basis of �ux quantization, which is a fundamental ingredient in moduli stabi-

lization (see section 5). We use the language of di�erential forms, which is covered in appendix B.

Let us consider �rst the problem of magnetic monopoles. Maxwell's equations tell us that there are no

magnetic monopoles, since ~∇· ~B = 0. However, there is nothing in the mathematics of Maxwell's equations

that prevents us from introducing magnetic monopoles. We can perfectly well modify one of Maxwell's

equations to read

~∇ · ~B = ρM (C.1)

where ρM is the magnetic charge density. Since magnetic monopoles have never been observed, we usually

put ρM = 0. Note also that if we want to allow the existence of magnetic monopoles, the magnetic

�eld ~B can no longer be expressed as the curl of a vector potential, ~B = ~∇ × ~A, since in such a case

~∇ · ~B = ~∇ ·
(
~∇× ~A

)
≡ 0.

For a point particle ρM = gδ(3) (~r), where g is the monopole charge and δ(3) (~r) the Dirac delta. The

magnetic �eld that gives ~∇ · ~B = gδ(3) (~r) is, in analogy with the electrostatic case,

~B =
g~r

4πr3
(C.2)

This is the magnetic �eld generated by a magnetic monopole. The magnetic �ux through a sphere S2

surrounding the monopole is

ΦB =

ˆ
S2

~B · d~S =

ˆ
B3

~∇ · ~BdV = g (C.3)

where B3 is the 3-ball whose boundary is the 2-sphere S2. We have seen that the magnetic �eld cannot

be expressed everywhere (globally) as the curl of a vector potential ~A. In fact there is no single vector

function without singularities from which we can deduce the magnetic �eld. Consider for example the

vector function

~AN =
g

4πr

(1− cos θ)

sin θ
êφ (C.4)

where êφ is the unit vector in the azimuthal direction. It is easy to see that the curl of (C.4) gives (C.2),

but ~AN is not de�ned everywhere since it is singular for θ = π. The function is well de�ned only for θ < π

(remember that the angle θ goes from 0 to π). Similarly the function
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~AS = − g

4πr

(1 + cos θ)

sin θ
êφ (C.5)

is well de�ned everywhere except at θ = 0 and its curl gives (C.2). The subscripts N and S refer to the

north pole and the south pole of the sphere: ~AN is de�ned everywhere except at the south pole (so it is

de�ned in every neighbourhood of the north pole that does not include the south pole) and ~AS everywhere

except at the north pole. In this case we need two functions to cover the entire sphere. The two vector

potentials correspond to the same �eld ~B, therefore they can di�er at most by a gauge transformation in

the overlap region. In fact we have

~AN − ~AS =
g

2πr

1

sin θ
êφ = ~∇

(
gφ

2π

)
(C.6)

which is clearly a gauge transformation. The wave function of a particle with electric charge q can be

written in either gauge, the di�erence being only a phase factor:

ψS (~r) = ψN (~r) exp

[
−iq

(
gφ

2π

)]
(C.7)

Clearly φ = 0 and φ = 2π represent the same point, therefore

exp [−iqg] = 1 (C.8)

from which we derive the Dirac quantization condition

g =
2πn

q
(C.9)

with n an integer. Quantum mechanics tells us that if electric charge is quantized, magnetic charge will

also be quantized and viceversa. Equations (C.9) and (C.3) imply the �ux quantization condition

ΦB =

ˆ
S2

~B · d~S =
2πn

q
(C.10)

In electromagnetism, magnetic �ux is quantized in units of 2π/q, where q is fundamental electric charge.

We can rephrase our discussion in the language of di�erential forms, which we use in the study of moduli

stabilization. The electromagnetic �eld 2-form F corresponding to a magnetic monopole is

F = − g

4π
d cos θdφ (C.11)
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We can calculate the magnetic �ux by integrating F on the 2-sphere

ΦB =

ˆ
S2

F = g (C.12)

which is just equation (C.3) written in another form. The north and south pole gauge �eld 1-forms are


AN = g

4π (1− cos θ) dφ

AS = − g
4π (cos θ + 1) dφ

(C.13)

The relation between F and both AN and AS is the usual F = dAN,S , as is easily seen by applying the

exterior derivative d on (C.13) (remember that d2 = 0, so ddφ = 0). From this one can recover the Dirac

quantization condition (C.9) in a completely analogous way. Mathematically, the existence of magnetic

monopoles rests on the fact that F is locally but not globally exact, where by an exact di�erential form

we mean a generic p-form β which can be written as the exterior derivative of a (p-1)-form α: β = dα. In

our case it is true that F = dAN , for example, but only locally, since the relation fails to hold at the south

pole, where we need AS . This is of course analogous to our discussion that the magnetic �eld cannot be

expressed everywhere (globally) as the curl of a vector potential ~A. Note that this discussion also holds

if our theory is de�ned on a topologically non-trivial space without a point-like charge. In this case we

can naturally have closed forms that are not globally exact (see next appendix), with a resulting non-zero

magnetic �ux, even without an explicit source.

