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Numerous cosmological and astrophysical observations show that a significant fraction
of matter in the Universe is non-baryonic, cold and dark. The existence of dark mat-
ter provides strong evidence for physics beyond the Standard Model of particle physics.
Extensions of the Standard Model involving the Peccei-Quinn symmetry or supersym-
metry give rise to compelling dark matter candidates. Nonetheless, the Standard Model
could be self-consistent up to the Planck scale according to the present measurements of
the Higgs boson mass and top quark Yukawa coupling. It is therefore possible that new
physics is only coupled to the Standard Model through Planck suppressed higher dimen-
sional operators. In this case the weakly interacting massive particle miracle is a mirage,
and instead minimality as dictated by Occam’s razor would indicate that dark matter is
related to the Planck scale, where quantum gravity is anyway expected to manifest itself.

Planckian Interacting Dark Matter (PIDM) is a minimal scenario of dark matter as-
suming only gravitational interactions with the standard model and with only one free
parameter, the PIDM mass. PIDM can be successfully produced by gravitational scatter-
ing in the thermal plasma of the Standard Model sector after inflation in the PIDM mass
range from TeV up to the GUT scale, if the reheating temperature is sufficiently high.
The minimal assumption of a GUT scale PIDM mass can be tested in the future by mea-
surements of the primordial tensor-to-scalar ratio. While large primordial tensor modes
would be in tension with the QCD axion as dark matter in a large mass range, it would
favour the PIDM as a minimal alternative to WIMPs.

In a simple extension of the PIDM framework, the PIDM is charged under an un-
broken U(1) gauge symmetry, but remains only gravitationally coupled to the Standard
Model (SM). Contrary to "hidden charged dark matter", the charged PIDM never reaches
thermal equilibrium with the SM. The dark sector is populated by freeze-in via gravita-
tional interactions at reheating. If the dark fine-structure constant αD is larger than about
10−3, the dark sector thermalizes within itself, and the PIDM abundance is further modi-
fied by freeze-out in the dark sector. Interestingly, this largely reduces the dependence of
the final abundance on the reheating temperature, as compared to an uncharged PIDM.
The observed CDM abundance can be obtained over a wide mass range from the weak to
the GUT scale, and for phenomenologically interesting couplings αD ∼ 10−2. Due to the
different thermal history, the charged PIDM can be discriminated from "hidden charged
dark matter" by more precise measurements of the effective number of neutrino species
Neff.

Purely gravitational atoms are created together with dark matter particles in the mini-
mal PIDM scenario. In general, particles in a yet unexplored dark sector with sufficiently
large mass and small gauge coupling may form purely gravitational atoms (quantum
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gravitational bound states) with a rich phenomenology. Decays of gravitational atoms
can source gravitational waves or ultra high energy cosmic rays. If ordinary Einstein
gravity holds up to the Planck scale, then, within the ΛCDM model, the frequency of
the gravitational wave signal produced by the decays is always higher than 1013 Hz. An
observable signal of gravitational waves with smaller frequency from such decays, in
addition to probing near Planckian dark physics, would also imply a departure from
Einstein gravity near the Planck scale or an early epoch of non-standard cosmology. For
example, an early universe cosmology with a matter-dominated phase can give a signal
in an interesting frequency range for near Planckian bound states.

If Einstein gravity with minimally coupled matter is valid up to the Planck scale,
gravitational as well as non-gravitational atoms absorb gravitons of a specific frequency
with Planckian cross section, σabs ≈ l2

p. Consequently, one can show that gravitational
absorption by bound states is inefficient in ordinary gravity. If observed, gravitational
absorption lines would therefore constitute a powerful smoking gun of new exotic as-
trophysical bound states (near extremal bound states) or new gravitational physics, as
well as give direct evidence of the quantized nature of the gravitational field. A non-
minimal coupling of the matter fields which breaks the equivalence principle on-shell
provides a clear example of new gravitational physics near the Planck scale. In certain
models, absorption lines in the primordial gravitational wave spectrum can be produced
as a consequence of this coupling.
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Talrige kosmologiske og astrofysiske observationer viser, at en signifikant del af stof i
universet er ikke-baryonisk. Forekomsten af mørkt stof giver evidens for ny fysik udover
standardmodellen. Udvidelser af standardmodellen, der involverer Peccei-Quinn-symmetri
eller supersymmetri, giver anledning til gode kandidater til mørk stof. Ikke desto min-
dre kan standardmodellen for partikelfysik være selvkonsistent op til energier på stør-
relse med Planck-energien ifølge nuværende målinger af Higgs-bosonens masse og top-
quarkens Yukawa-kobling. Det kan derfor tænkes, at ny fysik kun er koblet til standard-
modellen igennem planckundertrykte operatorer af højere dimension. I dette tilfælde
er miraklet med en svagt vekselvirkende massiv partikel blændværk. I stedet vil mini-
malitet, som bestemt af Occams ragekniv, indikere, at mørkt stof er relateret til Planck-
energien, hvor kvanteteorien for tyngdekraft alligevel forventes at manifesterer sig selv.

"Planckian Interacting Dark Matter" (PIDM) er et minimalt scenarie for mørkt stof, der
kun antager gravitationelle vekselvirkninger med standardmodellen og indeholder blot
én parameter: PIDM massen. PIDM kan på succesfuldvis produceres af gravitationelle
spredninger i den termiske plasma fra standardmodellen efter inflation for PIDM masser
fra TeV op til GUT energier, hvis genopvarmningstemperaturen er tilstrækkelig høj. Den
minimale antagelse om en GUT-energi PIDM masse kan testes i fremtiden ved målinger
af tensor-til-skalar-forholdet i det tidlige univers. Mens store tensor modes i det tidlige
univers ville være i uoverenstemmelse med QCD-axionen som mørkt stof i et stort mas-
seinterval, ville det favorisere PIDM som et minimalt alternativ til WIMPs.

I en simpel udvidelse af PIDM-rammemodellen er PIDM ladet under en ubrudt U(1)-
gaugesymmetri, men er fortsat kun koblet til standardmodellen gravitationelt. I modsæt-
ning til "hidden charged dark matter" når den ladede PIDM aldrig termisk ligevægt med
standardmodellen. Den mørke sektor besættes ved indfrysning via gravitationelle vek-
selvirkninger ved genopvarmningen. Hvis den mørke finstrukturkonstant αD er større
end omkring 10−3, vil den mørke sektor termalisere internt, og PIDM forekomsten bliver
yderligere modificeret af udfrysning i den mørke sektor. Det er interessant, at dette
overordnet set reducerer den endelige forekomsts afhængighed af genopvarmningstem-
peraturen i forhold til uladet PIDM. Den observerede CDM-forekomst kan opnås i et
stort masseinterval fra elektrosvage op til GUT energier og med en fænomenologisk in-
teressant kobling αD ∼ 10−2. Grundet den forskellige termiske historie kan ladet PIMS
skelnes fra "hidden charged dark matter" ved mere præcise målinger af det effektive antal
af neutrino arter Neff.

Gravitationelle atomer bliver lavet sammen med mørkt-stof-partikler i det minimale
PIMS scenarie. Generelt set vil partikler i en hidtil uopdaget mørk sektor med tilstrække-
ligt stor masse og små gauge koblinger forme gravitationelle atomer (tilstande bundet
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af kvantetyngdekraft) med en rig fænomenologi. Henfald af gravitationelle atomer kan
give anledning til tyngdebølger eller ultra-højenergi kosmisk stråling. Hvis almindelig
Einstein-tyngdekraft holder op til Planck-energien, så vil man i ΛCDM modellen finde,
at frekvensen af det producerede tyngdebølgesignal altid være større end 1013Hz. Et tyn-
gdebølgesignal fra disse henfald med en mindre frekvens vil, udover at undersøge nær-
planckisk mørk fysik, medføre en afvigelse fra Einstein-tyngdekraft nær Plack-energien
eller en tidlig epoke af ikke-standard kosmologi. For eksempel kan en kosmologi med en
stofdomineret fase i det tidlige univers give et signal i et interessant frekvensinterval for
nærplanckiske bundne tilstande.

Hvis Einstein-tyngdekraft med minimalt koblet stof gælder op til Planck-energien, vil
gravitationelle såvel som ikke-gravitationelle atomer absorbere gravitoner med en speci-
fik frekvens med et planckisk tværsnit, σabs ≈ l2

p. Derved kan man vise, at gravitationel
absorption i bunde tilstande er ineffektivt i almindelig tyngdekraft. Hvis gravitationelle
absorptionslinjer observeres, vil de derfor udgøre vigtig evidens for nye eksotiske as-
trofysiske bunde tilstande eller ny gravitationel fysik. Derudover vil det også give di-
rekte evidens for kvantisering af tyngdekraften. En ikke-minimal kobling af stoffelter,
der bryder ækvivalensprincippet on-shell, er et klart eksempel på ny gravitationel fysik
nær Planck-energien. I visse modeller kan absorptionslinjer i tyngdebølgespektret fra det
tidlige univers produceres som en konsekvens af denne kobling.



ix

Acknowledgements

To Martin, for showing me what it means to be a scientist.

To my friends, for solace.

To my family, for endless support.

To Alberte, for everything.





xi

Contents

Declaration iii

Abstract v

Acknowledgements ix

1 Introduction 1
1.1 The Trouble with G . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 A Cosmic Landscape . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 The Weakest Force . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.4 A Tale of Two Scales . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.5 Planckian Dark Matter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.6 The Elusive Particle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.7 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2 Ex Nihilo 23
2.1 Cosmic Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.2 Cosmological Perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.3 Reheating . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.4 Dark Matter Genesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.5 Structure Formation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3 Planckian Interacting Dark Matter 41
3.1 A Maximally Hidden Dark Sector . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2 PIDM Production . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.3 Relic Density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.4 In Situ PIDMs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.5 Additional Possible Signatures . . . . . . . . . . . . . . . . . . . . . . . . . 66

4 Charged Planckian Interacting Dark Matter 69
4.1 Maximally Hidden Charged Dark Matter . . . . . . . . . . . . . . . . . . . 69
4.2 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.3 Phenomenology of the Charged PIDM . . . . . . . . . . . . . . . . . . . . . 72
4.4 Particle Physics Models for ξ = O(1) . . . . . . . . . . . . . . . . . . . . . . 94

5 Gravitational Atoms 97
5.1 Gravitational Atomic Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 97
5.2 The Minimal Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
5.3 Phenomenology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
5.4 The PIDM Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
5.5 Modifications of the Minimal Scenario . . . . . . . . . . . . . . . . . . . . . 112



xii

6 Gravitational Absorption Lines 117
6.1 Gravitational Spectroscopy . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
6.2 A No-Go Argument . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
6.3 A Caveat: Extremal Bound States . . . . . . . . . . . . . . . . . . . . . . . . 122
6.4 Evading the No-Go . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

7 Conclusions and Outlook 133

A Three-graviton vertex 137

B Averaged annihilation cross section for non-thermal distributions 139

C Amplitudes and decay rates computation 143

D Graviton absorption and ionization 149
D.1 Absorption cross section: heuristic derivation . . . . . . . . . . . . . . . . . 149
D.2 Absorption cross section: QFT computation . . . . . . . . . . . . . . . . . . 151
D.3 Ionization cross section . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
D.4 Multi-particle atoms and generic bound states . . . . . . . . . . . . . . . . 154
D.5 Planck suppressed corrections . . . . . . . . . . . . . . . . . . . . . . . . . . 156



xiii

List of Abbreviations

CDM Cold Dark Matter
CMB Cosmic Microwave Background
DM Dark Matter
EFT Effective Field Theory
EW Electro-Weak
FIMP Feebly Interacting Massive Particles
FRW Friedmann Robertson Walker
GR General Relativity
GUT Grand Unified Theory
IR Infra-Red
KK Kaluza-Klein
LED Large Extra Dimensions
LHC Large Hadron Collider
LIGO Laser Interferometer Gravitational-wave Observatory
LSP Lightest Supersymmetric Partner
MOND MOdified Newtonian Dynamics
PIDM Planckian Interacting Dark Matter
QCD Quantum Chromo Dynamics
QED Quantum Electro Dynamics
QFT Quantum Field Theory
QM Quantum Mechanics
SM Standard Model
ST String Theory
SUSY SUper SYmmetry
UV Ultra-Violet
WGC Weak Gravity Conjecture
WIMP Weakly Interacting Massive Particles





1

Chapter 1

Introduction

Most of the matter in the universe, an estimated 85%, is dark [1], meaning that it hardly
interacts with ordinary (baryonic) matter. In particular, it doesn’t emit photons, so we
cannot see it directly. We can only infer its existence from the gravitational effect it has
on galaxies and the universe as a whole [2–8]. The Standard Model of particle physics
alone cannot explain the nature of dark matter, suggesting that the model is seriously
incomplete and must be extended. There are several ways to extend the Standard Model
to account for dark matter, and no agreed upon set of values for the dark matter pa-
rameters. The models that have been proposed in the literature so far span virtually the
whole parameter space, with the dark matter candidates differing wildly in their mass,
couplings with visible matter, and galaxy distribution [9]. Fortunately, we find ourselves
in a golden age of data-driven astronomy, and new upcoming experiments with unprece-
dented sensitivity will hopefully help us in identifying the correct scenario.

It is important to realize that we only infer the existence of dark matter from its grav-
itational influence; stronger-than-expected gravity in galaxies and clusters leads us to
posit dark matter. But this is not a logical necessity. It could be, for example, that gravity
is modified on enormous distance scales: the general theory of relativity correctly de-
scribes the behavior of gravity in the solar system, but it might break down over larger
distances. One alternative to the hypothesis of dark matter is given by Modified Newto-
nian Dynamics (MOND) [10] which proposes a modification of Newton’s law to account
for the observed properties of galaxies. However, current observations favor particle
models of dark matter, as I will briefly explain in section 1.5. It will therefore be under-
stood in the rest of this thesis that the discrepancies between theory and observations are
due to new unseen particles.

In this introduction, I will argue for a new paradigm of dark matter based on mini-
mality, one that was first introduced in [11], and expanded upon in [12–14], which form
the bulk of my PhD work. This planckian paradigm assumes that dark matter is related
to the quantum gravity scale, meaning that the dark matter particle has no new interac-
tions apart from gravity and has a natural mass close to the Planck scale. Towards the
end, I also discuss whether one could probe the quantization of the gravitational field
directly. This is the starting point for my latest work on gravitational absorption lines
[15], which was inspired by the planckian paradigm but is only loosely related to it.

1.1 The Trouble with G

Classical gravity is described by the Einstein-Hilbert action

SEH =
1

16πG

∫
d4x
√
−gR ≡

m2
p

16π

∫
d4x
√
−gR, (1.1)



2 Chapter 1. Introduction

which contains an intrinsic energy scale, 1/
√

G ≡ mp. What is the significance of this
scale? To answer the question, let us look at graviton scattering. Since gravitons are
massless, the scattering amplitude can only depend on Newton’s constant G, the center-
of-mass energy E, and possibly the scattering angle θ. If E < mp, we can expand the
scattering amplitudeM in powers of E/mp [16]:

M = f1(θ)GE2 + f2(θ)G2E4 + O(G3), (1.2)

where fi(θ) are generic functions of the scattering angle. It is clear that something dread-
ful happens as soon as E > mp. Not only does the perturbative expansion break down
at those energies, but, much more importantly, the amplitude becomes greater than one.
In quantum mechanics the amplitude squared gives the probability for a particular pro-
cess to occur, which can never exceed one. This means that the theory is ill-defined at
E > mp. Technically, the conservation of probability in quantum mechanics is a direct
consequence of the unitarity of the time evolution operator Ut = e−iHt, which ensures
that the time evolution of the quantum state preserves inner products in Hilbert space1.
The unitarity bound is a simple inequality that follows from the unitarity of the time evo-
lution operator, which guarantees that probability is conserved and can never be greater
than one. Therefore it is often said that the theory violates the unitarity bound for E > mp.

This is similar to what happens in Fermi’s theory of weak interactions, defined by the
Lagrangian

LF = GF(ψ̄γµψ)(ψ̄γµψ), (1.3)

where ψ is a generic fermionic field, and GF is Fermi’s constant. The amplitude for a
four-fermion interaction at high energies leads to an expression completely analogous
to (1.2). The reason is that Fermi’s constant, just like Newton’s, has negative mass di-
mension, [GF] = E−2. This is evident from the structure of the Lagrangian (1.3), since
[L] = E4 and [ψ] = E3/2. The scattering amplitude is dimensionless by construction,
therefore by dimensional analysis alone its perturbative expansion has to look like the
one in (1.2). One can therefore conclude that theories with couplings that have negative
mass dimension all have this unitarity problem. Moreover, if these theories are extrap-
olated at arbitrarily high energies E → ∞, the amplitude diverges and the divergence
grows worse at each additional order of perturbation theory: this is the problem of non-
renormalizability. Gravity is infamously non-renormalizable.

That does not mean that the theory as a whole is useless. We now understand that
non-renormalizable theories (like gravity) are to be treated as Effective Field Theories
(EFTs), valid below a certain cutoff energy scale Λ. The theory is perfectly consistent at
energy scales below Λ, but breaks down as soon as the energies involved in some process
exceed the cutoff. Fermi’s theory for example stops working at a scale Λ ∼ G−1/2

F , at
which point the second term in the amplitude expansion becomes comparable with the
first. This signals the failure of perturbation theory, at the very least, and actually leads
to the much more serious issue of unitarity violation, as we saw. The lesson we take from
this is that some new physics has to appear at the cutoff scale Λ to cure the problem. The
theory is simply incomplete.

We know what the new physics is in the case of Fermi’s theory: the Glashow-Salam-
Weinberg model of electroweak (EW) interaction, which is renormalizable and involves
the exchange of gauge bosons at short distances. At energies above G−1/2

F , the full struc-
ture of the EW theory emerges, restoring unitarity. The EW theory replaces the contact

1Schematically, if ψ(t) is the quantum state at time t, then, for a unitary time-evolution operator,

〈ψ(t)|ψ(t)〉 =
〈

e−iHtψ(0)
∣∣∣e−iHtψ(0)

〉
= 〈ψ(0)|e−iHteiHt|ψ(0)〉 = 〈ψ(0)|ψ(0)〉.
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interaction of (1.3) with an exchange interaction involving an intermediate massive bo-
son. The new Lagrangian consists of a vector boson of mass M coupled to a fermion field
via a dimensionless coupling constant g:

LEW = ψ̄(iγµ∂µ −m)ψ− 1
4

FµνFµν + M2Aµ Aµ + gAµψ̄γµψ. (1.4)

Schematically, the amplitude for four-fermion scattering is (−ig)2(ψ̄γµψ)[i/(k2−M2)](ψ̄γµψ),
where k is the momentum of the exchanged massive boson (off-shell, so that k2 6= M2). At
low energies k2 � M2, the amplitude becomes i(g2/M2)(ψ̄γµψ)(ψ̄γµψ), and we recover
Fermi’s theory with GF = g2/M2. The mass of the mediator sets the scale of GF, the di-
mensionful coupling constant which makes the low-energy theory non-renormalizable.
New degrees of freedom appear at the energy scale G−1/2

F = M/g: the vector boson is
produced, and one needs the full EW theory (1.4) to have a sensible description of phe-
nomena involving weak interactions at high energies.

Fermi’s theory is capable of announcing its own demise and therefore set the limit of
its domain of validity. Something similar is likely true for gravity. We understand gravity
as an effective field theory valid below the Planck scale G−1/2 = mp. What lies beyond
is mostly a matter of speculation. The super-planckian physics that takes over General
Relativity and restores unitarity (what is properly called the theory of quantum gravity)
is the current holy grail of theoretical physics, and a problem that defied generations of
bright minds. What is certain is that new degrees of freedom have to appear close to the
Planck scale to rescue unitarity.

The nature of these new degrees of freedom is disputed, but perhaps the best moti-
vated proposal we have right now is String Theory (ST) [17].

1.2 A Cosmic Landscape

In the early days of atomic physics, people were puzzled by an apparent paradox. Quan-
tum mechanics (QM) was still in its embryonic stage, and the best framework for un-
derstanding the atom available at that time was the simple planetary model, in which
electrons moved in classical orbits around the nucleus, in a manner totally analogous to
planets revolving around the sun. The planetary model however does not make sense
classically when one considers the electromagnetic forces involved. Electrons in a clas-
sical orbit accelerate continuously and would thus radiate away their energy and even-
tually spiral into the nucleus. A simple computation in classical electrodynamics gives
a mean lifetime for the Hydrogen atom equal to τ ' 1.3× 10−11 s(econds) [18]. Clearly,
this is a problem2.

The conundrum was solved by introducing a "fuzziness" in the fundamental descrip-
tion of reality that prevents objects from being localized too much. In this new theory
(quantum mechanics), the electron is best described as a standing wave enveloping the
nucleus. So instead of being perpetually accelerated in an orbit, the electron’s physical
state is stationary, albeit wavelike. It is not moving, in a sense, and therefore cannot
radiate. The price to pay is of course the introduction of the dreaded wave-particle dual-
ity and the desertion of purely classical concepts like position, momentum, orbit and so
on. In the modern picture, the electron’s orbits, as well as the electromagnetic field, are
quantized.

2Incidentally, one could argue that an accelerated mass similarly radiates away gravitational waves,
therefore planets should also fall into the sun, much to our demise. The difference is that gravity is much
weaker than electromagnetism (something that we will devote a lot of time to in later sections), therefore the
lifetime of the solar system, or any (classical) gravitational bound state, is humongous.
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String Theory followed a similar path. Amplitudes in QFT generically blow up. The
infinities can be cured by a process of renormalization in the case of all known forces,
except gravity. The source of the infinities in QFT can be traced back to the existence
of pointlike interactions, which, combined with the inverse-square-law nature of said
interactions, makes the amplitude diverge in the ultra-violet (UV) [19]. String Theory
avoids the problem by introducing another type of "fuzziness", distinct from the quantum
mechanical one, which consists in replacing point-like particles with one dimensional
strings. Singular contact points are removed by "smearing out" the interaction over a
finite region [20]. At arbitrarily high energies a non-renormalizable theory like gravity
is divergent, but high energies correspond to small distances in quantum mechanics,
therefore the limit E → ∞ only occurs when the interaction region is a point. In string
theory the interaction is delocalized over a patch of spacetime about the size of a string,
so roughly speaking we can’t take the limit E→ ∞ (in the EFT), which is why the theory
is (perturbatively) finite. String theory’s smoothing effect tames the singularity of gravity.

The idea is simple but has profound and far-reaching consequences. For starters, in
ST all particles are described as different excitations of the same fundamental string. The
vibrational modes of the string encode the properties of the quantum fields that emerge in
the low-energy regime. By comparison, in QFT there is a separate quantum field assigned
to every particle, and the properties of these fields need to be postulated, they cannot be
derived. This produces a proliferation of adjustable parameters in the SM that are not
predicted by the theory but must be inferred from experiments. In ST, on the other hand,
there is only one type of string, whose oscillations give rise to all the known particles.
The only (dimensionful) parameter of ST is the string length ls, which sets the length of
the string in its fundamental state. In natural units ls = 1/ms, where ms is the string scale.
All other parameters could in principle be derived from the string length. As a result, ST
is a unique theory (in principle, less so in practice, as we will see).