If F was globally exact, then it would exist a single function A, such that F = dA everywhere. Stokes'

theorem for di�erential forms tells us that if H is a (p-1)-form then

ˆ
M

dH =

ˆ
∂M

H (C.14)

where M is a p-dimensional manifold and ∂M its boundary. Since F = dA everywhere, then, by Stokes'

theorem,

ˆ
S2

F =

ˆ
B3

dF =

ˆ
B3

d2A ≡ 0 (C.15)

and the magnetic charge would be zero. Note also that
´
S2 F is the magnetic �ux, and

´
S2 ∗F the electric

�ux, with ∗ the Hodge dual. In string theory there are generalized gauge p-forms Ap with corresponding

�eld strength (p+1)-forms Fp+1. For example, in type IIB superstrings, the NS-NS �eld B2 (Kalb-

Ramond) and the R-R �eld C2 have �eld strength 3-forms that can provide �uxes. Just like the magnetic

�ux is the integral of the �eld strength 2-form F2 over a two-dimensional manifold, the NS-NS and R-R
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�uxes are integrals of �eld strength 3-forms over three-dimensional manifolds. A typical six-dimensional

Calabi-Yau manifold generally has many independent, non-contractible, three-dimensional submanifolds,

also called cycles. We can integrate the �eld strength 3-forms over any of the cycles, and this will give

us in general a di�erent integer. Therefore, for a generic �eld strength (p+1)-form Fp+1, the �uxes are

quantized with a di�erent integer ni for each independent (p+1)-dimensional cycle Σi on the Calabi-Yau

space:

ˆ
Σi

Fp+1 = ni (C.16)

where we expressed the magnetic charge in units of 2π/q. Clearly p+1 must be less than the dimension

of the Calabi Yau, which is 6 in our case.
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D Homology and cohomology

This appendix uses the di�erential form formalism of appendix B, and it is based on appendix B of [27].

Let us start with the de�nition of the cohomology group of a given d-dimensional manifold M . A p-form

Ap is said to be closed if dAp = 0 and exact if there exists a globally de�ned (p− 1)-form Bp−1, such

that Ap = dBp−1. We know from appendix B that the exterior derivative d is a nilpotent operator, i.e.

d2 = 0, therefore we immediately see that every exact form is also closed, dAp = d2Bp−1 = 0. The reverse

implication is true for the trivial case of Rd thanks to the Poincarè lemma, but not for a general manifold

M . Indeed, the existence of closed forms that are not exact characterises the nontrivial topology of the

manifold M . The manifold can be described by a collection of local patches U(α) glued together with

smooth transition functions. Given a closed p-form Ap we can de�ne on each patch U(α) of the manifold,

by restriction, a local closed p-form A
(α)
p . Since a patch of M is locally identical to Rd, by the Poincarè

lemma we can write A(α)
p = dB

(α)
p−1 for some locally de�ned (p− 1)-form B

(α)
p−1. But in general it is not

true that the locally de�ned B
(α)
p−1 combine to give a globally de�ned Bp−1 on M , thus Ap will not be

exact. The obstruction in constructing a globally de�ned Bp−1 from the single patches clearly depends

on the global structure of M , i.e. on its topology. We de�ne Cp to be the set of closed p-forms on M ,

and Ep to be the set of exact p-forms on M . Then the pth (de Rham) cohomology group is de�ned as the

quotient

Hp (M) =
Cp

Ep
(D.1)

So Hp (M) is the set of equivalence (cohomology) classes [Ap] =
{
A′p | A′p = Ap + dBp−1

}
, namely two

closed p-forms Ap and A′p di�ering by an exact form dBp−1 are considered equivalent and they de�ne

the same cohomology class. The sets Hp (M) have the additional structure of vector spaces of dimension

bp (M) = dimHp (M), where bp are called Betti numbers. As a simple example, consider the 2d torus T 2

with periodic coordinates x ' x + 1 and y ' y + 1. T 2 has two cohomologically non-trivial independent

1-forms, dx and dy, which are well de�ned and closed, but not exact since the coordinates x and y are not

globally de�ned. It follows that b1
(
T 2
)

= 2, which is the dimension of the vector space spanned by the

basis {dx, dy}. Another cohomologically non-trivial form in a general d-dimensional manifold M is the

volume form, whose local expression is ω = dx1 ∧ dx2 ∧ ... ∧ dxd. The volume form is closed but cannot

be exact, since if ω = dα, then V ol (M) =
´
M
ω =
´
M
dα = 0.

Another way of charaterizing the non-trivial topology of a manifold M is through the properties of its
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submanifolds and its homology group. Let us consider a p-dimensional submanifold of M , Np ⊆ M .

We denote the boundary of Np as ∂Np, where the formal operator ∂ maps a p-dimensional manifold to

a (p− 1)-dimensional manifold which is its boundary. The fundamental property for homology is that

the boundary of a manifold has no boundary, written in mathematical language as ∂2Np = 0, or as the

operator identity ∂2 = 0. This is of course analogous to the fundamental property of di�erential forms,

d2 = 0, which is useful in de�ning the cohomology of a manifold. The set of all submanifolds of M can

be given the structure of a vector space, with p-chains ap =
∑
k ckN

k
p being formal linear combination

of p-dimensional submanifolds with real coe�cients ck. A p-chain ap with no boundary, i.e. ∂ap = 0,

is called a p-cycle, and a p-chain ap which is the boundary of a (p+ 1)-chain, i.e. ap = ∂bp+1, is called

trivial. Given the fundamental identity ∂2 = 0, we immediately see that any trivial p-chain is a p-cycle.

The reverse is true for the trivial case of Rd, but not for a general manifold. Similarly to the case of

cohomology, the existence of non-trivial p-cycles characterizes the non-trivial topology of M . We denote

by Cp the set of p-cycles in M and by T p the set of trivial p-chains. Then the homology group is de�ned

as the quotient

Hp (M) =
Cp

T p
(D.2)

The homology classes are [ap] =
{
a′p | a′p = ap + ∂bp+1

}
, so two p-cycles are considered equivalent if they

di�er by a trivial p-chain. The sets Hp (M) are also vector spaces with the same dimension as Hp (M),

namely bp (M), a fact that we will shortly explain. As an example, consider again T 2. The two non-trivial

1-cycles of T 2 are the submanifolds de�ned by the equations y = 0 and x = 0, denoted by [a] and [b]

respectively. The vector space spanned by {[a] , [b]} has dimension 2, which is again equal to the �rst

Betti number, b1
(
T 2
)
. We now explain this �coincidence�.

Consider the integral of a p-form Ap on a generic p-chain ap =
∑
k ckN

k
p . This is de�ned by linearity as

ˆ
ap

Ap =
∑
k

ck

ˆ
Nkp

Ap (D.3)

We now prove that the integral of a closed p-form over a p-cycle ap depends only on their cohomology and

homology classes, [Ap] and [ap]. Consider the integral
´
a′p
A′p, where a

′
p = ap+∂bp+1 and A′p = Ap+dBp−1

are di�erent representatives of the equivalence classes. Then



D Homology and cohomology 137

ˆ
a′p

A′p =

ˆ
ap

(Ap + dBp−1) +

ˆ
∂bp+1

(Ap + dBp−1) =

ˆ
ap

Ap +

ˆ
∂ap

B +

ˆ
bp+1

d (Ap + dBp−1) =

ˆ
ap

Ap

(D.4)

where we used Stokes theorem
´
a
dB =

´
∂a
B, ∂ap = 0 since ap is a cycle, dAp = 0 since Ap is closed, and

d (dBp−1) = 0 for the fundamental identity d2 = 0. Therefore the integral
´
ap
Ap only depends on the

homology and cohomology classes and de�nes a linear mapping Hp (M)×Hp (M)→ R. This means that

Hp (M) and Hp (M) are actually dual vector spaces and in particular have the same dimension bp (M)

(this is also called de Rahm duality). It is of course always possible to choose a basis of cycles {ai}b
p

i=1

and forms {Aj}b
p

j=1 such that
´

[ai]
[Aj ] = δij . In the case of the torus T 2, we have

´
[a]
dx = 1,

´
[a]
dy = 0,

´
[b]
dx = 0 and

´
[b]
dy = 1, so dx and dy are dual to [a] and [b] respectively.