The dynamics of a relativistic quantum string is described by the Nambu-Goto action
[21]

SNG = −T
∫

dσdτ
√
−det γ, (1.5)

where T = (2πl2
s )
−1 is the tension of the string. The Nambu-Goto action represents

the area of the 2-dimensional worldsheet swept out by the string in its motion. The
worldsheet is parametrized by a timelike coordinate τ and a spacelike coordinate σ. The
induced metric on the worldsheet is

γαβ =
∂Xµ

∂σα

∂Xν

∂σβ
ηµν, (1.6)

where Xµ(τ, σ) gives the trajectory of the string in Minkowski space. The quantization
of (1.5) is straightforward, but involved. The oscillations of the string can be thought of
as an infinite collection of quantum harmonic oscillators, with ladder operators (ai

n, ai †
n )

that create and annihilate normal modes of integral frequency n. The ground state of
the string is the one without any quanta of oscillation, therefore it is specified only by
the value of the momentum, |0〉 ≡ |0, p〉. Gauge symmetry of the string action enforces
transverse motion: longitudinal oscillations of the string are unphysical. This means that
the spatial Lorentz index i carried by the ladder operators varies from 1 to D− 2, where
D is the dimensionality of spacetime.

The mass spectrum of the string is [22]

m2 = m2
s

(
∞

∑
n=1

nai †
n ai

n +
D− 2

2

∞

∑
n=1

n

)
, (1.7)
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a formula that is reminiscent of the energy spectrum of the quantum harmonic oscillator.
For a simple 1d harmonic oscillator of frequency n, the zero-point energy is n/2. The
quantum string contains an infinite collection of harmonic oscillators of integer frequency
oscillating in D dimensions, therefore the final zero-point energy is the infinite sum (D−
2)/2 ∑∞

n=1 n. Just as we do in QFT, we can regularize the zero-point energy of the string
to a finite value, with a crucial difference. In QFT we simply ignore the infinite constant
and work consistently only with normal ordered operators, but in ST we cannot just
throw away the constant term, otherwise the theory loses Lorentz invariance. If we just
ignore the zero-point energy, the first excited state ai †

1 |0〉 forms a representation of the
little group SO(D− 2) while having a non-zero mass. The only way to have D− 2 states
in D dimensions is for the particle to be massless. In other words, we need a negative
zero-point energy!

We are forced to somehow extract a finite (negative) value from the infinite sum
∑∞

n=1 n. Luckily, Ramanujan’s black magic conjured up the profane equality [23] 1 +
2+ 3+ ... = −1/12 almost half a century before anyone ever heard of String Theory. One
way to understand this disturbing result is by regularizing the series with a smoothing
function. As an example, let’s consider an exponential regulator [24]:

∞

∑
n=1

ne−αn =
e−α

(e−α − 1)2 =
1
α2 −

1
12

+
α2

240
+ O(α3). (1.8)

Clearly, the series diverges for α→ 0. In that limit, all terms go to zero, except the infinite
term 1/α2 and the constant term −1/12. The infinite term can be canceled by a local
counterterm, like in QFT, leaving us with the gold nugget, −1/12, the "physical" result
of the sum. Morally, whenever such a sum appears anywhere in physics, and one knows
that the result is finite, the only possible finite part of the result that is consistent with
the symmetries of the problem is equal to −1/12. The same result is obtained for any
sufficiently smooth regularization of the infinite series, as well as in more sophisticated
methods like ζ-function regularization, or Ramanujan summation.

Including the correct value of the zero-point energy of the string, its mass spectrum
(1.7) becomes

m2 = m2
s

(
∞

∑
n=1

nai †
n ai

n −
D− 2

24

)
. (1.9)

For reasons we explained before, the first excited state ai †
1 |0〉 has to be massless, mean-

ing that 1− (D − 2)/24 = 0, i.e. D = 26. (Bosonic) ST is only consistent with Lorentz
invariance in 26 spacetime dimensions. This is another sign of the essential uniqueness
of the theory, which makes it very appealing as a "final theory". The simple string we
considered thus far is called bosonic, since its excitations can only describe bosons (these
include the photon and the graviton). If we want ST to describe fermions as well, we
need to supersymmetrize it [25]. The result is Superstring Theory, shorthand for Super-
symmetric String Theory (SST), which can be shown to be consistent in D = 10 only [26].
Supersymmetry is an essential ingredient in ST because without it the theory is inherently
incapable of incorporating fermionic excitations. In the following it will be understood
that ST predicts D = 10.

So far we have only dealt with free string theory. What about interactions? In QFT,
interactions are described by Feynman diagrams, which are effectively spacetime histo-
ries of the particles taking part in the collision. Interactions happen at spacetime points
called vertices, where different lines meet. Information about interactions is inserted at
vertices, in the form of various non-linear terms that need to be added to the free action.
This is not what happens in String Theory. First of all, the addition of any non-linear term



6 Chapter 1. Introduction

to (1.5) would spoil the gauge symmetry of the free action. Secondly, and unlike QFT, all
the information about interacting strings is already contained in the free theory [22]. The
spacetime history of two strings interacting with each other is described by a smooth
worldsheet, exactly like the spacetime history of a single free string. There are no singu-
lar interaction points, and every part of the diagram locally looks like a free propagating
string. Only globally do we realize that the diagram describes interactions: interactions
in string theory are related to the topology of the worldsheet.

String interactions are weighted by the topological term λχ, where

χ =
1

4π

∫
dσdτ

√
−det γRγ (1.10)

is the Euler characteristic of the worldsheet, and Rγ is the Ricci scalar of the worldsheet
metric. By Gauss-Bonnet theorem, χ is a topological invariant: it doesn’t depend on the
metric of the surface, only on its topology. For a worldsheet without boundary (i.e. for
closed strings), the Euler characteristic is

χ = 2− 2h = 2(1− g), (1.11)

where h is the number of handles of the surface, and g the genus. For instance, a sphere
has no handles, so h = 0, χ = 2, and g = 0, while for the torus h = 1, χ = 0, and g = 1.
In the path integral formalism, the theory is defined by the integral

∑
topologies

∫
Dγ e−(SNG+λχ) = ∑

topologies
e−2λ(1−g)

∫
Dγ e−SNG . (1.12)

The sum is over the topologies of the worldsheet, which in 2d is equivalent to a sum over
the genus of the spacetime surface. g = 0 corresponds to a tree-level interaction, while
all g ≥ 1 correspond to loop-suppressed contributions (for example toroidal worldsheet
describe 1-loop interactions). From (1.12) we deduce that the string coupling constant is

gs = eλ. (1.13)

The string perturbative expansion is valid for gs � 1, with the surface of genus g being
weighted by g2(g−1)

s .
It looks like we have introduced another parameter in a theory that we promised was

unique, but this is incorrect. The string coupling is not an independent parameter of the
theory. To see this, let’s write down the low-energy effective action of the bosonic string.
This is [22]

S =
1

2 l24
s

∫
d26x

√
−g e−2φ

(
R− 1

12
HµνλHµνλ + 4∂µφ∂µφ

)
. (1.14)

Here R is the Ricci scalar in D = 26, Hµνλ is the 3-form field strength associated to the
Kalb-Ramond field, and φ is a massless scalar field called the dilaton. These are the
three massless fields that arise as low-energy excitations of the bosonic closed string. In
particular, note that gravity emerges naturally in string theory as the spin-2 excitation of
the closed string. The dilaton is special in this discussion because, as one can see from
(1.14), there is an overall factor of e−2φ sitting out front. This factor simply reflects the
fact that the action has been computed at tree level in string perturbation theory and,
as we saw, such terms typically scale as 1/g2

s (g = 0). We then make the all-important
identification

gs = eφ. (1.15)
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The strength of string interactions is controlled by the value of the dimensionless string
coupling constant gs, which is dynamically determined through the background value of
the dilaton. Therefore, different values of gs do not correspond to different theories but
they parametrize different ground states of the same (unique) theory.

The action (1.14) is not in Einstein-Hilbert form, meaning that the kinetic terms are
not canonically normalized. We can put the action in normal form by performing a field
redefinition on the metric,

g̃µν = e−4φ/(D−2)gµν. (1.16)

The normalized action is

S =
1

2 l24
s g2

s

∫
d26x

√
−g̃
(

R̃− 1
12

e−φ̃/3HµνλHµνλ − 1
6

∂µφ̃∂µφ̃

)
. (1.17)

We can then identify the D-dimensional Newton’s constant GD = lD−2
p with l24

s g2
s :

l24
p = l24

s g2
s . (1.18)

The weak string coupling regime gs � 1, in which we can calculate perturbatively, pro-
vides a parametric separation between the Planck scale and the string scale. In other
words, for gs � 1, ms � mp, and stringy physics decouples from strong gravity effects.

At this stage, the dilaton is massless and can take on any value continuously. Mass-
less particles are problematic because they generically give rise to unseen long-range
fifth forces. The problem is solved in superstring theory, where backgrounds can be con-
structed in which a potential for the dilaton develops, fixing the string coupling constant
[27]. However, there are many ways to construct the potential, each of them yielding a
different dilatonic background, and thus a different value for the string coupling. In prac-
tice, this is no different than QFT, where the coupling constants are adjustable parameters.
In both cases the precise values of the coupling constants need to be experimentally de-
termined, since it is not possible to extract a unique prediction from the theory. Here we
catch a glimpse of a much bigger problem, namely that while string theory is unique at
very high energies, so unique in fact that it even constrains the dimensionality of space-
time, it becomes enormously diverse at low energies. The dilaton is only the tip of the
iceberg.

Ultimately, we want ST to make contact with observations. Therefore, before going
on, we would like to address the elephant in the room, namely that our world is not 10-
dimensional. Let’s get over the immediate instinct of throwing the theory into the dust-
bin, and see what we can salvage. The way the problem is usually addressed is through
an old idea known as compactification [28]. The gist of it is that extra dimensions are too
"small" to be seen, meaning that they are curled up to to a very small size, and therefore
hidden to us. The low-energy effective field theory derived from compactified string the-
ory is 4-dimensional, while the full 10-dimensional theory is recovered at energies above
the compactification scale.

We can understand all the salient features of compactification with a simple 5-dimensional
toy model. This model is an attempt at a unified field theory of gravity and electromag-
netism and it is known as the Kaluza-Klein theory [29, 30], after the pioneers of the field.
Let’s consider a 5d spacetime with topologyM4 × S1, whereM4 is 4d Minkowski space,
and S1 the circle of radius R. The 5d Einstein action without sources is [31]

S5d =
1

16πG5

∫
d5x
√
−g5R5. (1.19)
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Five-dimensional quantities are labeled by the subscript "5", while four-dimensional quan-
tities have no label. The 5d metric tensor can be parametrized in the following way:

g(5)MN =

[
gµν + k2φ2Aµ Aν kφ2Aµ

kφ2Aν φ2

]
. (1.20)

g(5)MN is the 5d metric tensor, gµν the 4d metric, Aµ a 4d vector field, φ a 4d scalar field
and k2 = 16πG, with G the 4d Newton’s constant. With this parametrization in place, we
can write down the effective 4d action onM4 starting from (1.19) by simply dropping all
dependence of the fields on the extra-dimensional coordinate x4. The determinant of the
5d metric is simply det g5 = φ2 det g. The effective 4d action then is

S4d =
1

16πG5

(∫ 2πR

0
dx4
) ∫

d4x
√
−gφ

(
R +

k2

4
φ2FµνFµν +

2
3

∂µφ∂µφ

φ2

)
. (1.21)

If we now somehow fix the value of the scalar field to a constant φ = φ0, we obtain the
action of gravity coupled to electromagnetism. This has been called the Kaluza miracle,
since the precise structure of electromagnetism miraculously emerges from the gravita-
tional vacuum field equations in 5d [32]. This provides a beautiful geometrical unification
of gravity and electromagnetism, effectively realizing Kaluza’s hope of explaining matter
in four dimensions as a manifestation of pure geometry in five.

Kaluza and Klein’s brilliant insight is not without its problems. The 5d toy model
we introduced is rich enough to allow us to discuss the issues that arise in a general
compactification scenario. First of all, the compactification from 5d to 4d produced two
additional fields: a vector field corresponding to the gµ4 element of the metric, and a
scalar field corresponding to the g44 element of the metric. The scalar field is massless
and unwanted, because it gives rise to unseen long-range fifth forces. In fact, the main
problem of compactification is that it comes with moduli, unobserved massless scalar
fields. A big research direction in ST is devoted to the "stabilization" of moduli in generic
compactifications by building non-trivial potentials for them [33, 34]. The potentials give
the moduli a non-zero mass and fix their vacuum expectation value.

The modulus φ in our toy model is related to the size of the extra dimension. To see
this, let us compute the measure (length) of the compact dimension S1. This is∫ √

g44dx4 =
∫ 2πR

0
φdx4 = 2πRφ(x). (1.22)

The size of the extra dimensions is directly proportional to the value of φ(x). This means
that the length of the circle varies in space and time: it is a dynamical field whose os-
cillations give rise to the unwanted massless particle. After the stabilization procedure,
the field φ(x) is trapped at the minimum φ0, and the size of the compact space oscillates
around the stable value 2πRφ0. The scalar field no longer appears in the massless sector
and the effective action at low energies becomes

S4d =
2πRφ0

16πG5

∫
d4x
√
−g
(

R +
k2

4
FµνFµν

)
. (1.23)

We can absorb the size of the compact space into a redefinition of the gravitational cou-
pling constant,

G =
G5

2πRφ0
. (1.24)

The 4d Newton’s constant is related in a simple way to the 5d constant and the size of
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the compact space. In general, for a D-dimensional theory compactified on a (D − 4)-
dimensional space with (stabilized) volume V, the relation between the coupling con-
stants is

G =
GD

V
. (1.25)

Kaluza-Klein’s theory can also explain the quantization of electric charge [35]. Suppose
we have a 5d complex scalar field ψ inM4 × S1. Its action is

Sψ =
∫

d4x
∫ 2πR

0
dy
√
−gφ∂Mψ∗∂Mψ. (1.26)

We can expand the field in a Fourier series along the compact dimension

ψ(xµ, y) =
1√

2πR

∞

∑
n=−∞

ψ(n)(xµ)einy/R. (1.27)

Substituting the above expansion into (1.26) and integrating over y, we get

Sψ = −∑
n

∫
d4x
√
−gφ

[(
∂µ +

inkAµ

R

)
ψ∗(n)

(
∂µ − inkAµ

R

)
ψ(n) +

n2

φ2R2 ψ∗(n)ψ(n)

]
.

(1.28)
After the stabilization of φ, we identify the terms in parentheses as the covariant deriva-
tive of the field, D(n)

µ ≡ ∂µ − iq(n)Aµ, and its complex conjugate. Therefore, the electro-
magnetic charge of the field ψ(n) is

q(n) =
nk
R

=
n
√

16πG
R

. (1.29)

The electric charge is quantized in steps of k/R. The electrical charge has a geometrical
origin in Kaluza-Klein’s theories: it is simply the momentum of the particle in the extra-
dimension. The momentum is quantized because the space is compact, therefore the
electric charge is also quantized. The quantization of the electric charge is then explained
in purely geometrical terms.

The mass of the scalar field ψ(n) is

m(n) =
n
R

. (1.30)

There is a (countably) infinite collection of complex fields of progressively higher mass
m(n) = n/R, and charge q(n) = nk

R . This infinite set of massive particles is called the
Kaluza-Klein tower. The size of the extra dimension R sets the scale of the new extra-
dimensional physics. At energies lower than 1/R, all massive Kaluza-Klein states are
unobservable, and the extra dimensions are hidden. Above the compactification scale
1/R, the tower becomes dynamical and the extra dimensions visible.

Unfortunately, the simple Kaluza-Klein theory cannot explain the SM charges. In-
deed, one could think of predicting the size of the extra dimension by using (1.29) with
n = 1 and q1 ≡ e, the charge of the electron. The result is R =

√
16πG/e ∼ 10−30 cm,

about a hundred times bigger than the Planck length. This is a reasonable value for the
size of the extra dimensions. What is not reasonable however is the mass of the Kaluza-
Klein states. For R ∼ 100 lp, the mass is m1 ∼ mp/100, enormously bigger than the elec-
tron mass of 0.5 MeV. This clearly wrong prediction of Kaluza-Klein theory is its main
drawback, but modern compactified theories bypass the problem by doing two things:

• Identifying observed particles (like the electron) with the n = 0 mode of the Fourier
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expansion. By virtue of equation (1.30), these particles have zero mass. The ob-
served (small) masses of the particles are then explained by the mechanism of spon-
taneous symmetry breaking.

• Going to higher dimensions. Equation (1.29) tells us that in 5d the n = 0 modes
have zero charge. In higher dimensions this is not necessarily true since massless
particles are no longer singlets of the gauge group (in our case U(1)).

Indeed, string theory compactifications are enormously more complicated than the sim-
ple toy model we studied in this section. The compactified spaces of string theory are
6-dimensional Calabi-Yau manifolds, Ricci-flat complex manifolds with SU(3) holonomy
[36]. These spaces are often augmented with branes, conifold singularities, and gauge
fluxes in order to make the models phenomenologically viable [37].

Even ignoring the fact that compactifications generically introduce moduli that need
to be stabilized, there is another reason why a simple compactified model does not work
as a theory of unified interactions. In a famous paper [38], Witten showed that there
is no way to get chiral fermions starting from a higher dimensional (super)gravity the-
ory on any smooth manifold. We now know that both of these problems (moduli and
chiral fermions) can be solved in string theory through a complicated compactification
procedure that requires warped manifolds with non-trivial gauge fluxes, Euclidean D-
brane instantons and conifold singularities [39]. The corresponding vacua are far from
obvious, and they have nothing of the simple beauty of Kaluza and Klein’s original the-
ory. They are more like "jury-rigged, Rube Goldberg contraptions that could hardly have
fundamental significance", in the words of Leonard Susskind. Every possible choice of
fluxes, brane configurations, and topology of the compact space gives rise to a different
low-energy physics in the usual 4d world.

This led Susskind himself to a genuine paradigm shift [40], one that remains to this
day extremely controversial. Susskind’s original hope, and that of much of the string
theory community, was that, besides being a unique theory, ST had a unique solution. In
this way, by fixing a single parameter (the string length), one could deduce the vacuum,
the spectrum of elementary particles, the forces and the symmetries of the SM. This hope
shattered in pieces when string theorists realized that the theory actually had an enor-
mous space of solutions, parametrized by the value of moduli fields, such as the size and
shape parameters of the compact internal 6d space.

Susskind called this collection of metastable vacua the landscape of string theory, in
analogy with the notion of fitness landscape in evolutionary biology. The analogy is par-
ticularly fitting, as one could imagine the particular geometrical structure of the extra
dimensions as producing a sort of "DNA" for the observable 4d universe. Different 4d
worlds have different "DNAs", which in this case are encoded in the particular geomet-
rical configuration and morphology of the extra dimensional space. Quite interestingly,
eternal inflation provides a mechanism to populate the landscape of string vacua [41].
In eternal inflation the universe starts in a metastable state, or false vacuum, with posi-
tive vacuum energy. The decay of a false vacuum to the true vacuum, or a lower lying
false vacuum, follows an exponential distribution, much like the decay of a radioactive
substance. However, unlike radioactive decay, the false vacuum expands exponentially
while decaying, due to the positive cosmological constant. In fact, in any successful
model of inflation, the expansion rate is always larger than the decay rate. This means
that in most inflationary models with at least two vacua, the regions of false vacuum
never deplete, and actually expand in size, with the evident consequence that inflation
never ends [42]. In the words of Andrei Linde, "the universe becomes a multiverse, an
eternally growing fractal consisting of exponentially many exponentially large parts, so
large that for all practical purposes they look like separate universes".
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String theory is thought to have at least 101000 metastable vacua [43], and the land-
scape to be enormously diverse, effectively containing a continuum of low-energy quan-
tum field theories with (almost) all possible values for the fundamental constants of the
universe. Combined with eternal inflation, this gives rise to a rather spectacular sce-
nario. If the universe as a whole starts in some metastable false vacuum somewhere
in the landscape, by a process of eternal inflation it will eventually reach (almost) all
vacua, turning the landscape in field space into a physical multiverse of pocket universes
(whose interiors are vacuum-like with a certain value of the cosmological constant) sep-
arated by domain walls, or membranes. This picture turns the cosmological principle,
the notion that on very large scales the matter distribution of the universe is isotropic
and homogeneous, on its head. While it is true that on cosmological scales, within one
Hubble horizon, a particular universe is bound to be homogeneous and isotropic, due to
the smoothing effect of the inflationary expansion, on even larger scales the universe is
wildly unhomogeneous and unisotropic. So much so in fact that getting from one uni-
verse to the next sometimes entails changing the structure of the low-energy theory. On
the largest possible scales the universe is a fractal: it is populated by pocket universes on
arbitrarily small comoving scales [44].

1.3 The Weakest Force

From the previous discussion it may look like in String Theory everything is allowed.
This is misleading. After all, all low-energy metastable vacua in the landscape are derived
from the same unique 10-dimensional theory. Logically, all these vacua, no matter how
different they look, will share the basic features of the Mother Theory. This is the idea
at the heart of the Swampland programme, which "aims to distinguish effective theories
which can be completed into quantum gravity in the ultraviolet from those which cannot"
[45]. The Swampland is then defined as the set of (apparently) consistent effective field
theories that nevertheless cannot be completed into String Theory. ST might lead to a
large Landscape of effective low-energy theories, but there is an even larger Swampland
of effective theories that cannot come from String Theory.

Field theories in the Swampland lack some fundamental feature that prevents them
from being completed into a quantum theory of gravity. Criteria identifying these com-
mon "quantum gravity" features are at the heart of the Swampland programme. One
such criterion is the so-called Weak Gravity Conjecture (WGC) [46]. The WGC promotes
the observation (clearly valid in our own world) that gravity is the weakest force to a uni-
versal principle. The precise statement is that any consistent quantum theory of gravity
contains a stable charged particle in its spectrum for which the repulsive gauge force ex-
ceeds the attractive force of gravity. Or, in other words, in any consistent quantum theory
of gravity the minimum of the ratio |km/q| over the particle spectrum is less than one.

We first encountered the WGC in the extra-dimensional setting of (1.26). There, we
saw that a 5d complex scalar field compactified on a circle gives rise to a KK tower of
massive charged states, with charges given by (1.29) and masses given by (1.30). The
WGC says that a consistent low energy effective theory must contain a particle with a
mass m and charge q satisfying

m ≤ q
k
=

q√
16πG

. (1.31)

KK particles arising from a 5d compactification on a circle naturally saturate the WGC
bound.
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In a generic toroidal compactificationM4 ×U(1)N the mass spectrum is given by a
trivial generalisation of (1.30),

m(n1,n2,...nN) =

√
n2

1

R2
1
+

n2
2

R2
2
+ ... +

n2
N

R2
N

, (1.32)

where Ri are the radii of the N-torus and ni are the integers specifying a particular ex-
citation mode. It is clear from (1.28) that while the mass terms enter quadratically into
the action, the charge terms enter linearly through the covariant derivative, meaning that
the total U(1) charge of a generic excitation described by mode numbers (n1, n2, ..., nN) is
additive:

q(n1,n2,...nN) = k
(

n1

R1
+

n2

R2
+ ... +

nN

RN

)
. (1.33)

The WGC is thus reduced to a purely geometrical statement about the compactification
manifold. For an N-torus the WGC is automatically satisfied by the triangle inequality,

as
√

x2
1 + x2

2 + ... + x2
N ≤ x1 + x2 + ... + xN .

The WGC can be justified outside of the framework of ST, and with no reference to ex-
tra dimensions. For this reason, it is often believed to be a generic feature of any quantum
theory of gravity. The main argument in favor of the WGC comes from the semi-classical
physics of black holes. It is generally believed that gravitational effects strongly violate
global symmetries [47]. The No Hair Theorem [48] states that all (classical) black hole
solutions can be completely characterized by only three externally observable classical
parameters: mass, electric charge, and angular momentum. Global symmetries are not
reflected in the properties of the black hole horizon and are therefore violated by the
evaporation process.

Gauge symmetries are of course legal in any QFT coupled with gravity. However, in
the limit q → 0, a local symmetry becomes physically indistinguishable from a global
symmetry, and something must step in to prevent this from happening. The WGC pro-
vides an answer. In the limit in which the gauge coupling goes to zero, the mass of the
lightest charged particle also goes to zero, so that the limit cannot be taken smoothly.

Another way to see that light charged particles are required by consistency is to con-
sider a charged black hole of mass M and charge Q. The bound for having a black hole
solution is M ≥ Qmp. Clearly, the black hole cannot evaporate completely if there are
no charged particles in the spectrum satisfying (1.31). What happens instead is that the
black hole continues emitting charged particles until it reaches the Planck mass with a
non-zero global charge. The resulting Planck-size object is stable due to its global charge,
and is called a remnant. For example, a black hole with mass M = 10mp made up of
particles with charge q = 10−100 could potentially give rise to 10100 Planck scale rem-
nants, each labeled by a different value of the total charge. A quantum theory of gravity
with a global symmetry would therefore have an infinite number of remnants, which is
arguably inconsistent [49].

The experimental fact that gravity is the weakest force seems to be a requirement in
any consistent quantum theory of gravity.

1.4 A Tale of Two Scales

While there are strong theoretical arguments in favor of gravity being the weakest force,
nothing tells us how weak it should be. There is nothing fundamentally wrong in having
gravity just a tiny bit weaker than electromagnetism, for example. In that case, the mass
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of the lightest particle in the spectrum would be only a thousand times or so smaller than
the Planck scale.

In reality, the mass of the electron, for instance, is very close to zero in natural units,
as it lies a whopping 32 orders of magnitude below the Planck scale. In other words, in
our universe there is a huge separation between the quantum gravity scale and the next
(known) high-energy scale, the electro-weak scale, where electromagnetism and the weak
nuclear force are believed to merge into a unified field. The reason for this enormous
separation of scales is currently unknown, but many tentative solutions have been put
forward.

The hierarchy problem, as it is known, stems from the simple observation that the
ratio between Fermi’s constant GF and Newton’s constant G is a very large number:

GF

G
≈ 1.7× 1033. (1.34)

At this stage, this is nothing more than a curiosity. If the constants of nature are univo-
cally determined by a unified theory of all forces, constants of order one are probably
the result of simple mathematical expressions containing numbers like 2, π, and the like.
Exceptionally large or small constants, on the other hand, are likely to arise from com-
plicated expressions that shed light on the underlying structure of the theory [50]. Both
cases are allowed and one no more mysterious than the other.

What makes the hierarchy problem a problem is quantum mechanics. Classically, GF
is a constant, so it can consistently have any value allowed by the fundamental theory.
In the SM, the size of GF is determined by the mass of the Higgs field mH, according to
the relation GF ∼ m−2

H (numerical factors are unimportant for our discussion). Crucially,
quantum fluctuations make the mass of the Higgs field unstable due to its interaction
with the quantum vacuum. As a result, the squared mass of the Higgs boson receives an
additional contribution [51]

δm2
H = kΛ2, (1.35)

where Λ is the maximum energy accessible to virtual particles in the vacuum and k a
proportionality constant which depends on the number and type of degrees of freedom
in the full theory. For the SM, k ≈ 3 × 10−2. The maximum energy of the quantum
fluctuations Λ depends on the UV completion of the SM. If there is no new physics before
the Planck scale, then Λ ∼ mp and one would predict a ratio (1.34) close to unity, in strong
contradiction with the measured value.

The hierarchy problem is not about explaining why there is a large separation of scales
between gravity and the other forces, but rather why this separation of scales is stable
against quantum corrections. To make this point clear, consider again the electron. The
electron’s mass is also much smaller than the Planck scale, while its electric charge is only
roughly a hundred times smaller than the maximum value allowed by perturbativity,
making gravity much weaker than electrostatic interactions for electrons. Nevertheless,
there is no technical problem with having such a small mass for the electron compared to
the natural scale of quantum gravity. The reason is that the electron’s mass is protected
against large quantum corrections by the chiral symmetry of the massless theory.

Indeed, the one-loop correction to the electron mass me is [52]

δme = kme log
(

Λ
me

)
. (1.36)

The divergence is logarithmic instead of quadratic, which means that, unlike the Higgs,
the electron’s mass is not sensitive to UV physics. It is perfectly natural for the electron’s
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mass to be small because even if the cutoff scale Λ is as large as the Planck scale, that
would only give a small quantum correction to the tree-level mass due to the mild loga-
rithmic divergence. The difference between the two cases is that the theory of a massless
fermion has a chiral symmetry that ensures that the fermion will remain massless to all
orders of perturbation theory. For a massive fermion, the loop corrections no longer van-
ish, but they must go to zero in the massless limit. This is why the one-loop correction to
the fermion mass has to be of the form (1.36).

The same is true for spin 1 particles, that are protected by gauge symmetries, but not
for scalar particles, like the Higgs boson. For a scalar particle there is no extra symmetry
that appears in the massless limit, therefore the divergence is not mitigated by anything.
Scalar particles are not protected by any symmetry, and for this reason light scalar parti-
cles are believed to be unnatural.

The definition of naturalness was formalized by ’t Hooft [53]:

A theory is natural if, for all its parameters p which are small with respect to
the fundamental scale Λ, the limit p → 0 corresponds to an enhancement of
the symmetry of the system.

This is clearly true for spin 1/2 and spin 1 particles, whose small masses are therefore
technically natural, but not for scalar particles, like the Higgs. The lightness of the Higgs
boson is highly unnatural and calls for an explanation.

There are several ways to solve or ameliorate the problem. One possibility is that,
once we include all quantum effects, the coefficient k in (1.35) turns out to be incredibly
small, of order 10−32. This requires a very precise cancellation of the different contribu-
tions to mH coming from different virtual particles at different energy scales, an excep-
tionally unlikely occurrence.

The widespread belief in the community is that there must be some new physics hid-
den behind the hierarchy of scales in Nature. The obvious solution is to take the correc-
tion (1.35) to be of order the Higgs mass, and infer from that the scale at which the theory
needs to be modified. This leads to a cutoff of order Λ ∼ TeV, meaning that some physics
beyond the SM has to appear at TeV energies to modify the UV sensitivity of the Higgs
mass to quantum corrections. A natural candidate for this new physics is supersymmetry
[54]. In a supersymmetric theory, quantum corrections to the Higgs mass naturally van-
ish because of the opposite contributions from bosonic and fermionic degrees of freedom.
If supersymmetry is broken at 1 TeV, quantum corrections drive the Higgs mass only up
to the cutoff scale, after which supersymmetry is restored and the mass stabilized. Alter-
natively, the Higgs could be a composite particle made up of smaller constituents, in the
same way as nuclei are made of protons and neutrons [55]. Above the cutoff scale of 1
TeV, the Higgs boson would dissolve in elementary particles that are protected by chiral
symmetries.

While these are neat solutions, they are not currently favoured by data. Direct detec-
tion experiments at LHC have produced a distinct lack of signals, and at the present time
there is no evidence for new physics at the TeV scale. This has led physicists to look for
other frameworks, usually inspired by String Theory, that solve the hierarchy problem
without relying on supersymmetry or composite models.

A prime example is the Large Extra Dimensions (LED) model, proposed by Nima
Arkani-Hamed, Savas Dimopoulos, and Gia Dvali in 1998 [56]. The authors assume that
the gravitational and gauge interactions become united at the weak scale, which is taken
to be the only fundamental high-energy scale in Nature. The observed weakness of grav-
ity in this framework is simply due to the existence of compact extra dimensions that are
large compared to the weak scale. Suppose we have n extra compact dimensions of size
R. The Planck scale in the full (4+n)-dimensional theory is naturally close to the weak
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scale, mp,4+n ∼ mH. The effective 4d Planck mass mp is then

m2
p ∼ m2+n

p,4+nRn. (1.37)

If mp,4+n ∼ mH, the extra dimensional space size that reproduces the observed strength
of gravity is

R ∼ 1030/n−17cm×
(

1TeV
mH

)1+2/n

. (1.38)

For n = 1, R ∼ 1013 cm, implying deviations from Newtonian gravity over solar system
distances, so this case is empirically excluded. For all n ≥ 2, however, the modification
of gravity only becomes noticeable at distances smaller than those currently probed by
experiment, which is around a millimeter. In this model, the Planck scale mp is not fun-
damental; its enormity is simply a consequence of the large size of the new dimensions.

While gravity has not been probed at distances smaller than a millimeter, the SM
gauge forces have certainly been accurately measured at weak scale distances. Therefore,
the SM particles cannot freely propagate in the extra n dimensions, but must be localized
to a 4 dimensional submanifold, a brane. Due to its universal nature, gravity is the only
force that can propagate in the bulk, while all the other gauge forces are localized on
the brane. In this geometric picture, we can understand the weakness of gravity as a
consequence of the "leakage" of gravitons in the large compact space. From the point of
view of String Theory, SM particles are represented by open strings, which are naturally
attached to branes, while gravitons are particular excitations of the closed string and can
freely propagate in the space between branes unbridled.

Some string theorist have argued that the separation of scales is the consequence of a
simple selection effect: the universe is far larger and far more diverse than the part that
we can see, and we live in an apparently unnatural part of the universe mainly because
the rest of it is uninhabitable, in much the same way that although rocky planets are
rare in the universe, we live on one because it’s the only place we could have evolved
and survived. In other words, there is a huge number of vacua in the string landscape
with virtually all possible values for the ratio GF/G and we live in a special kind of
vacuum where the ratio is exponentially large simply because that is a prerequisite to the
emergence of observers. This is the anthropic solution to the hierarchy problem, and it
relies on a physical multiverse to populate the countless possibilities offered by the String
Theory landscape.

1.5 Planckian Dark Matter

The evidence for particle dark matter is overwhelming [57], and it appears at different
scales:

1. The most convincing and direct evidence for dark matter on galactic scales comes
from the observations of the rotation curves of galaxies, namely the plots showing
the orbital velocities of stars and gas as a function of their distance from the galactic
center. Observed rotation curves usually exhibit a characteristic flat behavior at
large distances, even far beyond the edge of the visible disks [3–8]. In Newtonian
dynamics the circular velocity is expected to be

v(r) =

√
GM(r)

r
, (1.39)
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where M(r) = 4π
∫

ρ(r)r2dr, and ρ(r) is the mass density profile of the galaxy, and
should fall as ∝ r−1/2 beyond the optical disc. The fact that v(r) is approximately
constant implies the existence of a (dark) halo with M(r) ∝ r and ρ(r) ∝ 1/r2.

2. On the scale of galaxy clusters, the evidence is manifold, since the mass of a cluster
can be determined via several methods, including application of the virial theorem
to the observed distribution of radial velocities of the galaxies within the cluster,
by weak gravitational lensing, and by studying the profile of X-ray emission that
traces the distribution of hot emitting gas in rich clusters. Generally, all these meth-
ods agree that dark matter outweighs visible matter by approximately 5 to 1. His-
torically, a cluster of galaxies gave the first hint of dark matter. In 1933, Zwicky
inferred, from measurements of the velocity dispersion of galaxies in the Coma
cluster, a mass–to–light ratio of around 400 solar masses per solar luminosity, thus
exceeding the ratio in the solar neighborhood by two orders of magnitude [2]. To-
day, most dynamical estimates [58–60] are consistent with a value ΩDM ∼ 0.2− 0.3
on cluster scales.

3. Despite being quite compelling, observations on distance scales of the size of galax-
ies and clusters of galaxies do not allow us to determine the total amount of dark
matter in the universe. Such information can be extracted from the analysis of the
Cosmic Microwave Background (CMB), i.e. on cosmological scales. The CMB is the
background radiation which originated when photons decoupled from matter in
the early universe. While visible matter interacts strongly with radiation via Thom-
son scattering, dark matter does not interact directly with radiation, but it does af-
fect the CMB by its gravitational potential. Ordinary and dark matter perturbations,
therefore, evolve differently with time and leave different imprints on the cosmic
microwave background. The CMB is very close to a perfect black body but contains
very small temperature anisotropies of a few parts in 105. A sky map of anisotropies
can be decomposed into an angular power spectrum, which is observed to contain
a series of acoustic peaks at near-equal spacing but different heights. The series
of peaks can be predicted for any assumed set of cosmological parameters, and
matching theory to data, therefore, constrains cosmological parameters [61, 62].

Since we know the physics of hot gases very well, we can compute the properties of
the oscillating gas by studying the positions and relative sizes of these peaks. The
position of the first peak, for example, tells us about the curvature of the universe
(and hence how much mass there is in it), while the ratio of heights between the
first and second peaks tells us how much of the matter is baryonic (ordinary mat-
ter). The observed CMB angular power spectrum provides powerful evidence in
support of dark matter, as its precise structure is well fitted by particle dark mat-
ter, but difficult to reproduce with any competing model such as those of modified
gravity [63].

4. Dark matter is also essential for structure formation. During structure formation,
small anisotropies gradually grow and condense the initially homogeneous uni-
verse into stars, galaxies and larger structures [64]. Ordinary matter is affected
by radiation, which is the dominant element of the universe at very early times.
As a result, its density perturbations are washed out and unable to condense. If
there were only ordinary matter in the universe, there would not have been enough
time for density perturbations to grow into the galaxies and clusters currently seen.
Dark matter provides a solution to this problem because it is unaffected by radia-
tion. Therefore, its density perturbations can grow first. The resulting gravitational
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potential acts as an attractive potential well for ordinary matter collapsing later,
speeding up the structure formation process [65].

5. The Bullet Cluster consists of two colliding clusters of galaxies. The two major
components of the clusters, namely the hot intergalactic gas and the putative dark
matter, behave differently during collision, allowing them to be studied separately.
The hot gas of the two colliding components, seen in X-rays, represents most of the
baryonic matter in the cluster pair. The gases interact electromagnetically, causing
them to slow down significantly during the collision and be concentrated near the
center. On the other hand, the dark matter component, presumed to be collision-
less, passes right through and can be detected indirectly by the gravitational lensing
of background objects. In theories without dark matter, such as MOND, the lens-
ing would be expected to follow the baryonic matter, i.e. the X-ray gas. However,
the lensing is strongest in two separated regions near (possibly coincident with) the
visible galaxies [66]. This provides support for the idea that most of the mass in the
cluster pair is in the form of two regions of dark matter, which bypassed the gas
regions during the collision. This accords with predictions of dark matter as only
weakly interacting, and provides a strong indication that the unexpected dynam-
ics in galaxies and clusters of galaxies is due to dark matter rather than modified
gravity [67].

Apart from its particle nature, little is known about dark matter, and the parameter
space is virtually unconstrained. This has led to a standard approach to dark matter
model building, which, in the absence of guiding data, consists in considering dark mat-
ter candidates that solve at least one additional problem for free. In other words, the
existence of the dark matter particle has to be motivated independently of the missing
matter problem that it helps solving. The prime example are WIMPs, Weakly Interact-
ing Massive Particles [68]. As we saw in section 1.4, TeV-scale supersymmetry naturally
solves the hierarchy problem. The extra symmetry introduces a new particle in the spec-
trum with TeV mass that interacts with visible matter via the electroweak force. One
can show that such a particle is automatically produced with the right abundance in the
early universe via thermal freeze-out, an occurrence that has been called the WIMP mir-
acle [69]. Similarly, axions were originally introduced to solve the strong CP problem
in quantum chromodynamics (QCD) [70], and can be abundantly produced in the early
universe via the misalignment mechanism [71]. We will explore the leading mechanisms
for dark matter production in section 2.4.

WIMPs and axions are prime examples of "natural" dark matter candidates, since
their existence is motivated by independent theoretical arguments. In this thesis, how-
ever, we will explore a different approach to the dark matter problem, one that relies on
minimality in the sense of Occam’s razor. This new approach is motivated by the fact
that the WIMP scenario is now in tension with data, as evidenced by the absence of new
physics at LHC in the TeV range. If the solution to the hierarchy problem does not entail
low energy SUSY, the WIMP is excluded as a natural solution to the dark matter problem,
and other more minimal scenarios become attractive. A possible minimal (and natural)
scenario of dark matter is one that is instead motivated by quantum gravity.

While the evidence for the existence of dark matter so far stems purely from its
gravitational influence, the dark matter particle is usually assumed to have other-than-
gravitational interactions. In other words, the physics beyond the Standard Model re-
sponsible for dark matter is typically assumed to emerge much below the Planck scale.
In the WIMP scenario, for example, new particles and symmetries are expected to arise
around the TeV scale. This also makes it reasonably feasible to see the dark matter particle
in direct detection experiments.
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However, new physics below the Planck scale is not a necessity. There is nothing
fundamentally wrong in having an extended desert between the electroweak scale and
the Planck scale, or possibly the GUT scale. In section 1.1, we argued that new physics is
bound to emerge close to the Planck scale to restore unitarity in gravitational scattering,
but in principle no new fundamental scale is needed to make sense of our world. In a
minimal approach to the dark matter problem, no new scale should be added to solve
the problem if it’s not needed. Thus, the most minimal dark matter model is one in
which the dark matter particle is connected to the new degrees of freedom that emerge
at the Planck scale to unitarize gravity. In this new paradigm, the dark matter particle
is intimately linked to the theory of quantum gravity; it has a natural mass close to the
Planck scale, and has only gravitational (planck-suppressed) interactions. We call this
scenario Planckian Interacting Dark Matter (PIDM) [11].

If the desert is real, then there is no reasonable explanation of why the electroweak
scale is so much smaller than the Planck scale. Supersymmetry or LED cannot help us.
However, in the new framework of the string landscape, the constants of nature which
are required to be unnaturally small in order for complex life to emerge could simply
be a consequence of environmental selection [40]. For example, it has been argued that
the properties of nuclei and atoms would not allow for a complex chemistry to exist if
the electroweak scale is too far away from the confinement scale of QCD [72–74]. While
the unnatural features of the SM might be required for the emergence of observers, the
precise details of the dark sector are not crucial for life, so one would not expect them
to be strongly fine tuned. In fact, one would expect the dark sector to be as natural as
possible, with a particle spectrum close to the Planck scale, the natural UV cutoff scale
of the theory. We introduce the minimal PIDM scenario in chapter 3, and discuss its
phenomenology. This type of scenario is of course very hard to test directly. However,
an interesting consequence of the minimal PIDM paradigm is that in order to produce
enough of such a heavy, very weakly coupled particle, the reheating temperature of in-
flation has to be relatively high. This implies a detectable primordial tensor-to-scalar ratio
r in the cosmic microwave background (CMB) power spectrum, as we will see.

While we assume that, within the minimal PIDM paradigm, dark matter has grav-
itational interactions only and a mass not too far below the Planck or GUT scales, it is
certainly possible that the hidden sector is more complicated. For example, if there are
additional symmetries that protect the PIDM mass, it could be much lighter than the
Planck or GUT scales. In chapter 4 we study a simple extension of the minimal PIDM
model in which the dark sector is endowed with an unbroken U(1) gauge symmetry.

PIDM is produced at the highest temperatures immediately after inflation by thermal
scattering in the SM plasma. The same mechanism also produces gravitational atoms,
purely gravitational quantum bound states of dark matter particles. We discuss gravita-
tional atoms and their interesting gravitational wave signature in chapter 5.

1.6 The Elusive Particle

Gravitational atoms (PIDM bound states) are bound together by gravity alone. One could
then wonder if these atoms could absorb gravitons discretely and leave a detectable im-
print on gravitational wave signals. This innocent-sounding question leads to a quite
profound result in classical GR, due to Dyson [75].

On September 14, 2015 two detectors of the Laser Interferometer Gravitational-Wave
Observatory (LIGO) simultaneously observed a transient gravitational wave signal [76].
Gravitational waves are ripples in spacetime that were first predicted by Einstein in 1916
on the basis of his general theory of relativity. The discovery of gravitational waves,
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which won the 2017 Nobel Prize in Physics for the experiment leaders, confirmed Ein-
stein’s picture of spacetime as a differentiable manifold that can bend and stretch under
the influence of matter.

The general belief among physicists is that gravity is quantized, just like any other
field. A gravitational wave over a smooth spacetime would then be a collection of a large
number of field quanta, gravitons, in much the same way as a classical electromagnetic
wave can be thought of as a coherent superposition of photons. In the latter case, the
quantization of the field can be directly probed, as we can detect individual photons. In
the case of gravity, however, this is not as simple, and there are in fact strong reasons to
believe that detecting the quantization of the gravitational field is not possible, not even
in principle [75].

In 1933, Bohr and Rosenfeld published an obscure paper titled "On the Question of
the Measurability of the Electromagnetic Field Strengths" [77]. In it, they showed with
remarkable ingenuity that the quantum-mechanical limitations on measurement of the
motion of matter precisely implies the limitations on measurement of the field-strengths
imposed by quantum electrodynamics. In other words, they proved that it is mathemat-
ically inconsistent to have a classical electromagnetic field interacting with a quantum-
mechanical measuring apparatus.

It is instructive to review the argument made by Bohr and Rosenfeld, in order to see
why it works in the case of electromagnetism and why it fails in the case of gravity. The
authors imagine a two-slit diffraction experiment in which charged particles are fired at
the target one at a time. One then tries to determine which slit the charged particle went
through by measuring its Coulomb field as it passes through the slits. The detector is
placed in the plane of the slits, and far away from them. For the sake of argument, let’s
imagine that it lies closer to the upper slit. Then, if the particle passes through the upper
slit, it produces a stronger field than if it passes through the lower slit. Thus, if one can
measure the field sufficiently accurately, one gains “which-path” information, posing the
possibility of seeing interference while at the same time knowing the path the particle
takes, a fundamental violation of the principles of quantum mechanics.

Elementary quantum mechanics requires that once one has the capability of obtaining
which-path information, even in principle, the interference pattern must be suppressed.
Underlying the loss of the pattern is that the charged particle produces a radiation field
when passing through the slits. The larger the charge the stronger is the radiation pro-
duced. This radiation must then introduce a phase uncertainty in order to destroy the
pattern, and so itself must carry phase information; thus the electromagnetic field must
have independent quantum degrees of freedom. Were the quantum mechanical matter
to emit classical radiation, the emission would produce a well-defined phase shift of the
particle amplitudes along the path, which while possibly shifting the pattern, would not
destroy it [78]. In other words, if the charge of the particle is artificially increased until
one can distinguish which slit it went through, its (quantum) radiation field will become
so strong that it will immediately destroy the interference pattern.