Consider now the integral of a wedge product over the whole manifold M :
´
M
Ap ∧ Bd−p. This integral

de�nes a mapping Hp (M) × Hd−p (M) → R, so Hp (M) and Hd−p (M) are dual vector spaces and in

particular bp = bd−p. By de Rahm duality we also have that Hp and Hd−p are dual vector spaces. This

means that to each non-trivial p-cycle ap we can associate a non-trivial closed (d− p)-form, called the

Poincaré dual of the p-cycle ap. This can be done by extending the integral of a p-form over a p-cycle to

an integral over the whole ambient manifold M :

ˆ
ap

Ap =

ˆ
M

Ap ∧ δ (ap) (D.5)

where δ (ap) is the Poincarè dual form to the p-cycle ap. This form has indices along the d− p directions

orthogonal to the p-cycle and coe�cients given by a Dirac delta function that is non-zero only on ap. The

Poincaré dual allows one to compute the topological intersection number of two homology classes [ap] and

[bd−p], as

[ap] · [bd−p] =

ˆ
M

δ (ap) ∧ δ (bd−p) (D.6)

This gives the number of intersection points of any two representatives of each class, with a sign due to

orientation. In the T 2 example, the basic intersection numbers are [a] · [a] = [b] · [b] = 0 and [a] · [b] =

− [b] · [a] = 1. So, for two 1-cycles [π1] = n1 [a] + m1 [b] and [π2] = n2 [a] + m2 [b] with ni,mi ∈ Z, we

obtain

[π1] · [π2] = n1m2 − n2m1 (D.7)
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E Toric geometry

This appendix is based on section 5 of [72]. We give here a brief account of toric geometry, needed to

understand section 6. Toric varieties and their algebraic subspaces provide an explicit class of possible

compacti�cation manifolds for string theory. We can represent a toric variety very concretely as the space

M =

{
x ∈ Cn |

n∑
i=1

Qai |xi|
2

= ξa

}
/U (1)

s (E.1)

where a = 1, ..., s and the gauge group U (1)
s acts as

xi → eiQ
a
i ϕaxi (E.2)

with ϕa the parameters of the group, and Qai the charges of the xi. M is a toric variety if dimM = d =

n − s. As a simple example, consider the complex projective space of dimension n − 1: CPn−1. This is

de�ned as Cn with the origin removed, subject to the identi�cation

(x1, x2, ..., xn)→ (λx1, λx2, ..., λxn) (E.3)

where λ is a non-zero complex number, λ ∈ C∗ = C − {0}. This can be written more compactly as

CPn−1 = (Cn − {0}) /C∗. The n coordinates xi are called homogeneous coordinates. Now consider (E.1)

with s = 1 and charges Qi = 1, for i = 1, ..., n and ξ > 0. Then it is easy to see thatM = CPn−1. This is

because the condition
∑n
i=1Qi |xi|

2
=
∑
i |xi|

2
= ξ �xes the magnitude of the rescaling (E.3), xi → |λ|xi,

while the quotient by U (1) �xes the phase of λ. In analogy with the case of CPn−1, one can also represent

a toric variety as Cn minus a certain set Z, quotiented by the action of the group (C∗)s. Z is the set that

contains the combinations of the homogeneous coordinates that are not allowed to vanish simultaneously,

otherwise we wouldn't be able to solve the constraints
∑n
i=1Q

a
i |xi|

2
= ξa. This set is called the Stanley-

Reisner ideal and is often denoted by SR. In the simple example of CPn−1, SR = {x1x2...xn} since∑
i |xi|

2 |xi=0= 0 = ξ > 0. Note that the SR ideal depends on the choice of the parameters ξa. A toric

variety is de�ned by the charges Qai and the SR ideal. Sometimes toric varieties are singular and in order

to get a smooth manifold one is forced to go through a process called triangulation, which usually is not

unique. In these cases one must also give a triangulation to de�ne univocally the toric variety.

Consider now the toric variety de�ned byM =
{
x ∈ C5 |

∑5
i=1Q

a
i |xi|

2
= ξa

}
/U (1)×U (1), for a = 1, 2.