One can perform the same type of experiment with massive particles by measuring
the Newtonian gravitational field produced by them as they diffract. For sufficiently
large masses, one can similarly gain information on the path taken by these particles.
However, one cannot conclude in this case that the gravitational field must also be quan-
tized, since for masses for which one can determine the path, the fringe separation in
the diffraction pattern would shrink below the Planck length, lp =

√
G [79]. Position

measurements are fundamentally limited in accuracy to scales & lp in any theory that
combines quantum mechanics with classical general relativity [80], and thus distinguish-
ing such a fine pattern cannot be done. Unlike in the electromagnetic case, where the
interference pattern is suppressed due to decoherence caused by the radiated photons,
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the pattern in the gravitational case becomes immeasurably fine, not because the parti-
cles radiate quantized gravitons, but because of a fundamental length scale implicit in
any theory of gravitation.

The Bohr-Rosenfeld analysis does not apply to the gravitational field. This does not
mean that the gravitational field cannot be quantized. It only means that the quantization
of the gravitational field is not a logical consequence of the quantum behavior of matter.
Starting from this profound observation on the nature of gravity, Freeman Dyson showed
that, besides not being a logical necessity, the quantization of gravity is also probably
unobservable in GR [75].

Dyson starts by asking if it is possible for LIGO to detect a single graviton. LIGO can
detect waves with a strain amplitude of f ∼ 10−21. The energy density of this wave is
ω2 f 2/(32πG), where ω is the frequency. A single graviton of frequency ω cannot be con-
fined within a region of linear dimension smaller than the reduced wavelength, therefore
its energy density is at most ω4. LIGO’s frequency sensitivity peaks at ω ∼ 10 kHz, so
any gravitational wave detected by LIGO has to contain at least 1037 gravitons, deep in
the classical regime. There is of course no hope for LIGO to detect a single graviton.

Clearly, the previous argument is not a proof of principle. Let’s consider then a super-
powerful LIGO-type detector with arbitrary sensitivity and ask if this fictional instrument
could in principle detect a single graviton. In order to be able to do that, the minimum
energy density detectable by this super sensitive LIGO has to equal the energy density of
a single graviton, thus ω2 f 2/(32πG) = ω4, or

f =
√

32π
ω

mp
. (1.40)

The strain f represents the fractional change in the linear size of the detector D as the
gravitational wave goes through it. In order to have any effect on the measuring appa-
ratus, the wavelength of the graviton has to exceed D. Thus, optimum detectability is
reached for D = ω−1, and the corresponding fractional change in the distance is

f D =
√

32π lp. (1.41)

Up to a factor of order unity, the required precision in the distance measurement is equal
to the Planck length, and is independent of the frequency of the graviton. The system is
bound to collapse to a black hole before a measurement of the sort can be completed.

We could think of increasing the frequency of the incoming graviton and using a
different type of detector. For example, gravitons with frequencies of the order of 1015

Hz are capable of ionizing atoms, and one can detect the outgoing electron by standard
methods of particle physics. This would amount to using the gravito-electric effect, the
gravitational analog of the photo-electric effect used by Einstein in 1905 to infer the ex-
istence of photons [81]. In fact, the simplest kind of graviton detector is an electron in
an atom. The matrix element for the electron to absorb the graviton and move from its
ground state ψi to an excited state ψ f is proportional to the mass-quadrupole tensor

Dij = m
∫

ψ∗f xixjψid3x, (1.42)

where m is the electron mass. The total cross section for absorption of the graviton by the
electron is

σ(ω) = 4π2Gω3|〈Dij〉|2, (1.43)
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where the average is taken over all directions of the incident gravitational wave. Integra-
tion of (1.43) gives

σabs = 4π2Ql2
p, (1.44)

where Q is a numerical factor of order one. The gravitational absorption cross section is
of order the Planck area, and is independent of the frequency of the graviton, as well as
the atomic structure.

Let’s assume we have a detector of size R and mass M made up of bound states
with mass mB and number density nB. In order to detect a single graviton with high
probability, the size of the detector R should exceed the mean free path of the graviton
[82, 83],

nBσabsR ≥ 1. (1.45)

The number density of bound states is just nB = M/(mBR3), therefore condition (1.45)
becomes

M
R

l2
p

mBR
≥ 1. (1.46)

Now, M
R . m2

p to avoid gravitational collapse, thus the condition requires mBR . 1,
meaning that the Compton wavelength of the atoms exceeds the size of the detector, a
contradiction. We conclude that, due to the specific features of the gravitational force, it
is impossible to detect gravitons with high probability using bound states as detectors.

The obstruction in observing the quantization of the gravitational field might just be
a quirk of gravity, or it might point to something deeper. Freeman Dyson interpreted this
as evidence that the gravitational field is a purely classical entity. Decades of failed at-
tempts in reconciling quantum mechanics and general relativity might turn out to be the
consequence of a simple misunderstanding on the nature of gravitational interactions. It
is perfectly possible that one cannot quantize gravity in exactly the same way as one can-
not quantize temperature. In other words, spacetime could emerge as a thermodynamic
property of more primitive non-geometric entities [84]. The idea is debated and certainly
outside mainstream physics.

Returning to our original question, is it possible for gravitational atoms, or any kind
of atom for that matter, to absorb gravitons? In other words, is it possible to observe
gravitational absorption lines? Based on Dyson’s argument, the answer should be no,
since a detection of gravitational absorption lines would immediately demonstrate that
gravity is quantized. In chapter 6 we will elaborate on this interesting issue.

1.7 Outline

The thesis is structured as follows.

In chapter 2 I present a brief overview of the first few moments of our universe, from the
Big Bang and cosmic inflation up to dark matter genesis and structure formation, and I
discuss the most prominent dark matter candidates and their corresponding production
mechanisms.

In chapter 3 I introduce the minimal Planckian Interacting Dark Matter (PIDM) scenario,
first proposed in [11], and discuss its theory and phenomenology. This chapter is based
on [12], written by Mathias Garny, McCullen Sandora, Martin Sloth, and me.
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In chapter 4 I explore the simple extension of the minimal PIDM scenario in which the
dark sector is endowed with a U(1) gauge symmetry to account for the small scale prob-
lems of ΛCDM. This chapter is based on [13], written by Mathias Garny, McCullen San-
dora, Martin Sloth, and me.

Planckian interacting massive particles are produced by thermal scattering in the early
universe plasma. The same mechanism will also produce gravitational atoms, purely
gravitational quantum bound states of dark matter particles. In chapter 5 I present the
minimal scenario of gravitational atoms, first proposed in [14], and discuss its gravita-
tional wave signature. This chapter is based on [14], written by Niklas Nielsen, Martin
Sloth, and me.

Chapter 6 is only peripherally related to the others, and deals more properly with the
quantum nature of gravity. In it, I explore the physics needed to produce gravitational
absorption lines, and argue that a detection of dark lines in gravitational spectra would
probe the quantization of the gravitational field. This chapter is based on [15], written by
Martin Sloth and me.

Finally, chapter 7 contains the conclusions and outlook.
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Chapter 2

Ex Nihilo

2.1 Cosmic Inflation

According to the standard Big Bang theory, space and time emerged together around 13.8
billion years ago [85]. The universe then expanded from a very dense and hot state to the
present configuration through successive stages, the earliest being dominated by radi-
ation, followed by non-relativistic matter, and ending with the current stage driven by
the energy density of the vacuum [86]. The Big Bang theory has been extremely success-
ful, and offers a comprehensive explanation for a broad range of phenomena, including
the abundance of light elements, the cosmic microwave background (CMB), large-scale
structure and Hubble’s law [87].

The evolution of the universe is described with cosmological equations derived from
Einstein’s theory of general relativity, under the assumption that the universe is homo-
geneous and isotropic on the largest scales. This assumption is known as the cosmological
principle, which amounts to the statement that the part of the universe which we can see
is a fair sample, and that the same physical laws apply throughout [88]. Indeed, obser-
vations have shown that the universe is statistically homogeneous on scales larger than
250 million light years. The cosmological principle implies that the metric of the universe
must be of the FRW (Friedmann-Robertson-Walker) form

ds2 = dt2 − a(t)2ds2
3, (2.1)

where ds2
3 is the metric of a 3d space with constant curvature, t is time, and a(t) is the

scale factor, which provides a measure of the expansion of the universe. Intuitively, the
scale factor controls the "size" of the space-like slices.

There are two independent cosmological evolution equations (known as Friedmann
equations). The first is an equation for the first time derivative of the scale factor,

ȧ2 + k
a2 =

8πGρ + Λ
3

, (2.2)

where ρ is the energy density of matter in the universe, Λ the cosmological constant, and
k the spatial curvature parameter that takes the values -1,0,1 depending on whether any
spatial slice of the metric has hyperbolic, flat, or spherical geometry, respectively. The
second is an equation for the cosmic acceleration:

ä
a
= −4πG

3
(ρ + 3p) +

Λ
3

, (2.3)

where p is the pressure component of the matter stress-energy tensor.
Extrapolation of the expansion of the universe backwards in time using equation (2.2)

and (2.3) yields an infinite density and temperature at a finite time in the past, a singu-
larity [89]. This indicates that GR is not a good description of physics in this regime, and
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has to be replaced by a proper theory of quantum gravity. Consequently, pre-big bang
physics is mostly speculative, even though some serious string-inspired scenarios have
been put forward [90, 91]. The big bang scenario is an extremely well-tested theory of
the evolution of the universe from an early state, but it doesn’t explain how the universe
came into being, precisely because one cannot extrapolate the evolution past the singu-
larity without a working theory of quantum gravity. Even ignoring for the moment the
problem of the origin of the universe, the standard big bang scenario has a few serious
flaws that demand an explanation.

Our universe is vast, old, flat and homogeneous [92]. While these broad features are
often taken for granted, they are all but obvious in the standard Big Bang scenario. Take
for example homogeneity. The Cosmic Microwave Background (CMB) is the remnant
electromagnetic radiation from the recombination epoch, when charged electrons and
protons first combined to form electrically neutral hydrogen atoms and the universe be-
came transparent to radiation [93]. The radiation from the sky we measure today comes
from a spherical surface called the surface of last scattering, which represents the set of
points in space at which the decoupling of matter and radiation is estimated to have
occurred. The CMB then gives us a pretty good snapshot of the universe when it was
merely 379,000 years old. Observations show that the CMB is isotropic and homoge-
neous to roughly one part in 105.

The comoving Hubble radius for a universe dominated by a fluid with equation of
state p = wρ is [94]

(aH)−1 = H−1
0 a

1
2 (1+3w), (2.4)

where H−1
0 is the Hubble radius today. The comoving particle horizon τ represents the

maximum distance a light ray can travel in a certain interval of time, and it is given by

τ =
∫ t

0

dt
a(t)

=
∫ a

0

da
Ha2 =

∫ a

0
d ln a

1
aH

. (2.5)

Here, we have expressed τ as an integral of the comoving Hubble radius to facilitate
its physical interpretation: the comoving particle horizon represents the fraction of the
universe in causal contact at any given time t. The qualitative behaviour of (aH)−1, and
therefore of τ, depends on whether the combination (1 + 3w) is positive or negative.
During conventional Big Bang expansion, w > 0 and the comoving Hubble radius grows
monotonically, which means that the fraction of the universe in causal contact increases
with time:

τ ∝ a
1
2 (1+3w). (2.6)

In particular, τ ∝ a for radiation domination and τ ∝
√

a for matter domination. Physi-
cally, this means that comoving scales entering the horizon today have been far outside
the horizon at CMB decoupling. However, the near-homogeneity of the CMB tells us
that the universe was extremely homogeneous at the time of last-scattering on scales that
should be a priori causally independent. This is a major weakness of the standard Big
Bang scenario.

Another related problem concerns the perceived flatness of our universe. To quantify
the problem, let’s consider the first Friedmann equation

H2 =
8πG

3
ρ− k

a2 . (2.7)
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The critical energy density is defined as the energy density of a spatially flat universe
(k = 0):

ρc =
3

8πG
H2. (2.8)

Let’s also define the energy density parameter of matter and radiation as

Ω =
ρ

ρc
. (2.9)

We can then rewrite Friedmann equation (2.7) as

1−Ω = − k
a2H2 . (2.10)

As we saw, in standard cosmology the comoving Hubble radius (aH)−1 grows with
time, therefore from equation (2.10), the quantity |Ω− 1| must diverge with time. What
this means is that the value Ω = 1, which gives a spatially flat universe, is an unsta-
ble fixed point of the cosmic evolution. Therefore, in standard Big Bang cosmology the
near-flatness observed today requires an extreme fine-tuning of Ω close to 1 in the early
universe. For example Ω(a0) ∼ 1 today implies |Ω(aBBN)− 1| ≤ 10−16 at Big Bang Nu-
cleosynthesis, |Ω(aGUT)− 1| ≤ 10−55 at the Grand Unified scale, and |Ω(ap)− 1| ≤ 10−61

at the Planck scale.
While not strict inconsistencies, the flatness and homogeneity problems severely un-

dermine the predictive power of the Big Bang model. Both problems stem from the sim-
ple observation that the comoving Hubble radius always increases with time if the strong
energy condition 1 + 3w > 0 is satisfied. One way around the problem then is to assume
a hypothetical early stage of the universe evolution when the energy density was domi-
nated by exotic matter that violates the strong energy condition. This requires 1+ 3w < 0,
or

p < −1
3

ρ, (2.11)

i.e. negative pressures. In this way, we invert the behaviour of the comoving Hubble
radius, making it decrease with time. For instance, equation (2.10) for a non-flat universe
is

|1−Ω| = 1
a2H2 . (2.12)

If (aH)−1 decreases with time, this drives the universe towards flatness rather than away
from it. In other words, the flat solution Ω = 1 is now an attractor of the cosmic evolution.
Similarly, the homogeneity problem is naturally solved since the universe becomes more
causally connected in the (far) past (see equation (2.6)).

This hypothetical stage of the universe evolution characterized by a shrinking Hubble
sphere is called inflation [95–99]. From the relation

d
dt
(aH)−1 =

−ä
(aH)2 < 0, (2.13)

we deduce that inflation is a period of accelerated expansion. More precisely, inflation
is defined as a period of quasi-exponential expansion, during which the Hubble rate is
approximately constant, and the scale factor therefore increases exponentially with time:

a(t) = aieHt. (2.14)

Exponential expansion drives a curved spacetime towards spatial flatness, and it expands
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the causal horizon beyond the present Hubble length. Within a fraction of a second, the
universe grows stupendously, reaching a macroscopic size.

The microphysical implementation of inflation is debated, but the simplest models in-
volve a single scalar field φ, called the inflaton 1. The dynamics of a scalar field minimally
coupled to gravity is governed by the action [100]

S =
∫

d4x
√
−g
[

1
16πG

R +
1
2

gµν∂µφ∂νφ−V(φ)

]
, (2.15)

where V(φ) is the scalar potential, which describes the self-interactions of the scalar field.
Assuming the FRW metric (2.1), the energy-momentum tensor of the scalar field takes the
form of a perfect fluid with

ρφ =
1
2

φ̇2 + V(φ), (2.16)

pφ =
1
2

φ̇2 −V(φ). (2.17)

The resulting equation of state parameter is

wφ =
pφ

ρφ
=

1
2 φ̇2 −V(φ)
1
2 φ̇2 + V(φ)

. (2.18)

A scalar field can lead to negative pressures and accelerated expansion whenever wφ <

−1/3, i.e. when the potential energy V(φ) dominates over the kinetic energy 1
2 φ̇2. In

slow-roll inflation
φ̇2 � V(φ). (2.19)

Moreover, accelerated expansion will only be sustained for a sufficiently long period of
time if the scalar field acceleration is small enough,

|φ̈| � |3Hφ̇|, |∂φV(φ)|. (2.20)

If the two slow-roll conditions (2.19) and (2.20) are satisfied, then the background evolu-
tion is

H2 ≈ 8πG
3

V(φ) ≈ const. (2.21)

φ̇ ≈ −
∂φV
3H

, (2.22)

and spacetime is approximately de Sitter: a(t) ∼ eHt. The slow roll conditions are often
condensed by requiring the smallness of two parameters

ε =
m2

p

2

(
∂φV
V

)2

,

η = m2
p

∂φ∂φV
V

. (2.23)

The conditions ε � 1 and η � 1 constrain the shape of the potential such that slow-roll
inflation can take place.

1A constant vacuum energy, equivalent to a cosmological constant Λ in the Friedmann equation (2.2),
cannot provide a complete description of inflation in the early universe, since inflation must necessarily
come to an end in order for the standard Big Bang cosmology to follow.
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As an example, let’s consider the (arguably) simplest model for inflation: single field
inflation driven by a mass term. The scalar potential is

V(φ) =
1
2

m2φ2. (2.24)

The slow-roll parameters are

ε = η = 2
(

mp

φ

)2

. (2.25)

Thus, to satisfy the slow-roll conditions ε, η � 1, the inflaton has to start at super-
planckian values:

φ >
√

2mp. (2.26)

This is an example of a large class of inflationary models in which the inflaton field starts
at super-planckian field values, called large-field inflation [101].

Although inflation does help in explaining away some of the most puzzling features
of the standard Big Bang scenario, it cannot be the final theory for the cosmological evo-
lution of the universe. In fact, it can be shown that the primordial singularity of the Big
Bang persists in inflationary cosmology [102]. This implies that the theory is incomplete
since the physical initial value problem is not defined. To a good approximation, the
metric during inflation is

ds2 = dt2 − a(t)2dx2 (2.27)

where a(t) = eHt. Naively, the surface at t = −∞ appears to be in the infinite past, but
that is not so, as one can show that physical time-like geodesics that extend to t = −∞ are
finite [103]. The four-momentum of a particle on a time-like geodesic is Pµ = mdxµ/dτ,
where τ is its proper time. Therefore, dxi = Pi/mdτ, where Pi is the comoving momen-
tum of the particle. The relationship between the physical pi and comoving momentum
Pi is pi = a(t)Pi. The geodesic equation tells us that pi ∝ 1/a(t), therefore Pi ∝ 1/a(t)2.
We can then use the metric (2.27) to derive a relationship between proper time τ and
coordinate time t: dτ2 = dt2 − a(t)2P2/m2dτ2. Rearranging, we get

dτ =
dt√

1 + a−2 p2

m2

. (2.28)

From this, it easily follows that the proper time elapsed since the beginning of the de
Sitter phase at t = −∞ is finite:

τ =
∫ 0

−∞

dt√
1 + e−2Ht p2

m2

=
1
H

log

(
m +

√
m2 + p2

p

)
. (2.29)

The proper time becomes arbitrarily small for light-like geodesics, as τ → 0, for m→ 0.

2.2 Cosmological Perturbations

Although inflation was first introduced to solve the initial condition problem of the stan-
dard Big Bang scenario, its greatest triumph lies elsewhere. As the scalar field rolls down
the potential, it suffers small quantum fluctuations. These fluctuations are stretched
across the sky where they provide the primordial seeds for the subsequent formation
of structures in the universe. The fluctuations are responsible for the hot and cold spots
in the CMB which, in turn, determine where matter clumps and galaxies form [104].
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Inflation has the remarkable property of being able to "wash out" any memory of
initial conditions [105, 106]. Given almost any initial configuration, a universe that un-
dergoes enough stages of inflation will always end up extremely homogeneous, isotropic
and flat. However, due to the quantum fluctuations inherent in any matter field (includ-
ing the inflaton itself), the smoothing process can never be perfect. There will always be
slight inhomogeneities in the final energy density. These quantum defects will then grow
by gravitational instability to form the galaxies that we see all around us [107].

For simplicity, let us first study the quantum fluctuations of a generic massless scalar
field ψ, which is not the inflaton, during inflation [108]. We start by expanding the scalar
field ψ in Fourier modes,

δψ =
∫ d3k

(2π)3 eikxδψk. (2.30)

The evolution equation for the field fluctuations is [109]

δψ̈k + 3Hδψ̇k +
k2

a2 δψk = 0. (2.31)

The qualitative behaviour of equation (2.31) depends on the wavelength λ of the quan-
tum fluctuations. For wavelengths within the Hubble radius, λ � H−1, the correspond-
ing wavenumber satisfies the relation k � aH. In this regime, the friction term is negli-
gible, and the evolution equation reduces to

δψ̈k +
k2

a2 δψk = 0, (2.32)

which is the equation of motion of an harmonic oscillator with time-dependent frequency.
Qualitatively, we expect that when the wavelength is inside the horizon, the fluctuation
oscillates. For wavelengths larger than the Hubble radius, λ � H−1, the wavenumber
satisfies the relation k � aH, and the frequency term k2/a2 is negligible. Equation (2.31)
then reduces to

δψ̈k + 3Hδψ̇k = 0. (2.33)

The friction term dominates, which tells us that on super-horizon scales the fluctuations
remain constant.

We have therefore the following picture: given a fluctuation whose initial wavelength
is inside the Hubble radius, this will oscillate until the wavelength becomes of the order
of the horizon scale, at which point the fluctuation ceases to oscillate and becomes frozen.
To study the evolution of the fluctuations more quantitatively, we perform the following
field redefinition:

δσk = δψka, (2.34)

and we work in conformal time dτ = dt/a. Assuming pure de Sitter expansion, the scale
factor grows exponentially, a(t) ∼ eHt. In conformal time, this becomes

a(τ) = − 1
Hτ

(τ < 0). (2.35)

The beginning of inflation corresponds to τ → −∞. In conformal coordinates, equation
(2.31) becomes

δσ̈k +

(
k2 − ä

a

)
δσk = 0. (2.36)
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Dots now indicate derivatives with respect to conformal time. On sub-horizon scales
k� aH, which implies k2 � ä/a, therefore the evolution equation becomes

δσ̈k + k2δσk = 0, (2.37)

whose solution is a plane wave,

δσk =
e−ikτ

√
2k

(k� aH). (2.38)

This doesn’t come as a surprise. In the ultraviolet regime one expects that flat space-time
is a good approximation and indeed fluctuations inside the horizon oscillate exactly like
in flat space-time.

On super-horizon scales on the other hand k� ä/a, and the equation becomes

δσ̈k −
ä
a

δσk = 0, (2.39)

whose solution is
δσk = B(k)a (k� aH), (2.40)

where B(k) is a constant of integration. Matching the two solutions (2.38) and (2.40) at
k = aH (kτ = −1), we can determine the constant B(k):

|B(k)|a =
1√
2k

=⇒ |B(k)| = H√
2k3

. (2.41)

Going back to the original field ψ, we conclude that the quantum fluctuations of a mass-
less scalar field on super-horizon scales are constant and (approximately) equal to

|δψk| ≈
H√
2k3

(Super-Horizon). (2.42)

In the slightly more complicated case of a scalar field with mass mψ, the fluctuation is not
exactly constant, but it acquires a tiny dependence on time. Defining

νψ =
9
4
−

m2
ψ

H2 , (2.43)

the fluctuation is [110]

|δψk| ≈
H√
2k3

(
k

aH

)3/2−νψ

(Super-Horizon). (2.44)

If the scalar field mass is light compared to the Hubble scale, mψ � H, then the parameter
3/2− νψ is small.

When the quantum fluctuations cross the Hubble radius, they become classical. In
fact, the number of quanta nk per wavenumber k can be estimated to be of the order of
Hk/ωk, where Hk is the Hamiltonian, and ωk the energy of the fluctuation. Thus, for
super-horizon scale fluctuations one obtains

nk ≈
δσ̇2

k
ωk
∼
(

k
aH

)−4

� 1 (2.45)
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The power spectrum of the perturbations for a generic field ψ(x, t) is defined as

Pψ =
k3

2π2 |δψk|2. (2.46)

The power spectrum on scales larger than the Hubble radius for a massive scalar field is

Pψ =
k3

2π2 |δψk|2 =

(
H
2π

)2 ( k
aH

)3−2νψ

. (2.47)

The power spectrum of fluctuations is therefore nearly flat, that is nearly independent
from the wavelength λ = k−1. The amplitude of a fluctuation on super-horizon scales
does not depend upon the time at which the fluctuation crossed the Hubble radius and
froze in. The small tilt in the power spectrum arises from the fact that the scalar field is
massive and the Hubble rate is only approximately constant, since inflation has to end at
some point.

The inflaton field is special from the point of view of perturbations since, by assump-
tion, the inflaton dominates the energy density of the universe during inflation. This
means that any perturbation in the inflaton field will induce a perturbation in the energy
momentum tensor and, ultimately, in the metric field. In fact, by gauge invariance, it is
entirely a matter of taste whether one decides to describe fluctuations in the metric, or in
the inflaton field. Inflaton perturbations δφ induce curvature perturbations [111]

ξ =
δa
a

=
H
φ̇

δφ, (2.48)

where the fluctuation ξ is defined as the component of the metric that represents the
perturbation to the scale factor aeff = a(1 + ξ). The power spectrum of curvature pertur-
bations then is

PS =
k3

2π2 ξ2 =
k3

2π2
H2

φ̇2 |δφk|2 =
4π

m2
pε

(
H
2π

)2 ( k
aH

)3−2νφ

, (2.49)

where in the third passage we have used the slow roll expressions (2.23). We can also
express the power spectrum in terms of the amplitude AS of scalar perturbations:

PS = A2
S

(
k

aH

)3−2νφ

. (2.50)

Quantum fluctuations in the gravitational field are generated in a similar fashion to
that of the scalar perturbations discussed so far. A gravitational wave is a ripple of space-
time over a flat background and can be expressed as a perturbation of the FRW metric:

ds2 = a(τ)2[−dτ2 + (δij + hij)dxidxj], (2.51)

where |hij| � 1. The tensor hij has six degrees of freedom, but tensor perturbations are
traceless hi

i = 0, and transverse ∂ihij = 0. The physical degrees of freedom are therefore
only two, corresponding to the two independent polarizations of a gravitational wave.
The action for the tensor modes is

Sh =
m2

p

32π

∫
d3xdτa2 1

2

(
ḣ2

ij − (∇hij)
2
)

, (2.52)

which is equivalent to the action of two independent massless scalar fields. We can then
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just borrow our previous results on scalar field fluctuations. The power spectrum of
tensor perturbations is

PT =
64π

m2
p

(
H
2π

)2 ( k
aH

)3−2νT

= A2
T

(
k

aH

)3−2νT

. (2.53)

The tensor perturbation is almost scale-invariant. Also, the amplitude of the tensor mode
fluctuations depends only on the value of the Hubble rate during inflation, meaning that
it only depends on the energy scale V1/4 associated to the inflaton potential. A detection
of gravitational waves from inflation is therefore a direct measurement of the energy scale
of inflation.

We can define a tensor-to-scalar amplitude ratio as

r =
A2

T
A2

S
= 16ε. (2.54)

Using the definition of ε, one deduces that [112]

∆φ

mp
≈
(

r
2× 10−2

)1/2

, (2.55)

meaning that large values of r correlate to planckian inflaton field excursions. From the
present CMB data, one also finds that the primordial scalar spectrum is nearly scale-
invariant, with amplitude [109]

P1/2
S ≈ 5× 10−5. (2.56)

Using (2.53) and (2.54) one finds the following relation between the tensor-to-scalar ratio
and the Hubble rate during (single-field) inflation:

Hi ≈ 6.6× 10−6
( r

0.1

)1/2
mp. (2.57)

Thus, the current CMB bound on tensor modes r < 0.07 implies an upper bound on the
scale of inflation

Hi < 5.5× 10−6mp. (2.58)

CMB polarization measurements are therefore invaluable as probes of the physics of in-
flation: they can prove or disprove that inflation took place at high energies as well as
determining if super-planckian field excursions were involved.

2.3 Reheating

During inflation, the energy density is stored overwhelmingly in the oscillations of the
inflaton field φ. At some point, however, the slow-roll conditions are violated and infla-
tion comes to an end. In order for the usual Big Bang cosmology to follow, the inflaton
has to decay to SM matter at the end of the period of accelerated expansion. This process
is called reheating [113–116].

Let’s assume for simplicity that the inflaton φ is coupled to a SM scalar field χ. The
simplest interaction Lagrangian is

Lint = −gσφχ2, (2.59)
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where g is a dimensionless coupling, and σ a mass scale. The decay rate of the inflaton in
χ particles then is

Γ =
g2σ2

8πmφ
. (2.60)

The energy loss of the inflaton due to production of χ particles is taken into account by
adding a damping term to the inflaton equation of motion [117]:

φ̈ + 3Hφ̇ + Γφ̇ = −∂φV(φ). (2.61)

Reheating is perturbative when g � 1. For small values of g, the interaction rate Γ is
typically much smaller than the Hubble parameter H at the end of inflation. Thus, when
the inflaton starts oscillating around the minimum of the potential, the energy loss due
to decay is initially negligible compared to the energy loss due to the expansion of space.
It is only once the Hubble expansion rate decreases to a value comparable to Γ that SM
particle production becomes effective. Roughly, it is the energy density at the time when
H = Γ that determines how much energy ends up in χ particles. Therefore, the reheating
temperature, the temperature of the SM fields after the energy transfer, is

TR ∼
√

Γmp. (2.62)

Since Γ is proportional to the square of the coupling constant g, which is by assumption
very small, perurbative reheating is slow and produces a reheating temperature that is
typically low compared to the energy scale at which inflation takes place.

The main problem with the perturbative analysis of reheating is that it does not take
into account the coherent nature of the inflaton field at the end of inflation. The oscillating
inflaton field is not a superposition of free asymptotic single particle states, but rather a
coherently oscillating homogeneous field. The large amplitude of inflaton oscillations
implies that one can treat the inflaton classically, but the matter fields can be assumed
to start off in their vacuum states, and have to be treated quantum mechanically as a
result. The improved approach to reheating initiated in [118] is to consider reheating as
a quantum production of χ particles in a classical φ background. This is called preheating
[116, 119], since it generally takes place before perturbative reheating.

We will study the preheating mechanism for the simple toy model with interaction
Lagrangian

Lint = −
1
2

g2χ2φ2. (2.63)

We expand the quantum field χ into creation and annihilation operators as

χ(t, x) =
1

(2π)3/2

∫
d3k
(

χ∗k (t)akeikx + χk(t)a†e−ikx
)

. (2.64)

If we assume that χ has no self-interactions then the equation of motion for χ is linear
and can be studied simply mode by mode in Fourier space. The mode functions χk then
satisfy the equation

χ̈k +
(
k2 + m2

χ + g2Φ2 sin2(mt)
)

χk = 0, (2.65)

where Φ is the amplitude of oscillation of the inflaton φ. This is the Mathieu equation,
which is conventionally written in the form

χ′′k + (Ak − 2q cos 2z) χk = 0, (2.66)
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where χk is now a function of z = mt and a prime denotes the derivative with respect to
z. Comparing equations (2.65) and (2.66) we see that

Ak =
k2 + m2

χ

m2 + 2q, q =
g2Φ2

4m2 . (2.67)

The growth of the mode function χk corresponds to particle production. It is well known
that the Mathieu equation has instabilities for certain ranges of k, which lead to exponen-
tial growth of the mode function [120],

χk ∝ exp(µkz), (2.68)

where µk is called the Floquet exponent. For small values of the coupling constant g� 1,
resonance occurs in a narrow band around k = m. The resonance is much more efficient
when q � 1, as it occurs in broad bands. We conclude that the particle number does not
increase smoothly in preheating, but rather in explosive bursts [121].

Neither the perturbative decay of a Bose inflaton condensate, nor the preheating
mechanism produce a thermal spectrum of decay products. It is many times of crucial
importance to know at what temperature the universe first takes on a thermal distri-
bution. In full thermal equilibrium the energy density ρ and the number density n of
relativistic particles scale as ρ ∼ T4 and n ∼ T3 respectively, where T is the temperature
in equilibrium. The average particle energy in equilibrium is then Eeq = ρ/n ∼ T. On the
other hand, if the inflaton decays perturbatively, then immediately after inflaton decay,
the energy density of the universe is given by

ρ ∼ (Γmp)
2 ∼ T4

R, (2.69)

and the average particle energy is E ≈ m� ρ1/4, since m� TR. Then, from conservation
of energy, the number density of the decay products is

n ≈ ρ

m
� ρ3/4. (2.70)

Hence, perturbative inflaton decay results in a dilute plasma that contains a small num-
ber of very energetic particles.

Reaching full equilibrium requires re-destribution of the energy among different par-
ticles, what is called kinetic equilibrium, as well as increasing the total number of particles,
chemical equilibrium. Therefore, both number-conserving and number-violating reactions
must be involved. The most important processes for kinetic equilibration are 2 → 2
scatterings with gauge boson exchange in the t-channel. The cross-section for these scat-
terings is σ2→2 ∼ α2t−1, where α is a gauge fine structure constant, and t the Mandelstam
variable. Due to an infrared singularity, these scatterings are very efficient even in dilute
plasmas.

Chemical equilibrium is reached by changing the number of particles in the plasma.
From (2.70) it follows that in order to reach full equilibrium the total number of particles
must increase by a factor of neq/n, where n ≈ ρ/m and the equilibrium value is neq ∼
ρ3/4. It was realized [122, 123] that the most relevant processes are 2→ 3 scatterings with
gauge-boson exchange in the t-channel. The cross section is σ2→3 ∼ α3(Γmp)−1. When
these scatterings become efficient, the number of particles increases very rapidly [124].

Based on the above considerations, the thermalization rate of the universe Γth can be
taken to be of the order of the rate for the above inelastic scatterings Γ2→3 ∼ nσ2→3. Using
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equations (2.69) and (2.70), this is

Γth ∼ α3
(mp

m

)
Γ. (2.71)

For typical values of α ∼ 10−2 − 10−1 and m ≤ 10−5mp, we find Γth ≥ Γ, therefore the
universe reaches full thermal equilibrium immediately after the completion of perturba-
tive inflaton decay.

2.4 Dark Matter Genesis

We will now consider a selection of dark matter genesis mechanisms. The CMB, as mea-
sured by Planck, provides the best measurement for the relic density of dark matter [92]:

ΩDMh2 = 0.1186± 0.0020, (2.72)

approximately 25% of the energy density of the universe. Without further information, it
is impossible to deduce the intrinsic properties of the dark matter particle from the abun-
dance alone. By assuming a specific mechanism of dark matter production, however, one
can constrain the parameter space. Without any additional data to help us identifying the
right dark matter candidate, one needs different criteria to choose the preferred model. In
particular, many physicists are guided by a theoretical prejudice: that is to only consider
candidates that solve at least one additional problem (for free).

The most famous example of this prejudice is probably Weakly Interacting Massive
Particles (WIMPs). WIMPs are commonly defined as new elementary particles that cou-
ple to the SM only through the weak nuclear force and gravity, or possibly other interac-
tions with cross sections comparable to the weak scale. Let’s denote these new particles
as X, with weak-scale mass mX. We assume that WIMPs are in thermal equilibrium in
the early universe at a temperature T & mX. Calculations of the dark matter’s thermal
relic abundance in the WIMP scenario can be found for example in [125, 126].

The WIMP number density nX as a function of time is governed by the Boltzmann
equation [127]

dnX

dt
= −3HnX − 〈σv〉(n2

X − n2
eq), (2.73)

where 〈σv〉 is the annihilation cross section for the process X + X̄ → SM + SM that
converts two dark matter particles into two SM particles. If we define the number density
per comoving volume NX ≡ nX/s, where s is the entropy density, we can rewrite the
above equation as

dNX

dt
= −s〈σv〉

[
N2

X − (Neq
X )2] . (2.74)

Because of the intrinsic scales in the problem, we can define a new dimensionless unit of
time as x = mX/T. In the new variable x, equation (2.74) becomes

dNX

dx
= − λ

x2

[
N2

X − (Neq
X )2] , (2.75)

known as Riccati equation. Here we have defined

λ =
2π2

45
m3

X〈σv〉
H(mX)

, (2.76)
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where H(mX) is the Hubble rate when T = mX. It is usually a good approximation to
treat λ as a constant. Unfortunately, even for constant λ, there are no analytic solutions
to (2.75).

Nevertheless, we can get an idea of the solution by looking at different limits. At
high temperatures, x < 1, the actual number density of dark matter particles traces the
equilibrium number density, therefore NX ≈ Neq

X ≈ 1. The X particles are abundant
and rapidly converting to SM particles and vice versa. However, at low temperatures
x � 1, the equilibrium abundance becomes exponentially suppressed, Neq

X ∼ e−x. Dark
matter particles rapidly annihilate to SM particles, until they become so rare that they
are not able to find each other fast enough to maintain the equilibrium abundance. At
this point the solution of the Boltzmann equation starts to deviate significantly from the
equilibrium abundance. This is called freeze-out, and it happens at about x f ∼ 10. A relic
cosmological abundance of dark matter remains [128].

The final relic abundance, N∞
X ≡ NX(x = ∞) determines the freeze-out density of

dark matter. Let us estimate its magnitude. Well after freeze-out, the equilibrium number
density will be practically zero. Thus, at late times we can drop Neq

X from the Boltzmann
equation, which becomes

dNX

dx
≈ −λN2

X
x2 (x > x f ). (2.77)

Integrating from x f to x = ∞ we find

1
N∞

X
− 1

N f
X

=
λ

x f
. (2.78)

Typically, N f
X � N∞

X , so a simple analytic approximation is

N∞
X ≈

x f

λ
. (2.79)

The above equation for N∞
X predicts that the final freeze-out abundance decreases as the

interaction rate λ increases. This makes sense intuitively, as larger interactions maintain
equilibrium longer, deeper into the Boltzmann-suppressed regime.

The dark matter density today in the freeze-out scenario is

ΩX ≡
ρX,0

ρc
= mX N∞

X
s0

3m2
pH2

0
, (2.80)

where s0 and H0 are the entropy density and Hubble rate today. This gives

ΩXh2 ∼ 0.1
x f

10

(
10

g(mX)

)1/2 10−8GeV−2

〈σv〉 , (2.81)

where g(mX) is the number of relativistic degrees of freedom at freeze-out. This repro-
duces the observed dark matter density ΩXh2 ∼ 0.1 if

〈σv〉 ∼ 10−8GeV−2 ∼ α2

M2
W

, (2.82)

where α ∼ 0.01 and MW ∼ 100 GeV is a weak-scale mass. Obtaining the correct abun-
dance of dark matter today via thermal freeze-out requires a self-annihilation cross sec-
tion which is roughly what is expected for a new particle in the 100 GeV mass range that
interacts via the electroweak force. TeV-scale supersymmetry, usually invoked to solve
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the hierarchy problem (see section 1.4) readily provides a dark matter candidate with
these properties [129]. This apparent coincidence is known as the WIMP miracle. The the-
oretical prejudice is vindicated: TeV-scale supersymmetry solves two problems at once:
hierarchy and dark matter.

The freeze-out mechanism for dark matter production is based on the assumption
that dark matter is initially in thermal equilibrium with the visible sector. However, if
the coupling between the visible and dark sectors is small enough, dark matter never
reaches thermal equilibrium and freeze-out cannot happen. Instead, the observed dark
matter abundance can be produced by the freeze-in mechanism [130, 131]. In this case,
the dark matter particle is referred to as a FIMP (Feebly Interacting Massive Particle).

In the simplest case, the initial number density of dark matter particles is either zero or
negligibly small, and the observed abundance is produced by SM particle decays, SM→
XX [132, 133]. The freeze-in process is active until the number density of decaying SM
particles becomes Boltzmann suppressed, nSM ∝ exp(−mSM/T). The comoving number
density of DM particles X then becomes a constant and the abundance freezes in. If the
initial dark matter number density is small compared to the equilibrium number density,
the backreaction term in the Boltzmann equation can be neglected, and the evolution of
nX is given by

dnX

dt
+ 3HnX = 2ΓSM→XX

K1(mSM/T)
K2(mSM/T)

neq
SM, (2.83)

where K1,2(x) are the modified Bessel functions of the first and second kind, ΓSM→XX is
the decay rate, and neq

SM the equilibrium number density of SM particles. Defining like
before NX ≡ nX/s, NSM ≡ nSM/s, and x ≡ mSM/T, the Boltzmann equation becomes

x
Neq

SM

dNX

dx
= 2

ΓSM→XX

H
K1(x)
K2(x)

. (2.84)

The approximate solution to this is [131]

ΩXh2 ≈ 108g−3/2 mX

GeV
mpΓSM→XX

m2
SM

, (2.85)

where the expression is evaluated around T ≈ mSM. Assuming a simple two-body decay
process,

ΓSM→XX =
y2mSM

8π
, (2.86)

where y is the coupling strength between X and the decaying SM particle. Imposing
ΩXh2 ≈ 0.12, we get a condition on the coupling constant:

y ≈ 10−12
(

ΩXh2

0.12

)1/2 ( g
100

)3/4
(

mSM

mX

)1/2

. (2.87)

The small value for y is compatible with the key assumptions of the freeze-in scenario that
the dark matter particles have not thermalized with the SM bath above T & mSM. From
equation (2.85) we also see that a larger interaction rate implies a larger final abundance,
the opposite of what happens for the freeze-out scenario, see equation (2.81).

The final dark matter candidate that we will consider here is the axion [134]. Axions
are attractive dark matter candidates because, as in the case of WIMPs, they solve one
extra problem for free: the strong CP problem [135]. QCD admits an additional term in
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the Lagrangian that violates CP symmetry:

LCP =
θ

16π2 Fa
µν F̃µνa ≡ θ

16π2 Tr
(

FF̃
)
, (2.88)

where
F̃a

µνρσ =
1
2

εµνρσFρσa. (2.89)

This term is a total divergence, so one might think that it is irrelevant to physics, but this
is not the case. Because the operator violates CP, it can contribute to the neutron electric
dipole moment. Current experiments set a strong limit on the θ parameter, θ � 10−9.
The problem of why θ is so small is known as the strong CP problem [135].

The smallness of θ is usually interpreted as a clue to new physics, just like we suspect
that the smallness of any coupling in the SM is related to some approximate symmetry.
Perhaps the most popular explanation of the smallness of the CP violating parameter in
QCD involves a hypothetical particle called the axion, first proposed by Peccei and Quinn
[136–139]. Non-abelian gauge potentials have disjoint sectors that cannot be transformed
continuously into one another. Each of these vacuum configurations can be labelled by
an integer, the topological winding number n. Since quantum tunnelling occurs between
vacua, the gauge invariant QCD vacuum state is a superposition of these states [140]

|θ〉 = ∑
n

e−inθ |n〉 . (2.90)

The angle θ is the same parameter that appears in the CP-violating term (2.88). Conse-
quently, the vacuum energy as a function of θ is [135]

E(θ) = (mu + md)〈q̄q〉 cos(θ), (2.91)

where mu and md are the quark masses and 〈q̄q〉 are the quark bilinears with non-zero
vacuum expectation value. This energy has a minimum at θ = 0, i.e. at the CP conserving
point. In fact, it is generically true that points of higher symmetry are also stationary
point. As it stands, this observation is not particularly useful, since θ is a parameter, not
a dynamical variable. What Peccei and Quinn realized, however, is that one can make
the parameter dynamical by introducing a new particle. Suppose one has a field a that
couples to QCD in the following way:

Laxion = (∂µa)2 +
1

32π2
a
fa

FF̃, (2.92)

where fa is the axion decay constant. Suppose also that the full theory possesses a sym-
metry, called the Peccei-Quinn symmetry, under the transformation

a→ a + α, (2.93)

for constant α. Then the potential energy of the axion V(a) is just (2.91) with θ = a/ fa,
and it naturally has a minimum at θ = 0. Strong CP problem solved.

One can estimate the axion mass by looking at its potential energy [141]

V(a) = (mu + md)〈q̄q〉 [1− cos(a/ fa)] = m2
π f 2

π [1− cos(a/ fa)] , (2.94)

where the second equality follows from the well-known Gell-Mann-Oakes-Renner mass
formula [142], and mπ, fπ are the pion mass and decay constant respectively. The quadratic
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term in the potential is (1/2)m2
π f 2

π/ f 2
a a2, so one can identify the axion mass with

m2
a =

m2
π f 2

π

f 2
a

. (2.95)

If fa ∼ 1 TeV, the mass is of order ma ∼ 1 keV, while if fa ∼ 1016 GeV, the mass is of order
ma ∼ 10−9 eV. The couplings of the axion with the SM particles are also suppressed by
the symmetry breaking scale fa. This is the reason why, despite being so light, the axion
is difficult to observe directly.

Axions can be produced in the early universe via the misalignment mechanism [143].
The effective potential for the axion field generated through non-perturbative QCD ef-
fects is

V(a) = f 2
a m2

a(T) [1− cos(a/ fa)] , (2.96)

where the axion mass is now a function of the temperature. The misalignment angle
is defined as θ ≡ a/ fa. The axion is effectively massless at T � ΛQCD, while at low
temperatures T . ΛQCD its mass is given by (2.95). Assuming that the PQ symmetry is
broken after inflation, i.e. fa < Hi, the axion mass is insignificant at early times and the
misalignment angle θ is approximately constant. When the universe cools down to the
critical temperature Tc ∼ ΛQCD, the axion field begins rolling down the minimum of the
potential and enters a damped oscillatory phase. The universe is radiation-dominated at
this stage, so eventually the axion comes to dominated the energy density. The energy
density in axions is

ρa ≈
1
2

m2
aa2 ≈ 1

2
m2

a f 2
a θ2, (2.97)

which implies that the axion energy density parameter today is

Ωa ≈ 0.15
(

fa

1012GeV

)7/6

θ2, (2.98)

which is a substantial fraction of the critical energy density if fa ∼ 1012 GeV and θ ∼ 1.
As the axion couplings are very small, the coherent oscillations do not decay and make
axions a good candidate for the dark matter in the universe.

2.5 Structure Formation

In section 2.2 we saw that inflation is not a perfectly smooth process. At reheating, the
density of the universe had slight inhomogeneities, as evident from the CMB. When the
universe became matter dominated, the slight overdense regions began to collapse under
the influence of gravity and became gravitationally bound objects such as clusters. The
effect of gravity on density fluctuations is called "gravitational instability" and is similar
to the known phenomenon of concentration of wealth [144].