The charges are Q1
i = (1, 1, 1,−n, 0) and Q2

i = (0, 0, 0, 1, 1), with n ≥ 0. The group U (1) × U (1)
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acts as (x1, x2, x3, x4, x5) →
(
eiϕ1x1, e

iϕ1x2, e
iϕ1x3, e

i(−nϕ1+ϕ2)x4, e
iϕ2x5

)
. We can arrange the charges

in a weight matrix, that gives the weights of the homogeneous coordinates under the C∗ actions (or,

equivalently, under the group U (1)
s action):

x1 x2 x3 x4 x5

1 1 1 −n 0

0 0 0 1 1

(E.4)

Spelled out, the constraints
∑5
i=1Q

a
i |xi|

2
= ξa are


|x1|2 + |x2|2 + |x3|2 − n |x4|2 = ξ1

|x4|2 + |x5|2 = ξ2

(E.5)

This manifold has 3 (complex) dimensions and can be seen as a smooth CP1 bundle over CP2, where

n > 0 measures the �twisting�. The local complex coordinates of a toric variety are built by forming

U (1)
s invariant combination of the homogeneous coordinates. For the case of the complex projective

space CPn−1 the local coordinates are, in the patch where xn 6= 0 for example, ti = xi/xn. This is

an invariant combination as xi/xn →
(
eiϕ/eiϕ

)
(xi/xn) = xi/xn . For the bundle example, the local

coordinates in a patch where x1 6= 0 and x5 6= 0 are t1 = x2/x1, t2 = x3/x1 and t3 = x4x
n
1/x5. Using the

weight matrix (E.4) it is easy to prove that these are invariant combinations. Using the language of toric

varieties we can also construct a weighted complex projective space WCPn−1
k1,...,kn

of dimension n− 1. This

is de�ned by taking Cn minus the origin, subject to the identi�cation

(x1, x2, ..., xn)→
(
λk1x1, λ

k2x2, ..., λ
knxn

)
(E.6)

with λ ∈ C∗. The homogeneous coordinates have now di�erent weights. This is simply WCPn−1
k1,...,kn

={
x ∈ Cn |

∑n
i=1Qi |xi|

2
= ξ
}
/U (1), with Qi = (k1, k2, ..., kn). The group U (1) acts as (x1, x2, ..., xn)→(

eik1ϕx1, e
ik2ϕx2, ..., e

iknϕxn
)
. This construction can be generalized to products of weighted complex

projective spaces, for s > 1. For example the space WCP3
1,2,3,4 ×WCP3

1,2,3,4 has the following weight

matrix:

x1 x2 x3 x4 y1 y2 y3 y4

1 2 3 4 0 0 0 0

0 0 0 0 1 2 3 4

(E.7)

where xi, yi for i = 1, ..., 4 are the homogeneous coordinates ofWCP3
1,2,3,4×WCP3

1,2,3,4. Note the factorized
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structure of the weight matrix (E.7). This is clearly true for every space that is the product of projective

spaces. The full power of toric geometry lies in the ability to go beyond the factorized structure, as for

the bundle example of (E.4). Note that for n = 0, the bundle becomes trivial and the space is simply

CP1×CP2. Toric varieties aretypically compact spaces, being generalization of complex projective spaces.

This is one of the main reasons why they are so useful in constructing Calabi-Yau spaces in string theory,

as a subspace (without boundary) of a compact space is also compact.

A divisor D =
∑
i niSi is de�ned as a formal linear combination of holomorphic hypersurfaces (codi-

mension one objects in M) Si with integer coe�cients ni. The divisor D is described locally by the

meromorphic function FD =
∏
i (fi)

ni , where the zero loci of the functions fi describe the holomorphic

hypersurfaces Si. Thus the zero and poles of FD are associated to the positive and negative parts of the

divisor. Sums and di�erences of divisors correspond to products and quotients of their equations. For a

toric varietyM, the simplest divisors are the ones given by setting one of the homogeneous coordinates

to zero, i.e.