To see how small density perturbations in an expanding universe evolve with time,
let’s do a Newtonian analysis of the problem. We describe the density perturbations δ(t)
as

ρ(t) = ρ̄(t)[1 + δ(t)], (2.99)

where ρ̄(t) is the average matter density of the universe. By assumption, |δ| � 1. The
evolution equation takes the form [145]

δ̈ + 2Hδ̇− 3
2

ΩH2δ = 0, (2.100)
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where Ω is the density of the dominant energy component. Now, it is easy to see that
during epochs where the universe is not dominated by matter, density perturbations in
the matter do not grow rapidly in amplitude. Take, for instance, the early radiation-
dominated phase of the universe. During this epoch Ω ≈ Ωr, and H = 1/(2t), meaning
that equation (2.100) takes the form

δ̈ +
1
t

δ̇ = 0, (2.101)

which has solution
δ(t) = C1 + C2 ln t, (2.102)

with C1 and C2 two constants of integration. During the radiation-dominated epoch,
density fluctuations grow only at a logarithmic rate.

In the far future, the density parameter of matter will again be negligibly small, and
the universe will be dominated by the cosmological constant with H = const. Equation
(2.100) then becomes

δ̈ + 2Hδ̇ = 0, (2.103)

which has solution
δ(t) = C1 + C2e−2Ht. (2.104)

In the Λ-dominated phase, therefore, fluctuations in the matter density reach a constant
fractional amplitude, while the average density decreases exponentially fast.

Only when matter dominates the energy density can its fluctuations grow at a signifi-
cant rate. In a flat, matter-dominated universe, Ωm = 1, H = 2/(3t), and equation (2.100)
takes the form

δ̈ +
4
3t

δ̇− 2
3t2 δ = 0, (2.105)

which has solution [146]
δ(t) = C1t2/3 + C2t−1. (2.106)

The decaying mode ∝ 1/t eventually becomes negligibly small. When the growing mode
is the only survivor, the density perturbations grow at the rate

δ(t) ∝ t2/3 ∝ a(t) ∝
1

1 + z
, (2.107)

as long as |δ| � 1.
If baryonic matter were the only type of nonrelativistic matter in the universe, then

density perturbations could have started to grow at decoupling, roughly at z = 1090, and
grow in amplitude by a factor ∼ 1090 by the present day. This is not what we see, as the
growth factor seems to be roughly three times as big. This is another strong evidence for
the existence of dark matter. Having nonbaryonic dark matter allows the universe to get
a “head start” on structure formation.

In previous sections, we have remarked how we are almost completely oblivious to
the precise nature of dark matter. This is not completely correct. By now, mounting
evidence suggests that dark matter is cold. Saying that dark matter is "cold" or "hot" is a
statement about the thermal velocity of the dark matter particles. In a universe filled with
hot dark matter, the relativistic particles cool as the universe expands, until the thermal
velocities drop below the speed of light. Prior to this time, the hot dark matter particles
move freely in random directions with a speed close to that of light. This motion, called
free streaming, acts to wipe out any density fluctuations present in the hot dark matter.
Thus, the net effect of free streaming in the hot dark matter is to wipe out any density
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fluctuations whose wavelength is smaller than the sound horizon. As a result, hot dark
matter particles with a mass ∼ 50 eV will smear out fluctuations smaller than the Local
Group, while particles with a mass ∼ 3 eV will wipe away fluctuations smaller than
superclusters. If most of the dark matter in the universe were hot dark matter, then we
would expect the oldest structures in the universe to be clusters or superclusters, and
that galaxies would be relatively young. In fact, the opposite seems to be true in our
universe. Superclusters are just collapsing today, while galaxies have been around since
at least z ∼ 10. Thus, most of the dark matter in the universe must be cold dark matter,
for which free streaming has been negligible [147].

Lately, several discrepancies between the predictions of the particle cold dark matter
paradigm and observations of galaxies and their clustering have arisen, mainly the core-
cusp problem and the missing satellites problem. The core-cusp problem refers to a dis-
crepancy between the inferred dark matter density profiles of low-mass galaxies and the
density profiles predicted by cosmological N-body simulations. Nearly all simulations
form dark matter halos have "cuspy" dark matter distributions, with density increasing
steeply at small radii, while the rotation curves of most observed dwarf galaxies suggest
that they have flat central dark matter density profiles ("cores") [148, 149]. The missing
satellites problem arises again from a mismatch between observed dwarf galaxy num-
bers and numerical cosmological simulations, which predict that galaxies like the Milky
Way should have significantly more satellite galaxies than we observe [150–152].

Several possible solutions to these problems have been proposed. Many recent stud-
ies have shown that including baryonic feedback can "flatten out" the core of a galaxy’s
dark matter profile [153, 154]. Other works have shown that the core-cusp problem can
be solved outside of the most widely accepted Cold Dark Matter (CDM) paradigm: sim-
ulations with warm or self-interacting dark matter also produce dark matter cores in
low-mass galaxies and the right number of halos [155–157]. It remains unclear whether
these problems can be solved without abandoning the collisionless CDM paradigm [158].
We will touch upon these issues in chapter 4 where we will talk about charged planckian
dark matter as a way to address the problems in the context of the PIDM paradigm.



41

Chapter 3

Planckian Interacting Dark Matter

This chapter is based on [12].

3.1 A Maximally Hidden Dark Sector

Although physicists are usually hopeful that dark matter couples to the standard parti-
cle content of the universe through some additional force (other than gravity) that will
source dramatic new signatures, the extent of our knowledge at the moment only re-
quires this gravitational coupling. In the past, there has been good reason to suspect that
some additional coupling may be present: the WIMP miracle attests that weak-scale dark
matter happens to produce the observed relic abundance, and many scenarios of beyond
the standard model physics include extra particles at this scale, some of which may be
potential dark matter candidates. And yet, even after decades of search, this paradigm
remains unverified. Direct detection experiments have produced a distinct lack of sig-
nals, and the evidence for new physics at the TeV scale has not been forthcoming from
the LHC [159]. While it is premature to claim the WIMP paradigm is effectively ruled out,
its initial seductiveness has been somewhat diminished, as the originally expected values
of its parameters are increasingly pushed toward heavier masses and weaker couplings.

If the WIMP paradigm turns out to be a blind alley, then either the solution to the
hierarchy problem simply does not entail a dark matter candidate, as in low-scale SUSY
with broken R-parity, or instead we are being coerced toward a fundamentally different
view of nature: that the particle content of the standard model is all that there is, unac-
companied by the panoply of light states that would conspire to render the weak scale
technically natural. In this potentially impending realization, the standard model is sim-
ply not typical, as far as the set of possible laws of physics is concerned. The fact that
it occurs 15 orders below the Planck scale, and appears to require a wild fine-tuning of
the fundamental parameters in order to maintain this hierarchy, may be reality. The one
reason that we might accept such an egregious setup, however, is that the presence of life
may actually be contingent on this miraculous conspiracy. The weak scale happens to be
very close to the QCD scale, and as a consequence many different atoms exist, and can
exchange energy over extremely long timescales, that sets up the existence of building
blocks for life, as well as stable environments where it can thrive [40, 72–74].

A milder anthropic argument requires that the dark matter abundance be not too
much larger or smaller than its observed value [160–169], otherwise the structure needed
for our existence would not have formed. Aside from the abundance, however, any other
details of the dark sector are not crucial for life, and so one would not expect them to be as
fine tuned as the standard model. Even if we are willing to accept an anthropic argument
for the unnaturalness of the weak scale, we would expect the dark sector to be as natural
as possible, a generic instantiation of physical law. If this is the case, the particle spectrum
would be much closer to the Planck scale, the natural ultraviolet cutoff scale.
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Indeed, we expect new physics to come in close to the Planck scale, as at these energies
gravitational scattering violates perturbative unitarity bounds. A commonly referenced
scale is perhaps two orders of magnitude below, which is typically the size of the extra
dimensions in perturbative string theory, and where the fundamental forces of natural
appear to (almost) unify into a single GUT theory. Two more orders of magnitude below
that, sterile neutrinos may reside, giving rise to a see-saw explanation of the tiny neu-
trino masses we observe. Another indication of new physics near the GUT scale is the
conventional viewpoint that primordial inflation is needed to solve the flatness and the
horizon problem. Large field models of inflation rooted in string theory require inflation
to happen at an energy scale just below the GUT scale in order for the amplitude of the
perturbations to match the CMB observations. If the dark matter is part of this realm,
it would naturally fit in with known completions of particle physics and gravity, and
reinforce exactly how special the laws of our visible sector are.

The immediate problem with such an idea is that it is extremely hard to produce such
heavy states. If this philosophy is taken literally, then the dark matter does not even
have to couple to the inflationary sector (or whatever field reheated the universe), and
so is not produced directly in the early universe. WIMPs start in thermal equilibrium,
then gradually decouple from the plasma as the density becomes too low for them to
continue to efficiently interact. Particles that are only gravitationally coupled are never
in equilibrium with the dominant plasma of the universe, but nevertheless they may be
produced with the right abundance via the freeze-in mechanism [131], which relies on
annihilations of the standard model particles to populate the dark sector. This is a rela-
tively rare process even when the dark matter mass, mX, is not Planckian, and it becomes
all the more difficult to bear out if it does. This PIDM production mechanism can suc-
cessfully produce the right dark matter abundance in the large PIDM mass range [11]
1 TeV . mX . MGUT if the reheating temperature is sufficiently high. Note, that since
we are either assuming that either R-parity is broken, or there is no low-scale supersym-
metry, there is no lightest supersymmetric partner (LSP), and therefore the usual upper
bound on the reheating temperature Trh . 1010GeV, from the LSP not overclosing the
universe, is not valid.

In the PIDM scenario, dark matter is as decoupled as fundamentally allowed, making
it the hardest scenario of dark matter to possibly test, and all hopes of direct detection,
indirect detection, and collider searches are doomed to fail. However, the inefficiency
of the production mechanism offers a silver lining, as the reheating temperature must
be close to the GUT scale if adapting minimal assumptions of a GUT scale PIDM mass.
The only way such a setting can be arranged is if both the efficiency of reheating and the
energy scale of inflation are very high. This, in turn, implies that primordial tensor modes
will be necessarily produced alongside the PIDM. If tensor modes are not detected in
the next round of proposed experiments, the interesting parameter regime of GUT scale
masses will be definitively ruled out, and would be an indication that there is either some
additional interaction between the dark matter and the visible sector or some additional
mass scale present in the universe.

3.2 PIDM Production

In this section we calculate the production of dark matter assuming that dark matter only
couples to the standard model through gravity.
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SM

DMSM

hµν

DM

FIGURE 3.1: The main contribution to PIDM production comes from an-
nihilation of standard model particles into a graviton and subsequent pair
production of the dark matter particles.

3.2.1 Setup

The Lagrangian for such a scenario will simply be

L = LSM + LDM + LEH +

√
8π

2mp
hµν(TSM

µν + TDM
µν ) . (3.1)

Here, LSM denotes the SM Lagrangian, LDM governs the dark matter, and LEH is the
Einstein-Hilbert Lagrangian. We are assuming that some global charge is preventing the
direct coupling between the PIDM and SM, and preventing the PIDM from decaying.
As an example, in section 3.4 we will discuss the concrete model where the PIDM is the
Kaluza-Klein excitation of the graviton, and Kaluza-Klein parity conservation protects
it from decaying. It has been conjectured, however, that in a full UV complete theory of
quantum gravity, there are no global symmetries [170], and so we return to the interesting
possibility of an observable PIDM decay signal induced by quantum gravity in section
3.5.

For simplicity, dark matter here is taken to be a free particle with no self interactions,
though in principle some could be added (see chapter 4). Communication between the
two sectors is only mediated indirectly through gravity, which couples to their energy-
momentum tensors. Because this coupling is fixed by the equivalence principle, the only
free parameter in this model is the mass of the PIDM. If this were to be written as an
effective interaction in the Lagrangian by integrating out the graviton it would be a di-
mension 8 operator for a scalar PIDM, albeit a nonlocal one since the graviton is massless.
The annihilation of standard model particles into dark matter that comes from this La-
grangian is through s-channel graviton exchange depicted in Fig. 3.1, and results in a
2→ 2 amplitude

M =
−i8π〈p1|T

µν
SM|p2〉〈ka|(TDM

µν − 1
2 gµνTDMα

α )|kb〉
m2

p(ka + kb)2 . (3.2)

Here, diffeomorphism invariance forces the on-shell energy momentum tensors to be
divergence free, (ka + kb)

µTµν = 0.
This annihilation must have been crucial in the early universe for dark matter to be

produced at all, since we have dictated that it does not even couple to the inflaton sector.
Since the interactions between the Standard Model and the hidden sector are Planck

suppressed, we expect them to be effective only at the highest available energies. In-
deed, there are a number of well-known mechanisms to produce a population of either
super-heavy or super-weakly interacting dark matter particles. In this model we rely on
the freeze-in method for production, by which a hot bath of high temperature standard
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model particles occasionally results in collisions that annihilate and pair produce dark
matter. This is a minimal scenario because this process automatically takes place, and
contributions from other production mechanisms will be commented on in section 3.2.5.

Beyond WIMP
Super Light Light Heavy

Strong x x MACHOs, black holes
Weak x WIMP WIMPZILLA

Super Weak Axion, sterile ν gravitino, FIMP PIDM

TABLE 3.1: Summary of various dark matter proposals, organized accord-
ing to how strongly they interact with the SM and how heavy the particles
are.

3.2.2 Relation to Other Dark Matter Scenarios

Freeze-in production of super-weakly interacting dark matter particles has been studied
in many different contexts, mostly focusing on light (electro-weak scale) masses [130–133,
171]. These particles never reach thermal equilibrium, but any particle that is produced
via its (rare) interactions with the SM accumulates and contributes to its final abundance.
It is important to discriminate whether the interactions are mediated by renormalizable
or non-renormalizable interactions. In the former case, the production is dominated by
the lowest temperatures T ∼ mX for which it is kinematically allowed, while in the latter
case the production is dominated by the highest available temperatures.

In the present case, we are concerned with a scenario where the dark matter is both
super-heavy and super-weakly interacting, mediated by its (non-renormalizable) grav-
itational interaction. We therefore expect it to be dominated by the highest available
energy scales after the end of inflation, encompassing both a non-thermal contribution
from production during re/preheating, and a thermal contribution from freeze-in during
radiation domination. The former is dominant for heavy dark matter with mass at or
above the maximal temperature after inflation mX & TMAX (see (3.11) for an estimate).

Note the PIDM scenario differs in important ways from its cousin, the WIMPZILLA
[172, 173]. In one version of the WIMPZILLA, the WIMPZILLA is produced by the
change in the vacuum at the end of inflation. This production mechanism, which the
authors labelled gravitational production, is only effective for a narrow mass range well
below the GUT scale, but in this restricted mass range the PIDM becomes similar to a
WIMPZILLA (see also section (3.2.5)). In another version of the WIMPZILLA the authors
also considered a different production mechanism where dark matter is assumed to be
coupled to the standard model via gauge interactions, like the WIMP but much heavier.
Thus, in this version of the WIMPZILLA the thermally averaged cross-section is assumed
to have the form 〈σv〉 ∼ αX/m2

X, where αX is the gauge coupling strength of the WIM-
PZILLA to the standard model, and mX is the mass of the WIMPZILLA. Therefore this
production mechanism is also different than the production mechanism for the PIDM.

A related philosophy to the PIDM has also been followed in some works on hidden
charged dark matter1 [180, 181]. Here it is sometimes assumed that the dark matter sector
is decoupled completely from the standard model and produced by freeze out in the dark
sector only. Dark matter can then only be probed by the imprint on large scale structure
of its self-interactions mediated by dark photons. In these models, it is typically not

1For some more recent and different directions of exploration related to the PIDM, see also [174–179].
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specified how the dark sector is reheated after inflation. In Chapter 4 we explore PIDMs
carrying a U(1) charge in the dark sector. Contrary to hidden charged dark matter, the
charged PIDM never reaches thermal equilibrium with the SM and the dark sector is
populated by freeze-in via gravitational interactions at reheating.

3.2.3 Boltzmann equations

PIDM production occurs dominantly at the highest energy scales after inflation, namely
in the periods shortly after reheating, during reheating, and at the end of inflation. We
find that generically the reheating contribution dominates, so to compute the abundance
we use the description of the reheating dynamics from [182],

dρφ

dt
= −3H(1 + w)ρφ − S (3.3)

dρR

dt
= −4HρR + S + 2〈σv〉〈EX〉

(
n2

X − (neq
X )2) (3.4)

dnX

dt
= −3HnX − 〈σv〉

(
n2

X − (neq
X )2) (3.5)

These dictate how the energy density of the inflaton (or, more generally, reheaton) ρφ,
radiation ρR and number density of dark matter nX evolve. These sectors communicate
through the term S, which describes the inflaton decay into relativistic Standard Model,
and which encapsulates all dependence on the reheating dynamics. The effective equa-
tion of state w captures the dynamics of the inflaton field.

For a general preheating scenario both S and w can have a complicated time depen-
dence. Here we make the minimal assumption that S = Γρφ where both Γ and w are
constant. If we denote the Hubble rate at the end of inflation by Hi, reheating will be
practically instantaneous (within one Hubble time) for Γ → Hi, while Γ � Hi gives rise
to perturbative reheating. The reheating temperature, defined by the condition H = Γ is

Trh = κ2γ(mpHi)
1/2 . (3.6)

Here κ2 = (45/(4π3grh))
1/4 ≈ .25, and grh is the number of degrees of freedom at

reheating, which we will assume to be that of the SM, though, since it enters with the
one-fourth power, our conclusions are quite insensitive to the precise number of particles.
This defines the constant γ ∈ (0, 1), which parameterizes the efficiency of reheating. A
value of γ = 1 corresponds to perfectly instantaneous reheating. It can be expressed as

γ =

√
Γ
Hi

=

(
gi

gRH

)1/4

e−
3
4 NRH(1+w) (3.7)

where NRH is the total duration of the reheating process, in e-folds. In order for the
freeze-in scenario to work in this context, γ must be close to 1.

Such an efficient scenario has been achieved in several concrete realizations, even in
a perturbative reheating setup. For this, the decay rate is Γ = g2mφ/(8π), where g is
the coupling between the inflaton and the SM, and so γ ≈ .2g

√
mφ/Hi. This can easily

be large enough to produce the PIDM, if the inflaton is not too weakly coupled to the
radiation and the mass of the inflaton during reheating is comparable to the Hubble rate.
However, one might worry that such a strong coupling could lead to a naturalness prob-
lem in the inflaton sector [183], as standard model degrees of freedom running through
loops will alter the flatness of the inflaton potential. This might motivate a generalization
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of the present study to include some specific cases of non-perturbative reheating, which
can be very efficient, though heavily dependent on particular details of the model at
hand. For instance, a non-perturbative scenario capable to achieving γ ≈ 1 was laid out
in [184], though the mechanism they find should not be expected to be a generic feature
of inflationary models. Here, we restrict our attention to perturbative scenarios, since the
results are more generic, and less model-dependent. In section 3.4.2, we will discuss an
example with perturbative reheating where symmetries forbid radiative corrections from
destroying the flatness of the inflaton potential even if γ = 1. This is achieved in a variant
of natural inflation (monodromy inflation), where a broken shift symmetry protects the
flatness of the inflaton potential.

Now we turn to the evolution of the system of equations (3.3-3.5). Assuming that the
energy density in the inflaton field dominates in equation (3.3), it will dilute as

ρφ ∝ a−3(1+w) (3.8)

until the point where H = Γ and the inflaton decays, signalling the end of reheating.
The radiation density, which can be related to the temperature of the plasma through

ρ = gπ2T4/30, has a complicated time dependence, as the initial source of energy heats
the plasma, becomes depleted and the entire system starts to cool adiabatically.

This provides the relation between temperature and scale factor needed in order to
calculate the abundance. In the reheating phase the temperature behaves as [182]

T(a) =
κ1(γmpHi)

1/2

(1 + 3/5w)1/4

(
a−3(1−w)/2 − a−4

)1/4
, (3.9)

where κ1 = (9/(2π3gmax))1/4 ≈ .20,
The temperature attains a maximum at the value of the scale factor

amax =

(
8

3(1− w)

)2/(5+3w)

, (3.10)

in the convention where ai = 1 at the beginning of reheating. At this time, the tempera-
ture is

Tmax = κ1

(
5
8

)1/4 ( 8
3(1− w)

) 3(1+w)
4(5+3w)

(γmpHi)
1/2 . (3.11)

The dependence on the equation of state is relatively mild unless w ≈ 1, but the maxi-
mum temperature scales like the square root of the efficiency parameter γ, so is roughly
the geometric mean of the actual and instantaneous reheat temperatures.

After reheating the temperature evolves as

T(a) = Trh
arh

a
, (3.12)

and the Hubble rate is

H ' Hi

{
(a/ai)

−3(1+w)/2 a < arh
γ2(a/arh)

−2 a > arh
, (3.13)

with ai being the scale factor at the end of inflation and arh = aiγ
− 4

3(1+ω) the scale factor at
the end of reheating.

The last term in equation (3.4) is the collision contribution, where 〈σv〉 is the usual
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thermally averaged 2 → 2 cross section for dark matter pair annihilation into SM parti-
cles. The precise form of this depends on the details of the PIDM spin, and is calculated
for each case in section 3.3. Because the PIDM is so weakly interacting, it will never come
to dominate the evolution of the plasma.

To solve the system (3.5) we will need the equilibrium value neq, which is given by
[182]

neq
X =

g
2π2 m2

XTK2

(m
T

)
(3.14)

where K2(x) is the modified Bessel function.
In general, Hi < HCMB. We can estimate the magnitude of the deviation during the

ensuing evolution by using dH/dN = −εH,

∆H = −
∫ Nrh

NCMB

dNεH ≈ −.0375
( r

.01

)(∆N
60

)
H (3.15)

where we have made the assumption that εH is nearly constant during evolution, and
used the single field slow roll result r = 16ε. This manifestly assumes that inflation
does not end by ε becoming large, but rather the other slow roll parameter, η, which is
expected in many small field models of inflation2. Under these approximations, we see
that the order of magnitude change in H from CMB to reheating can be considerable for
current bounds on r, but if it is constrained by another order of magnitude or so, the
difference in energy scales will become negligible.

Foregoing this estimate, however, the combined CMB bound on tensor modes, r <
0.07 (95% CL) [185, 186], implies an upper bound on Hi,

Hi < 6.6× 10−6mp

( r
0.1

)1/2
. (3.16)

3.2.4 Abundance Calculation

With the previous assumptions, the energy density of the inflaton and radiation can be
solved, leaving the quantity of interest for our purposes, the number density of dark mat-
ter particles. Because it interacts so weakly, the dark matter will never come to dominate
the energy density, or even reach equilibrium, and the differential equation can be simpli-
fied in that case. It is convenient to define the dimensionless abundance X = nXa3/T3

rh,
which obeys

dX
da

=
a2

T3
rhH(a)

〈σv〉(neq
X )2 . (3.17)

This is valid when nX � neq, and the inverse annihilation process dominates.
One interesting feature of this equation is that it is valid independent of the momen-

tum distribution of the dark matter phase space density. This means that we do not have
to make the assumption that the dark matter is thermally distributed, which is relevant
in this context, because PIDMs are so weakly (self-)interacting that once they are pro-
duced they likely will never interact again. Even so, this equation will hold for the zeroth
moment of the phase space distribution, namely the number density.

Note that we have used Maxwell-Boltzmann statistics to derive these expressions,
which is manifestly a good approximation in the large mass limit, where the exponen-
tial suppression keeps population levels low enough that quantum effects are not im-
portant. This is less obviously valid in the high temperature limit, which is naively in

2In large field models of inflation with a monomial inflaton potential of the form V(φ) ∝ φα, which ends
by ε becoming large, one finds HCMB/Hi ∼ Nα/4

CMB, which is less than an order of magnitude for α . 2.
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the opposite regime. However it turns out to be a fine approximation in this regime as
well, since the process is given by a nonrenormalizable interaction, leading to the scaling
|M|2 ∼ E4/m4

p. Because of this, the highest momenta, p ∼ T, which are not Boltzmann
suppressed, dominate the phase space integration and corrections from quantum statis-
tics are therefore not large.

The equation for X can be integrated directly, assuming the initial abundance van-
ishes

X f =
1

T3
rh

∫ a f

ai

da
a2

H(a)
〈σv〉(neq

X )2 . (3.18)

To perform this integral, we use (3.6) and (3.13). We can send a f → ∞ without intro-
ducing any noticeable error, since the production rate is exponentially suppressed by this
point, making the integral insensitive to this region. Once this integration has been per-
formed it will yield an expression for the number density in terms of four parameters,
mX, Hi, γ, and w. This is related to the present day relic abundance through

ΩXh2 = Qγ
4

1+w
mX

mp
X f , Q =

1
8

T3
rhmps0

srhρc
≈ 9.2× 1024 . (3.19)

Here ρc = 1.88 · 10−29g/cm3 is the critical density for h = 1 and s0(srh) is the present
entropy density today (at T = Trh). The factor 1/8 is as introduced in [182], parametrizing
the fact that entropy continues to be generated for a time after reheating.

This integral is done numerically for several varieties of PIDM in the following sec-
tion, but it is useful to calculate it analytically in the computationally tractable "heavy
PIDM limit", mX � T. Here the equilibrium density asymptotes to an exponential. We
work with a scalar PIDM for definiteness, and set w = 0, as it only complicates matters
without adding to the physical intuition we are trying to build. The abundance becomes

X f =
N0m5

X

8π2m4
pT3

rhHi

[
T3

1

∫ arh

1
daa19/8e−

2mX
T1

a3/8
+

arh

γ2 T3
rh

∫ a f

arh

da
1
a

e−
2mX
Trh

a
arh

]
. (3.20)

Here, N0 is the number of scalar particles in the standard model, the effects of the other
degrees of freedom are subdominant, and T1 = (1728/3125)1/20Tmax = .97Tmax. We have
split the integral into thermal and nonthermal contributions, and treated the thermal
contribution during reheating to occur after the maximal temperature in (3.9) has already
been reached. In the limit where arh � 1, a f � arh, these integrals can be done, yielding

X f =
N0m4

X

8π2m4
pT3

rhHi

[
4
3

T4
1 e−

2mX
T1 +

1
2

arh

γ2 T4
rhe−

2mX
Trh

]
. (3.21)

For γ � 1, the maximum temperature will be much larger than the reheating tempera-
ture, and the second term can be neglected. The resultant expression can be set equal to
the observed relic abundance and solved for Hi(mX). The expression is:

Hi(m) =
4m2

X
κ2

1γmp
W−1

(
−λγ−7/2 m4

p

m4
X

)−2

. (3.22)

Here W−1(x) is the Lambert productlog function, and λ = 12π2ΩXh2κ3
2/(κ4

1Q) = 1.4×
10−23. This expression gives us some insight into the basic properties of the Hubble
rate needed in order to produce the correct dark matter abundance: Firstly, if the argu-
ment of the productlog is less than −1/e, no real solution exists. This in turn places a
restriction on the parameters of the model: γ7/8mX > 2.5× 10−6mp. For small masses
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the heavy PIDM approximation breaks down, invalidating the analysis we used, but for
large masses, this gives a lower bound on the efficiency of reheating necessary for this
production mechanism to work.

When the mass is large, the productlog is well approximated by a logarithm, and so
in this regime the Hubble rate necessary to produce the correct dark matter abundance
scales as Hi ∝ m2/(γ log

(
γ7/8mX

)2
). This scaling is borne out by the exact results pre-

sented in section 3.3.

3.2.5 Relation to Other Production Mechanisms

Before turning to the full calculations, we briefly contrast the freeze-in mechanism to
other potential sources of PIDM dark matter. These end up being not as relevant in the
most interesting parameter regime, where the dark matter mass is near the Planck scale.

The first additional method of production is due to the time-dependence of the met-
ric at the end of inflation, which triggers a Bogoliubov-type creation of particles. This
mechanism has been called ‘gravitational production’ [173, 187]. It is most relevant for
mX ' Hi, which is away from the heavy PIDM limit, and leads to modifications only
within a relatively narrow range of masses, around mX ∼ 10−10− 10−7mp, depending on
the efficiency of reheating. For this contribution to the energy density, we use the result
from [188].

An additional mechanism can occur for the case of scalar PIDMs in the low mass
regime mX � Hi: during inflation, these act as a field, and so locally acquire a vacuum
expectation value typically of the order X ∼

√
〈X2〉 = Hi/2π. This condensate will

actually be the dominant energy density of the PIDM (unless the potential of the PIDM
is modified away from the pure quadratic form for large field values, as in the axion
potentials, for example), and lead to DM isocurvature perturbations, that are already
ruled out observationally [186] (see [168, 189, 190] for related discussions). So, this regime
is not the most enticing part of parameter space for these models, and its presence is
highly model dependent.

3.3 Relic Density

Up to this point we have left the calculation of the relic abundance general, in terms of
a cross section for freeze-in. The precise value of this will depend on the type of particle
that the PIDM is. In this section we compute the cross section for several different choices
of spin. Generically, PIDM production will be a sum of three contributions:

〈σv〉 = N0〈σv〉0 + N1/2〈σv〉1/2 + N1〈σv〉1 , (3.23)

where the subscripts denote the spin of the standard model (SM) particles, and the Nis
are the number of degrees of freedom of each type, namely N0 = 4, N1/2 = 45, and
N1 = 12 in the SM.

Each of these can be separately computed from the Gondolo-Gelmini formula for the
thermally averaged cross section [191]

〈σv〉 = 1
8m4

XTK2(mX/T)2

∫ ∞

4m2
X

ds
√

s(s− 4m2
X)σ(s)K1

(√
s

T

)
, (3.24)
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where σ(s) is obtained by integrating over the Mandelstam variable t,

σ(s) =
−1

16πs(s− 4m2
X)

∫ t−

t+
dt|M|2 , (3.25)

with t± = −(
√

s/4−m2
X ∓
√

s/4)2. Specific matrix elements depend on the PIDM’s
spin. To compute the cross-sections we first need the annihilation amplitudes for dark
matter production from standard model particles. Using Equation (3.2), we can write
down the general formula for the amplitudeM in terms of the stress-energy tensors of
dark matter and standard model particles:

M =
−i8πG

s
(Tµν

SMTDM
µν −

1
2

TSMTDM) , (3.26)

where TSM and TDM are the traces of the SM and DM stress-energy tensors respectively
and G ≡ m−2

p . This formula is completely general, in that it can describe the production of
dark matter particles of any spin3 from standard model particles of any spin via graviton
exchange. To obtain the particular amplitude we are interested in, we simply substitute
in (3.26) the appropriate stress-energy tensors in momentum-space. Once we have the
amplitude, we square it and sum over spin states since we are only interested in the
unpolarized cross sections.

3.3.1 Scalar PIDM

We will focus now on a scalar PIDM. For real scalar SM particles going into real scalar
DM particles the relevant stress-energy tensors are:

TSM
µν =

1
2
(p1µ p2ν + p1ν p2µ − ηµν p1 · p2)

TDM
µν =

1
2
(kaµkbν + kaνkbµ − ηµν(ka · kb + m2

X)) , (3.27)

where the masses of the SM particles are negligible with respect to the DM mass, and so
they can be treated as massless. The factor of 1/2 is necessary because we are considering
real scalars, as opposed to complex scalars. The amplitude isM0→0 = (−i16πG/s)[(p1 ·
ka)2 + (p1 · kb)

2 − (p1 · p2)2] or, rewritten as a function of the Mandelstam variables s =
(p1 + p2)2 and t = (p1 − ka)2 (and squared):

|M0→0|2 = 4G2π2 (m
2
X − t)2(m2

X − s− t)2

s2 . (3.28)

For fermion SM particles going into scalar DM particles the stress-energy tensor TDM
µν

remains the same, while

TSM
µν = ū(p2)[

1
4

γµ(p1 − p2)ν +
1
4

γν(p1 − p2)µ]u(p1) , (3.29)

and the amplitude isM1/2→0(s, s′) = (−i4πG/s)ūs(p2)[/ka(p1 · kb − p2 · kb) + /kb(p1 · ka −
p2 · ka)− p1 · p2( /p1 − /p2)]us′(p1), where s and s′ label the spin states of the two incom-
ing SM fermions. We sum over the spins s and s′, |M1/2→0|2 = ∑s,s′ |M1/2→0(s, s′)|2.
The evaluation of the amplitude squared then reduces to the evaluation of a single trace,

3An exception is spin 2, for which an additional, model-dependent contribution can be present. We delay
discussion of this case until the concrete model of orbifolded extra dimensions is discussed in section 3.4.1.
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|M1/2→0|2 = (16π2G2/s2)Tr[ /p1 Q /p2 Q ], where we have defined the quantity Q = (/ka(p1 ·
kb − p2 · kb) + /kb(p1 · ka − p2 · ka)− p1 · p2( /p1 − /p2)). We find,

|M1/2→0|2 = −8G2π2 (2m2
X − s− 2t)2(m4

X − 2m2
Xt + t(s + t))

s2 . (3.30)

For vector SM particles the stress-energy tensor is

TSM
µν =

1
2
[ε2 · ε1(p1µ p2ν + p1ν p2µ)− ε2 · p1(p2µε1ν + ε1µ p2ν)− ε1 · p2(p1νε2µ + p1µε2ν)

+(p1 · p2 + m2
SM)(ε1µε2ν + ε1νε2µ) + ηµν(ε2 · p1ε1 · p2 − (p1 · p2 + m2

SM)ε2 · ε1)],(3.31)

where ε1 and ε2 are respectively the polarization vectors of the first and second SM parti-
cle, and mSM is their common mass. In the case of an exactly massless photon-like vector
particle, the trace part −(1/2)TSMTDM is zero and the amplitude is

MmSM=0
1→0 =

1
2
[ε2 · ε1(2p1 · ka p2 · kb + 2p1 · kb p2 · ka − 2(p1 p2)

2)

−ε2 · p1(2p2 · kaε1 · kb + 2p2 · kbε1 · ka − 2p2 · ε1 p1 · p2)

−ε1 · p2(2p1 · kbε2 · ka + 2p1 · kaε2 · kb − 2p1 · ε2 p1 · p2)

+p1 · p2(2ε1 · kaε2 · kb + 2ε1 · kbε2 · ka − 2ε1 · ε2 p1 · p2)

+(−2ka · kb − 4m2
X)(ε2 · p1ε1 · p2 − p1 · p2ε2 · ε1)]. (3.32)

In analogy with the spin 1/2 case, we have to square the amplitude and sum over polar-
ization states using ∑ ε∗1µε1ν = ∑ ε∗2µε2ν = −gµν. We arrive at the final expression for the
amplitude squared

|MmSM=0
1→0 |2 = 8G2π2 (m

4
X − 2m2

Xt + t(s + t))2

s2 . (3.33)

If the SM vectors are massive, the trace part is no longer zero and we have to add the
corresponding terms to (3.32), which are proportional to m2

SM. The spin sum identi-
ties are modified to ∑ ε∗1µ(p1)ε1ν(p1) = −gµν + p1µ p1ν/m2

SM and ∑ ε∗2µ(p2)ε2ν(p2) =

−gµν + p2µ p2ν/m2
SM for a massive particle. As before, we square the expression for

the amplitude, which now contains terms proportional to the mass of the SM particles,
and use the sum identities above. Only at the end of the calculation we take the limit
mSM → 0. We find the simple result

|MmSM 6=0
1→0 |2 = |MmSM=0

1→0 |2 + |M0→0|2 . (3.34)

This is consistent with the Goldstone boson equivalence theorem. Indeed, suppose
that we are above the electroweak symmetry breaking scale. Then the SU(3)× SU(2)×
U(1) symmetry group is unbroken, the Higgs field is in its symmetric ground state and
the vector degrees of freedom of the standard model are exactly massless. The Higgs
boson contributes 4 scalar d.o.f. to the annihilation amplitude |M0→0|2 and the vector
bosons contribute 4 massless transverse d.o.f. to the annihilation amplitude |MmSM=0

1→0 |2.
Instead, if we are below the electroweak scale, the symmetry is spontaneously broken
and 3 of the 4 scalar d.o.f. are eaten by the W and Z vector bosons, which become mas-
sive. Then the Higgs field contributes 1 scalar d.o.f. to |M0→0|2, while the photon con-
tributes 1 massless transverse d.o.f. to |MmSM=0

1→0 |2 and the 3 massive vectors contribute
to |MmSM 6=0

1→0 |2 with one longitudinal and two transverse d.o.f. Since |MmSM 6=0
1→0 |2 is just the

sum of the massless vector amplitude and the scalar amplitude in the high energy limit,
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the end result is the same, as it should be.
Given the amplitudes for scalar PIDM production, equation (3.24) can be used to

arrive at the thermally averaged cross sections:

〈σv〉0 =
πm2

X
8m4

p

[
3
5

K2
1

K2
2
+

2
5
+

4
5

T
mX

K1

K2
+

8
5

T2

m2
X

]
,

〈σv〉1/2 = 〈σv〉1 =
4πT2

m4
p

[
2
15

(
m2

X
T2

(
K2

1

K2
2
− 1
)

+3
mX

T
K1

K2
+ 6
)]

. (3.35)

The Ki are modified Bessel functions, with argument mX/T(a), and the brackets asymp-
tote to 1 for mX � T, leaving the prefactor to display the non-relativistic behavior (s-wave
for scalars, and d-wave otherwise).
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FIGURE 3.2: The value of the Hubble rate at the start of reheating that
gives the observed dark matter abundance, as a function of the mass of
the PIDM, for various values of reheating efficiency (blue: γ = 1, orange:
γ = 0.1, and green: γ = 0.01). The red region is excluded from the cur-
rent bound on the tensor-to-scalar ratio, and the purple dashed line is the
projected sensitivity for future CMB experiments, from [192]. The dotted
lines show the additional ‘gravitational production’ contribution [173, 187,
188]. The dashed-dotted line marks mX = Hi, left of which is excluded
for scalar PIDMs (unless corrections to the PIDM potential are important
during inflation). All values are given in units of mp.

The thermally averaged cross sections can be used in equation (3.18) to find the value
of the relic abundance numerically. If the PIDM is to be the dominant component of
the dark matter, we require the parameters to be such that the abundance measured by
Planck, Ωch2 = 0.1198± 0.0015 (68%CL) [1] is produced, which will define a lower di-
mensional manifold in parameter space for which this occurs. One useful way to express
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this is illustrated in Fig. 3.2 whose level curves are the lines in the Hi −mX plane which
satisfy this criterion, for several values of the reheating efficiency γ. For very efficient
reheating, γ ≈ 1, the PIDM is produced shortly after reheating via freeze-in. Only for
smaller values of γ, does the contribution to production during reheating become rele-
vant.

The shape of the level curves interpolate between the analytic estimates of section
3.2.4 for small and large masses. The Hubble rate must be larger to produce the same
cross section for small masses due to the suppression of the cross section in this regime,
and similarly for large masses due to the exponential Boltzmann suppression. We also
include the contribution from ‘gravitational production’ discussed in section 3.2.5 as the
dotted lines, which is relevant for mX ' Hi. The results are robust when varying w in the
range (−2/3, 2/3).

We see that, in the limit of instantaneous reheating (γ = 1), the range of viable PIDM
masses is quite large, spanning from 10−10 − 10−2mp. However, this range is very sen-
sitive to the reheating efficiency, and shrinks significantly if reheating takes just a bit
longer. If γ . 10−3, which corresponds to a reheating lasting Nrh & 10/(1 + w) e-folds,
the freeze-in mechanism cannot be operational for any value of the PIDM mass. For
values just above this, the allowed mass range is centered at mX ∼ 10−6mp.

However, the philosophy of our scenario prefers substantially higher PIDM masses,
as these are more minimal, especially in the scalar case where quantum corrections typi-
cally will drive the mass towards the ultraviolet cutoff in the effective theory. Indeed, for
large enough γ, mX & MGUT is in accordance with observations. The maximum value of
the PIDM mass for a given bound on the tensor to scalar ratio is

mmax = 0.023 γ1/2r1/4mp . (3.36)

If we take the current bounds, r < 0.07, then the maximum allowed mass is 0.013mp.
This value decreases if the reheating efficiency is smaller. If we favor large masses, there-
fore, the scale of inflation must be such that we expect to see tensor modes in the next
round of CMB experiments. For the futuristic sensitivity of r ∼ 10−4 quoted in [192],
the maximum mass can be improved by almost an order of magnitude. Remarkably,
the entire region of parameters with GUT scale masses can be probed in the foreseeable
future.

Therefore, if the next generation of CMB experiments exclude primordial tensor modes
to this level, the PIDM scenario will only be viable if its mass is significantly below the
natural cutoff scale. Let us stress again that our conclusions are predicated on the stan-
dard reheating setup, with a constant equation of state and decay rate. More general
scenarios may alter these conclusions, but at the cost of introducing additional model
dependence.

3.3.2 Fermion PIDM

Very little changes when going from a scalar PIDM to a fermion PIDM. The only dif-
ference is that the DM stress-energy tensor is now TDM

µν = ū(kb, mX)[
1
4 γµ(ka − kb)ν +

1
4 γν(ka − kb)µ]u(ka, mX). For SM scalars going into fermion DM equation (3.26) yields

|M0→1/2|2 = 8G2π2 (m
2
X − t)(−m2

X + s + t)(−2m2
X + s + 2t)2

s2 , (3.37)
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while for fermion SM particles

|M1/2→1/2|2 =
8G2π2

s2 [32m8
X − 32m6

X(s + 4t) + 2m4
X(5s2 + 64st + 96t2)

−4m2
X(s

3 + 13s2t + 40st2 + 32t3) + s4 + 10s3t + 42s2t2 + 64st3 + 32t4], (3.38)

and finally for vector SM bosons

|M1→1/2|2 = −32G2π2 (m
4
X − 2m2

Xt + t(s + t))[s2 + 2(m4
X − 2m2

Xt + t(s + t))]
s2 . (3.39)

Using (3.24) we obtain the thermally averaged cross sections:

〈σv〉0 =
πmXT

2m4
p

[
4
5

T
mX

+
1
5

mX

T
− 1

5
mX

T
K2

1

K2
2
+

2
5

K1

K2

]
,

〈σv〉1/2 = 〈σv〉1 =
4πmXT

m4
p

[
6
5

T
mX

+
2
15

mX

T
− 2

15
mX

T
K2

1

K2
2
+

3
5

K1

K2

]
.

(3.40)

As before, the argument of the Bessel functions is mX/T, and the brackets asymptote to 1
for mX � T. In this scenario, all the cross sections are p-wave. The level curves in Fig. 3.3
show the lines for which the fermion PIDM abundance matches the cold dark matter
density measured by Planck. As one can see, the results are very similar to the case of
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FIGURE 3.3: Same as Fig. 3.2, but for fermion PIDMs. The blue curve is for
γ = 1, orange for γ = 0.1 and green for γ = 0.01. The region above the
red line is excluded from the current bound on the tensor-to-scalar ratio.
Note that, in contrast to scalar PIDM, also values mX < Hi (gray line) are
allowed.

a scalar PIDM. In particular, in the limit of instantaneous reheating the allowed range
for the DM mass is quite large, with 0.01mp being the largest possible mass compatible
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with the constraint on the inflation scale. If we lower γ the viable mass range quickly
shrinks. The upper bound on mX is 10−3mp for γ = 0.1 and 10−4mp for γ = 0.01. The
main point remains that the minimal PIDM scenario demands a high inflation scale and
fast reheating.

3.3.3 Vector PIDM

In the case where the PIDM is a vector, the squared amplitude for scalar production is

|M0→1|2 =
12π2G2 (m2

X − t
)2 (−m2

X + s + t
)2

s2 = 3|M0→0|2. (3.41)

For production by SM fermions, it is

|M1/2→1|2 = −2π2G2

s2 [12m8
X − 12m6

X(s + 4t) + m4
X
(
5s2 + 48st + 72t2)− 2m2

X(
2s3 + 11s2t + 30st2 + 24t3)+ t

(
5s3 + 17s2t + 24st2 + 12t3)], (3.42)

and for production by SM vectors, it is

|M1→1|2 =
2π2G2 (m4

X − 2m2
Xt + s2 + st + t2) (3m4

X − 6m2
Xt + s2 + 3st + 3t2)

s2 . (3.43)

The thermally averaged cross sections are:

〈σv〉0 =
3πm2

X
8m4

p

[
3
5

K2
1

K2
2
+

2
5
+

4
5

T
mX

K1

K2
+

8
5

T2

m2
X

]
,

〈σv〉1/2 = 〈σv〉1 =
πm2

X
m4

p

[
11
20

K2
1

K2
2
+

9
20

+
13
20

T
mX

K1

K2
+

13
10

T2

m2
X

]
, (3.44)

with the argument of the Bessel functions mX/T, and brackets which asymptote to 1 for
mX � T. The cross sections have the same structure as the scalar-to-scalar one, with
different prefactors. In particular, 〈σv〉0 is just 3 times the scalar-to-scalar cross section,
due to the 3 polarization states of a massive vector particle. Fig. 3.4 shows the Hubble
parameter at the end of inflation that gives the correct relic abundance as a function of
the PIDM mass.