Di : xi = 0 (E.8)

We are interested in a classi�cation of the divisors of M based on their homology. Take for example

the divisors Di of CPn−1 . We say that two divisors are in the same homology class if we can deform

continously one into the other (see appendix D for a rigorous de�nition of homology classes). In the case of

CPn−1 we have that Di = Dj ∀i, j, where the equal sign stands for �in the same homology class of�. That

is because if we consider the divisor given by the equation D(i,j)
ε : xi + (1− ε) (xj − xi) = 0 for ε ∈ [0, 1],

clearly D(i,j)
1 = Di and D

(i,j)
0 = Dj and the intermediate values of ε give the interpolation between Di

and Dj . Thus by smoothly changing the parameter ε we continously deform Di into Dj and viceversa. So,

for CPn−1 there is only one independent divisor (or homology) class. The equation x3
1 = 0 describes the

divisor D1 ∪D1 ∪D1 which is in the class 3D1. In general a homogeneous polynomial equation of degree

k describes a divisor in class kD1. In the case of the CP1 bundle over CP2 of (E.4) it is easy to see that

D1 = D2 = D3 and D4 = D5 − nD1. D1 is not in the same homology class of D4, for example, because

the polynomial x1 + (1− ε) (x4 − x1) is not homogeneous as x1 → eiϕ1x1 and x4 → ei(−nϕ1+ϕ2)x4. D4 is

in the same class of D5 − nD1 because x4 → ei(−nϕ1+ϕ2)x4 and (x5/x
n
1 ) → ei(−nϕ1+ϕ2) (x5/x

n
1 ), etc. So

in this case there are two independent divisor classes. In general there are as many independent divisor

classes as there are U (1) factors. As we saw in appendix D, the Poincaré dual P (D) of a divisor class D

inM is an element of H2 (M). If the divisor is locally described by the homogeneous equation f (x) = 0,
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a representative of its Poincaré dual class is the 2-form δ (f) df ∧ δ
(
f
)
df . The Poincaré dual is useful in

computing the intersection number of divisor classes (see (D.6)), and it can be de�ned as

DA ·DB · ... =

ˆ
M
P (DA) ∧ P (DB) ∧ ... = # (DA ∩DB ∩ ...) (E.9)

Clearly the intersection number is invariant under holomorphic deformations of the divisors. For example

suppose we want to computeD1D2D3 in CP3. The constraint (E.1) for CP3 is |x1|2+|x2|2+|x3|2+|x4|2 = ξ

and intersecting D1,D2 and D3 means x1 = x2 = x3 = 0, so we have |x4|2 = ξ. Using the U (1) gauge

symmetry to have x4 ∈ R+, we obtain x4 =
√
ξ. So there is a single regular point of intersection and

D1D2D3 = D3
1 = 1. In general for CPd one has Dd

1 = 1. Now consider the weighted projective space

of dimension two WCP2
1,2,3, and suppose we want to compute the intersection number D1D2. Note �rst

that x3
1/x3 and x2

1/x2 are gauge invariant, so D3 = 3D1 and D2 = 2D1. Note also that the point

x =
(
0,
√
ξ, 0
)
is �xed under a Z2 subgroup of the gauge group and the point x =

(
0, 0,
√
ξ
)
is �xed

under a Z3 subgroup. That's because the identi�cation is (x1, x2, x3) →
(
eiϕx1, e

i2ϕx2, e
i3ϕx3

)
, so for

ϕ = π we get (x1, x2, x3) → (−x1, x2,−x3) and x1 = x3 = 0 (so that x2 =
√
ξ) is the �xed point

(0, x2, 0)→ (0, x2, 0), and similarly for x =
(
0, 0,
√
ξ
)
. These are orbifold singularities and we have to use

special care in computing intersection numbers near the singularities. In particular we want to compute

D1D2 and x1 = x2 = 0 is precisely the Z3 singularity. Because of that the value of D1D2 is not one.

This follows from the fact that x =
(√
ξ, 0, 0

)
is a regular point so that D3D2 = 1. But we know that

D3 = 3D1 so D3D2 = 3D1D2 = 1 and D1D2 = 1/3. The intersection number can also be fractional if

we hit an orbifold point. It is easy to see that the intersection numbers of (E.4) are D3
1 = D1D2D3 = 0,

D2
1D5 = D1D2D5 = 1, D1D

2
5 = nD2

1D5 = n and D3
5 = nD2

1D5 = n2. In particular D1D2D3 is zero

because x1 = x2 = x3 = 0 does not solve the constraints (E.5). Therefore x1x2x3 ⊆ SR: x1x2x3 is an

element of the Stanley-Reisner ideal. Moreover we can choose {D1, D5} as a basis of divisors and express

all independent triple intersection numbers in terms of intersection numbers of the basis divisors. Using

Poincaré duality we can de�ne an intersection form I3 as

I3 = 0 · D̂3
1 + 1 · D̂2

1D̂5 + n · D̂1D̂
2
5 + n2 · D̂3

5 (E.10)

where D̂i = P (Di) ∈ H2 (M), and the coe�cient of a term represents the intersection number of that

term, so that for example
´
M D̂1D̂

2
5 = D1D

2
5 = n. Alternatively, we can simply list the intersection

numbers as
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D3
1 = 0

D2
1D5 = 1

D1D
2
5 = n

D3
5 = n2

(E.11)

A toric varietyM inherits a Kähler form J (see (4.62)) from the standard Kähler form of Cn:

J =
i

2π

∑
i

dxi ∧ dxi (E.12)

To each charge Qa we can associate a 2-cycle Ca such that

Di · Ca = Qai (E.13)

and

ˆ
Ca
J = ξa (E.14)

where ξa are the parameters in the constraint equations (E.1). This gives a connection between the

parameters ξa and the Kähler moduli of M. For example, for CPn−1 we have C1 = Dn−2
1 because

D1C
1 = Dn−1

1 = 1 = Q1
1. For the bundle example C1 = D1D4 and C2 = D1D2. Now, since

´
Ca
J is

equal to the area of Ca, we must have
´
Ca
J ≥ 0 ∀Ca. This implies a set of inequalities on the ξa and

the set of all J ∈ H2 (M) satisfying
´
Ca
J ≥ 0 ∀Ca is called the Kähler cone. If we then choose a basis

of divisors Ka dual to the Ca, in the sense that Ca ·Kb = δab , we can write the Kähler form as

J = ξaK̂a (E.15)

where, clearly, K̂a = P (Ka). For CPn−1, K1 = D1 and J = ξ1K̂1 with ξ1 ≥ 0. For the bundle example,

K1 = D1, K2 = D5 and J = ξ1K̂1 + ξ2K̂2 with ξ1, ξ2 ≥ 0.

We now omit the hat on the divisors with the understanding that we are using their Poincaré duals. Using

the parametrization (E.15) we can compute the volume ofM (see equation (4.63)):

VM =
1

d!

ˆ
M
Jd =

1

d!

ˆ
M
J ∧ J ∧ ... =

1

d!
Ka1 ·Ka2 · ... ·Kadξ

a1ξa2 ...ξad (E.16)
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where Ka1 · Ka2 · ... · Kad are the intersection numbers of the basis divisors Ka. For CP3 we have

J = ξ1K1 = ξ1D1 and VCP3 =
(
ξ1
)3
/6, since D3

1 = 1. The volume of the holomorphic cycles can also be

computed easily using (E.15). For example, the volume of Ka is

VKa =
1

(d− 1)!

ˆ
Ka

Jd−1 =
1

(d− 1)!

ˆ
M
Ka ∧ Jd−1 =

∂

∂ξa
VM (ξ) (E.17)

The volume of the divisor αKa + βKb is, by linearity, VαKa+βKb = αVKa + βVKb , and the volume of

the intersection of many divisors is simply VKa∩Kb∩... = ∂
∂ξa

∂
∂ξb

...VM (ξ). A straightforward computation

gives the volume of the CP1 bundle over CP2, in terms of the divisors D5 and D4:

V =

√
2

3n

(
V3/2
D5
− V3/2

D4

)
(E.18)

where VD5 = ∂ξ2V, VD1 = ∂ξ1V and VD4 = VD5 − nVD1 are the volumes of the divisors. The volume

(E.18) is of the Swiss-Cheese form discussed in section 5.4.

A Calabi-Yau manifold is de�ned as a compact Kähler manifold with a vanishing �rst Chern class. The

Chern class c (M) of a toric variety is given by the expression

c (M) =

n∏
i=1

(
1 + D̂i

)
(E.19)

where D̂i is again the Poincaré dual of the divisor Di. To simplify the notation we will drop the hat. For

example, forM = CP3, we have, setting D1 ≡ H, c
(
CP3

)
= (1 +H)

4
= 1 + 4H + 6H2 + 4H3. The �rst

Chern class is c1
(
CP3

)
= 4H 6= 0 therefore CP3 is not a Calabi-Yau manifold. The Euler characteristic

χ ofM is de�ned as the integral overM of its top Chern class, i.e.

χ (M) =

ˆ
M
cn−1 (E.20)

For CP3, χ
(
CP3

)
=
´
M c3 = 4. For the bundle we get c = (1 +D1)

3
(1 +D5 − nD1) (1 +D5) with

c1 = (3− n)D1 + 2D5 6= 0 and χ = 6. This is not a Calabi-Yau either. If we want to build a Calabi-Yau

we have to do something more sophisticated. Let us consider then an algebraic submanifold of a toric

variety, S ⊆ M, de�ned by S = S1 ∩ S2 ∩ ... ∩ Sk, where the Si are hypersurfaces given by polynomial

equations in the homogeneous coordinates xi. The Chern class of S is given by

c (S) =
c (M)∏k
j=1 c (Sj)

∣∣∣∣∣
S

=

∏
i (1 +Di)∏
j (1 + Sj)

∣∣∣∣∣
S

= 1 +
∑
i

Di −
∑
j

Sj + ...

∣∣∣∣∣∣
S

(E.21)
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where c (Sj) is the Chern class of the divisor Sj , which is exactly (1 + Sj), and the Chern class is evaluated

on S. In the last equality we have performed a formal expansion to obtain the �rst few terms. Note that

the �rst Chern class is c1 (S) =
∑
iDi −

∑
j Sj and it is zero when

∑
iDi =

∑
j Sj . The typical example

of a Calabi-Yau constructed in this way is the quintic hypersurface in CP4. This is the submanifold of

CP4 de�ned by f5 (x1, x2, x3, x4, x5) = 0, where where f5 (x) is a homogeneous polynomial of degree 5 in

the homogeneous coordinates xi. So, for instance,

S : x5
1 + x5

2 + x5
3 + x5

4 + x5
5 = 0 (E.22)

The quintic is also denoted by CP4 [5], where the 5 of course stands for the degree of the de�ning equation.

S has 3 complex dimensions since it is an hypersurface in CP4. Let us compute the Chern class of S.

CP4, as we now know, has one independent divisor class that we call H. Then, since S is de�ned by the

zeros of a polynomial of degree 5, we have that S = 5H. Then

c (S) =
(1 +H)

5

1 + 5H

∣∣∣∣∣
S

=
(
1 + 10H2 − 40H3

)∣∣
S

(E.23)

The �rst Chern class vanishes, thus the quintic is a CY three-fold. We can also compute the Euler

characteristic as χ (S) =
´
S c3 (S) =

´
M S∧c3 (S) = −

´
M 5H∧40H3 = −200, since H4 = 1 in CP4. This

is equivalent to say that the intersection number is H3 = 5 on the quintic. The Kähler form J is inherited

from that of C5: J = dx1 ∧ dx1 + dx2 ∧ dx2 + .... The only Kähler modulus of the quintic corresponds to

an overall rescaling of J , so h1,1 = 1. The complex structure moduli correspond to the coe�cients of the

monomials of f5 (x) of the form xp11 x
p2
2 ...x

p5
5 with total degree 5 and pi < 3, since monomials with some

pi ≥ 4 may be removed by rede�nitions of the homogeneous coordinates. The independent monomials

are x1x2x3x4x5, xix2
jx

2
k, xixjx

3
k, x

2
ix

3
j and xixjxkx

2
l with i 6= j 6= k 6= l. Then it is fairly easy to see

that the number of independent monomials is 1 + 30 + 30 + 20 + 20 = 101, thus h1,2 = 101. We can

check our counting by computing again the Euler characteristic in terms of the Hodge numbers, and we

obtain again χ (S) = 2
(
h1,1 − h1,2

)
= −200. We can associate a weight matrix to the quintic with the

last number corresponding to the degree of the homogeneous polynomial:

x1 x2 x3 x4 x5 S

1 1 1 1 1 5
(E.24)

The weight matrix can be generalized if we have a Calabi-Yau that is de�ned as the complete intersection

of hypersurfaces in a generic toric variety. Complete intersections in toric varieties with vanishing �rst

Chern class, c1 =
∑
iDi −

∑
j Sj = 0 provide a large and explicit class of Calabi-Yau manifolds. These
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CYs inherit their Kähler moduli from the ambient toric variety and the complex structure moduli can be

identi�ed with the deformations of the de�ning homogeneous polynomials.

A CY can also admit localized orbifold singularities, as explained in section 4.3. If the CY is de�ned as

the algebraic hypersurface P (x) = 0 in a generic toric variety, the singular points are those at which all

the partial derivatives of the function P (x) with respect to the homogeneous coordinates simultaneously

vanish. In other words, a point is singular if we can solve simultaneously P = dP = 0 there, where dP is

the di�erential of P (x). An example is the conifold singularity in equation (5.60).
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