3.3.4 Nonminimally Coupled PIDM

In the case where the PIDM is a scalar, we may be interested in the scenario where the
theory contains an additional nonminimal coupling to gravity, of the form

LNM =
1
2
(ξφφ2 + ξXX2)R (3.45)

where X is the PIDM, and φ is any scalar present in the standard model, each with their
own coupling. The matrix element for this process is

|M|2 = 4G2π2

(
m4 + st + t2 −m2(s + 2t + 2sξφ)− s2(ξX + ξφ + 6ξXξφ)

s

)2

(3.46)
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leading to the thermally-averaged cross section

〈σv〉 = G2m2π

360x2

(
x2(2 + 5(1 + 2Xc + 2X2

c )X2
h)

K2
1(x)

K2
2(x)

+ 6x(1 + 5X2
c X2

h)
K1(x)
K2(x)

+

2(6 + 30X2
c X2

h + x2(−1 + 5XcX2
h + 5X2

c X2
h))

)
(3.47)

where we have defined Xh = 1 + 6ξφ, Xc = 1 + 6ξX, and x = m/T. The nonrelativistic
limit of this expression is

〈σv〉 → G2m2π

8
(1 + 4ξX)

2(1 + 6ξφ)
2 . (3.48)

Therefore, the nonminimal coupling can be effectively taken into account by the replace-
ment m→ m(1+ 4ξX)(1+ 6ξφ) for the scalar-scalar process. If the standard model Higgs
has a large nonminimal coupling to gravity, then it will dominate the production cross
section for the PIDM. If either value of the nonminimal coupling is significantly larger
than O(1), it becomes harder for the minimal PIDM scenario, in which the mass is GUT
scale, to be realized, as the effective mass can become several orders of magnitude larger
than the actual mass. On the other hand, our conclusions are robust when allowing for
a small non-minimal coupling, in agreement with the expected size generated by renor-
malization group effects [193].
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3.4 In Situ PIDMs

In the previous section we have demonstrated that the PIDM is a viable dark matter can-
didate for large reheating temperatures, and that it is rather insensitive to the details of
the scenario, other than the mass of the PIDM. In this section, we outline several scenarios
that naturally contain particles capable of acting as PIDMs.

3.4.1 Orbifold KK PIDMs

The possibility that a Kaluza-Klein (KK) resonance may act as the dark matter particle is
an attractive scenario [194]. Here, the 4d mass is a consequence of the momentum in the
extra dimension(s), which is quantized due to their compact nature. Since the 4d mass
is inversely proportional to the compactification size, the implementation of a minimal
PIDM (GUT scale mass) in this scenario requires that the extra dimensions are small, e.g.
related to the GUT scale. We consider the simplest set-up depicted in Fig.3.5, starting
from a 5d Minkowski space where one of the spatial dimensions is compactified on the
orbifold segment S1/Z2. While the orbifold breaks KK number conservations, the lightest
KK state is stable due to the KK parity symmetry [195]. The 4d and 5d Planck masses are
related by

M3
5 = m2

p/R (3.49)

where M5 and mp are the 5d and 4d Planck scales, respectively, and R is the compactifi-
cation scale (the length of the segment).

Upon compactification the 5d metric gMN with M, N = 0, .., 4 is split into three com-
ponents: a collection of 4d tensor fields g(n)µν , a collection of 4d vector fields g(n)µ4 and a

collection of 4d scalar fields g(n)44 , one for each n ∈ N and with µ, ν = 0, ..., 3. Each of
these three components contains a massless (zero) mode and an infinite KK tower of
massive states, with masses that are integer multiples of the inverse compactification ra-
dius: mn = n/R (see section 1.2 for a quick review of compactification). So, for example,
the modes with n = 0 correspond to the massless graviton g(0)µν , a U(1) gauge boson g(0)µ4

and the radion g(0)44 , while the states with n 6= 0 are their massive counterparts. A mass-
less graviton in five dimensions has 5 degrees of freedom, and this number matches the
counting of degrees of freedom at each KK level n. For n = 0 we have a massless gravi-
ton in four dimensions, a massless gauge boson and a massless scalar field for a total of
2+2+1=5 degrees of freedom. For n 6= 0 the counting is slightly more involved. For a
S1 compactification, one can see that the infinite dimensional symmetry of S1 is spon-
taneously broken by the vacuum configuration gMN = ηMN , giving rise to a Higgs-like
mechanism which is geometrical in nature [196]. As a result, the massless spin-2 fields
g(n)µν absorb the vector and scalar fields at the same KK level n 6= 0 and become massive.
A massive graviton in 4d has 5 degrees of freedom, and the two numbers match also in
this case.

In order to make a more realistic scenario for particle physics, our setup has an addi-
tional ingredient, the orbifolding by Z2. The Z2 breaks KK-number conservation, but still
leaves a conserved KK-parity that guarantees the stability of the lightest KK resonance,
which will be our PIDM candidate. Note that KK-parity is not the same as parity under
the Z2, but can be expressed as a conservation of the parity (−1)KK, where KK is the KK-
number. This means that an odd KK-number state cannot decay into SM particles, which
carry even KK-number/parity.

Given the circle compactification with coordinate x4 ≡ y ∈ [0, 2πR], the segment
orbifold is obtained by identifying y and −y, with the two fixed points at y = 0 and
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FIGURE 3.5: Minimal setup in which the PIDM is the first Kaluza-Klein
excitation of the graviton in a S1/Z2 orbifold compactification. The orb-
ifold action Z2 explicitly breaks KK number conservation, but leaves an
invariance under KK parity, which makes the lightest KK graviton stable.
The SM fields (open strings in the figure) live on a brane stuck at one of
the two orbifold fixed points. The Z2 symmetry then requires the presence
of an identical brane located at the opposite fixed point. The graviton (the
closed strings in the figure) is the only field able to propagate in the extra
dimension.

y = πR. We decide to have the SM fields trapped on a brane located at one of the fixed
points, with the 5d graviton the only field able to propagate in the bulk. Fields defined
on the orbifold can be even or odd under y → −y, depending on whether they satisfy
Dirichlet or Neumann boundary conditions. An even field satisfies Φ+(y) = Φ+(−y),
while for an odd field Φ−(y) = −Φ−(−y). Expanding the fields in a Fourier series in the
compact coordinate y we get

Φ+(x, y) ∼ Φ(0)
+ (x) +

∞

∑
n=1

Φ(n)
+ (x) cos(ny/R)

Φ−(x, y) ∼
∞

∑
n=1

Φ(n)
− (x) sin(ny/R)

(3.50)

with mass mn = n/R for the nth mode. It is clear from the expansion that only even fields
contain a zero mode. Consider now the 5d metric gMN(x, y). Given that ∂µ is even and
∂4 is odd under the Z2 parity, coordinate invariance of the gravity action actually tells us
that gµν and gµ4 must have opposite parities, whereas gµν and g44 have the same parity.
This means that if gµν and g44 are even (we need gµν to be even, otherwise there would
be no massless graviton), then gµ4 is odd and does not have a zero mode. In other words,
we can use the Z2 symmetry to project out the unwanted gauge boson. That still leaves
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us with an unstabilised scalar field, the radion g(0)44 ≡ φ(x), which controls the size of
the extra dimension. There are various ways to stabilise the radion. Moduli stabilisation
is not the focus here, therefore we will limit ourselves to pointing out a couple of ways
in which this can be achieved in our scenario. One, very minimal, possibility is to have
the radion stabilised by an inter-brane potential. Another possibility, if we embed our
model in a larger 10 dimensional string theory compactification, is moduli stabilisation
by fluxes and non-perturbative effects in string theory.

To sum up, the particle content of our model is the following: a massless graviton, a
stabilised (massive) scalar field and an infinite KK tower of massive gravitons, all free to
propagate in the bulk, plus all the standard model fields which are confined on the brane.
The gravitons interact both with the two branes and among themselves.

The dimensionally reduced quadratic Lagrangian for the massive KK modes of the
graviton has the Fierz-Pauli form:

Ln =
1
2

(
∂λhµν,n∂λhn

µν − ∂λhµ,n
µ ∂λhν,n

ν − 2∂λhλν,n∂µhn
µν + 2∂νhλ,n

λ ∂µhn
µν + m2

n(h
µ,n
µ hν,n

ν − hµν,nhn
µν)
)

,
(3.51)

where hµν is the linearized 4d metric. The higher order terms describe the self-interactions
of the KK gravitons. The interaction term with the SM fields is

Ln
int =

√
8π

2mp
hn

µνTµν
SM. (3.52)

Now we are ready to compute the abundance of the lightest KK excitation of the gravi-
ton in our setup. For simplicity, we will call the nth KK mode of the graviton KKn, the
stable KK1 being the PIDM candidate. First of all, since the dark matter particle in this
setup has odd KK parity, it cannot directly couple to the standard model sector, whose
particles have even KK parity. This means that it can only be produced in pairs. Double
production of KK modes takes place through a graviton exchange diagram as well as a
contact interaction diagram, shown in Fig. 3.6, which we add up to obtain the full am-
plitude. In principle we should consider the contribution coming from all the diagrams
of this type with a generic combination of higher order same-parity KK modes in the fi-
nal state, which can then decay to the stable KK1 and add to its abundance. In the limit
of natural PIDM mass, however, we can safely ignore those higher order contributions
and only consider the diagrams corresponding to the production of KK1. Moreover, we
can assume that the mediator in the first diagram is just the massless graviton, as the
other terms coming from diagrams in which the mediator is a massive graviton will be
subleading in this regime.

To compute the amplitudes we need, apart from the usual SM-graviton vertex that we
already used in the other scenarios, the triple graviton vertex and the two graviton seag-
ull vertex that gives rise to the contact interaction. We use the Feynman rules of [197] for
the triple graviton vertex τ

µν
αβ,γδ(ka, kb) and the contact interaction vertex Vµν,αβ

S (p1, p2),
with S = 0, 1/2, 1 depending on the spin of the SM particles, p1,p2 the momenta of the
incoming SM particles and ka,kb the momenta of the outgoing gravitons. Strictly speak-
ing, the Feynman rules for the two vertices are only valid for massless gravitons, but we
can get the Feynman rules for massive gravitons by dimensional reduction of the corre-
sponding 5d vertices. We know that the tensor structure of the vertices is the same in
any number of dimensions, therefore we can use the same rules but with 5d indices and
momenta. The rules are now exact because we have pure Einstein gravity with mass-
less gravitons in the extra-dimensional space. To go from 5d to 4d we just contract the
5d vertices with the 4d massive graviton polarization tensors in order to project out the



60 Chapter 3. Planckian Interacting Dark Matter

SM

h
(n)
µνSM

h
(0)
µν

h
(n)
µν

1/mp 1/mp

SM

h
(n)
µν

SM

h
(n)
µν

1/m2
p

FIGURE 3.6: Pair production of KK gravitons via graviton exchange (left)
and contact interaction (right) diagrams. This process is possible both for
even and odd n, and the amplitude scales as 1/m2

p. For n = 1 this process
describes one of two most relevant production channels of the lightest KK
graviton.

unwanted degrees of freedom, and we express the 5-momenta in terms of the 4d ones.
So for example the product k(5)a · k(5)b of the massless gravitons 5-momenta becomes after

dimensional reduction: k(5)a · k(5)b = k(4)a · k(4)b + mamb, where ma and mb are the masses
of the two KK gravitons in the final state, which correspond to the components of the
5-momenta in the extra dimension (see Appendix A for details).

The analytical expressions for the amplitudes are rather complicated and uninterest-
ing, so we will not show them here. We will confine our discussion here to their scal-
ing behavior, since this contains the relevant physics. The amplitudes scale as |M|2 ∼
E12/(m8m4

p), where E represents the typical energy scale of the process and m is the gravi-
ton mass. A peculiar property of these amplitudes, then, is that they diverge for m → 0,
signaling that the theory becomes strongly coupled at low masses. This is a well-known
feature of the theory of a single massive graviton [198]. In fact, for a single graviton in
four dimensions with a Planck scale mp and a mass m, one can show that there is a sen-
sible effective field theory which is valid up to a low-energy cutoff Λ = (m2mp)1/3 (low
with respect to the Planck scale), above which the EFT becomes invalid. Looking at the
scaling behaviour of the amplitudes, unitarity is lost, and the EFT breaks down, when
the ratio E12/(m8m4

p) is of order one. This condition sets an energy scale in our theory,
which is exactly the cutoff Λ. It is useful to look at the problem from the point of view
of 5d Einstein gravity, which we know is a consistent, stable and cutoff free theory. After
compactification, 5d gravity is equivalent to the 4d theory of an infinite number of fully
interacting massive gravitons. It is clear from this perspective that there should be no
strong coupling problem or low scale cutoff in the complete 4d theory, which should be
valid all the way up to the 5d Planck mass. What happens is that the 4d graviton modes
interact in such a way as to cancel out all the strong coupling effects and the low energy
cutoff disappears from the final theory [199, 200]. Any truncation of the full 4d theory to
a finite number of KK modes will automatically introduce a cutoff in the effective field
theory.

Given that the amplitudes and cross sections are extremely cumbersome and difficult
to work with, it is useful to obtain approximate expressions when the high mass approxi-
mation is valid. If the maximum temperature during reheating (3.11) is much higher than
the mass of the PIDM particle, or equivalently the inverse compactification radius, then
our approximation is bound to fail, since higher order KK modes will be produced copi-
ously. Roughly, the number of excited KK modes N during reheating is N ∼ Tmax/mX.
If N . 1, then only the first excited state (the PIDM) is produced effectively, and we can
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FIGURE 3.7: Production of single KK gravitons with even KK number via
inverse decay of SM particles. The amplitude scales with the first power
1/mp of the Planck mass.
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FIGURE 3.8: Decay of KK gravitons with even KK number into lighter KK
modes (left) and SM particles (right).

consistently neglect all the higher KK modes in our calculations.
Given the bound on the energy scale of inflation, we can assume N . 1 for mX &

10−4/10−5mp and γ & 0.01. In this regime, we can expand the cross sections in powers
of T/mX and retain the first few terms:

〈σv〉0 =
61G2m2

X
1152π

(
1 +

243
61

T
mX

+
3244

61
T2

m2
X
+ O

(
T

mX

)3
)

,

〈σv〉1/2 = 〈σv〉1 =
175G2m2

X
192π

(
1 + 3

T
mX

+
15243
700

T2

m2
X
+ O

(
T

mX

)3
)

.

(3.53)

These are the (approximate) cross sections for the direct production of KK1 by standard
model particles, in complete analogy with what we have done for the lower spin cases.

In this scenario, however, we have another potentially competing process for the pro-
duction of KK1, namely the creation of a single even KK mode by standard model par-
ticles, which then decays to the PIDM. Even modes can couple directly to the standard
model sector and thus be singly produced by the inverse decay process SM + SM →
KK2n of Fig. 3.7. The question then is wether these even modes decay predominantly
back to SM particles or to the PIDM. The decay widths of KK gravitons to SM particles
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were computed in [201]:

Γ(KK → SS) =
1

960π

m3

m2
p

,

Γ(KK → f f̄ ) =
3

320π

m3

m2
p

,

Γ(KK → VV) =
N

160π

m3

m2
p

,

(3.54)

where N is 1 for photons and 8 for gluons. The three partial decay widths describe decay
to scalar, fermion and vector particles respectively. The total decay width to SM particles,
which we denote by ΓSM, will then just be a sum of the three, each counted with the right
number of degrees of freedom.

The decay width of a KK graviton to lighter modes can be computed simply from
the triple graviton vertex, using the dimensional reduction prescriptions we described
earlier. In the regime N . 1 considered here, the dominant contribution will be given
by the decay of the first few even modes, which are the lightest. The decay process
KK2 → 2KK1 is classically forbidden because its phase space is exactly zero. However,
radiative corrections to the mass of KK2 could in principle open up the decay channel if
they are big enough (and positive). Taking the mass of KK2 to be M and the one of KK1
to be m, the decay rate is given by

ΓKK =

√
1− 4m2

M2

(
M2 − 4m2)2 (90m8 − 48m6M2 + 59m4M4 + 5m2M6 + 2M8)

864πm2
pm8M

. (3.55)

Next we have the decay KK4 → 2KK1, which vanishes at tree level due to KK number
conservation in the bulk. However, the presence of the two branes explicitly breaks mo-
mentum conservation in the extra dimension, giving rise to a non-zero KK4 contribution
with loop-induced decay: KK number violating effects are localized on the orbifold fixed
points and therefore only appear at loop level. All higher order decays have negligible
contributions due to extreme Boltzmann suppression in the high mass limit. Given the
number density of KK2n, nKK2n , the additive contribution to the PIDM number density
will then be δnX = 2nKK2n BR2n, where BR2n is the branching ratio of KK2n → 2KK1. As
we said, for our purposes it is sufficient to consider only n = 1, 2.

Following [131], the dimensionless abundance XKK2n ≡ nKK2n a3/T3
rh for the process

SM + SM→ KK2n is

XKK2n =
45mpΓSM

(1.66)4π4M2g3/2
rh

∫ ∞

M/Trh

K1(x)x3dx, (3.56)

where M = 2nm is the mass of the n = 1, 2 mode and grh ∼ 100 the effective number
of standard model degrees of freedom at Trh. If we call XD the PIDM abundance coming
from direct production, the final abundance will be X = XD + 2XKK2 BR2 + 2XKK4 BR4.

Note that the presence of a process like SM + SM→ KK2n that leads to an additional
contribution to the PIDM density is a qualitatively different feature of this model com-
pared to the minimal PIDM scenario (with spin 0,1/2 and 1). The origin of this difference
lies in the fact that for a maximally hidden dark sector, a dark matter particle of spin
different than two can only communicate indirectly through gravity with the standard
model sector, whereas a spin 2 particle, being graviton-like, can also couple directly to
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the standard model particles, without the need of a mediator. In this particular model
the dark matter particle cannot couple directly to the standard model sector because of
KK parity, but its heavier excitations can and this adds to the dark matter abundance
when they decay to the stable mode.

Depending on the details of the model, both BR2 and BR4 can vary from 0 to 1, so that
either process (direct production or inverse decay) can dominate. However, we checked
numerically that the impact on the Hi bound is very mild, due to the strong dependence
of X on Hi. The constraint plot is almost unaffected by a change in the branching ratios,
proving the robustness of the predictions. The constraint plot is shown in Fig. 3.9.

10
-4

10
-3

10
-2

10
-1

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

mX / Mp

H
i
/
M

p γ=1

0.1

0.01

MGUT

r>0.07

tensor PIDM

FIGURE 3.9: Constraint plot for KK PIDM. The blue curve is for γ = 1,
orange for γ = 0.1 and green for γ = 0.01. The mass range is restricted
to the interval [10−4, 0.1] where the single KK graviton approximation is
valid. All values are given in units of mp.

The results are similar to the lower spin cases, the only difference being that the mass
range for which we can trust our calculations is now significantly smaller. We checked
that our results are stable when including higher order terms in the cross section formu-
lae, which means that the single KK graviton approximation is valid. At lower masses
the production of the other KK excitations become important and in principle one should
take into account the full interacting theory of the KK tower with itself and the SM brane.

3.4.2 Monodromy Inflation and PIDM

Since the minimal PIDM with a GUT scale mass requires a high scale of inflation and
efficient reheating, it is interesting to ask how the PIDM can be embedded into well-
known models of high scale inflation. A setup that appears to overcome problems of
high scale inflation in string theory is monodromy inflation [202–207], which also leads
to interesting possible signatures in terms of primordial non-Gaussianity [208, 209].

In this subsection we briefly discuss how the PIDM can be incorporated in an effec-
tive description of monodromy inflation, where the effective 4D monodromy potential is
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obtained from compactification of 11-dimensional Supergravity (SUGRA) by the mixing
of an axion-like field with a four-form from the effective four dimensional action [204]

SInfl =
∫

d4x
√
−g
[

1
16π2 m2

pR− 1
2 · 4!

FµνλρFµνλρ − 1
2

∂µφ∂µφ +
µ

4!
φεµνλρFµνλρ

]
+

1
6

∫
d4x
√
−g∇µ

[
Fµνλσ Aνλσ − µφ

εµνλρ

√−g
Aνλρ

]
. (3.57)

To incorporate the PIDM we add a massive scalar degree of freedom with a natural mass,
M, of order the 11-dimensional Planck mass, M11,

SPIDM = −1
2

∫
d4x
√
−g
[
∂µσ∂µσ + M2σ2] . (3.58)

And also add a mechanism of reheating via the coupling

SRH =
∫

d4x
√
−g

φ

fφ
GµνG̃µν , (3.59)

which parametrises the effective coupling of the inflaton to a Standard Model sector
gauge field strength Gµν (and its dual G̃µν). The effective model describing inflation,
dark matter and reheating is

SEff = SInfl + SPIDM + SRH . (3.60)

We can for example think of σ as a lightest stable Kaluza-Klein mode, and from the dis-
cussion of the previous section, the phenomenology is similar when replacing it with a
fermion or graviton mode, as long as it only couples gravitationally to the four-form and
the inflaton.

In the model of [204], the four-form of equation (3.57) describes a membrane moving
in 11-dimensional SUGRA, and the background of the four-form breaks the shift symme-
try providing a quadratic potential for the inflaton φ,

Veff =
1
2
(q + µφ)2 , (3.61)

valid within the large field range mp � φ ≤ M2
11/µ, with µ ∼ O(103)(M11/mp)2M11 �

M11, such that large field inflation can take place. Since the amplitude of the observed
density perturbations, δρ/ρ ∼ 10−5 fixes the mass of the inflaton to be µ ∼ 1013GeV, one
obtains M11 ∼ MGUT = 1016GeV. Thus, in this setup, we naturally obtain a PIDM with a
mass mX ∼ M11 of order the GUT scale.

In order to have an efficient production of the PIDM by graviton scattering, we need,
as previously discussed, a high reheating temperature. In the model of [204], inflation
ends when the inflaton background value, q/µ + φ, drops below MPl and the inflaton
starts to oscillate in its potential. The axion-like inflaton naturally couples to the Standard
Model gauge sector, with a coupling of the form (3.59), with µ . fφ . M11. We can
compute the reheating temperature by noting that the decay rate of the inflaton into the
SM gauge field sector is

Γ =
µ3

8π f 2
φ

, (3.62)
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which leads to a reheating temperature

Trh =
κ2

(8π2)1/4

µ3/2m1/2
p

fφ
. (3.63)

In terms of the parameter γ =
√

Γ/Hi, parametrising the efficiency of the reheating, we
have

γ =
1√
8π

µ

fφ
. (3.64)

With the PIDM mass being set by M11 of order the GUT scale, the right abundance of dark
matter is obtained for γ & 0.1, which implies that we have to require fφ ∼ µ ∼ 1013GeV.
On the other hand, before ending this section, let us mention that it is also possible to
lower the PIDM mass scale to be similar to the inflaton mass, M ∼ µ, while instead
having the inflaton decay constant fixed to the GUT scale fφ ∼ M11 ∼ 1016GeV.

While we have demonstrated the the PIDM is natural in monodromy inflation from
the point of view of effective field theory, it will be interesting to see a precise realization
of the PIDM scenario in a full UV complete model of axion monodromy in string theory.

3.4.3 Higgs Inflation PIDMs

Following the philosophy of minimality, it may also be interesting to ask if the PIDM can
fit within scenarios of Higgs inflation [210]. In these models inflation happens entirely
within the standard model, modified only with a non-minimal coupling of the Higgs to
the standard model. The Lagrangian is

L =

(
1

16π2 m2
p + ξH†H

)
R + gµν(DµH)(DνH)− λ

(
(H†H)− v2

2

)2

. (3.65)

Let us add to this setup a the action of the PIDM as in equation (3.58).
The authors of [211] consider two examples, critical and non-critical Higgs inflation.

In the original non-critical version of Higgs inflation, inflation happens on the plateau of
the Starobinsky inflation form, which in the Einstein frame takes the form

VStar ≈
λm4

p

256π4ξ2

(
1 + e−4πφ/

√
3mp
)−2

, (3.66)

where φ is the canonically normalized Higgs field that acts as the inflaton. In this case
ξ ∼ 104 and the tensor-to-scalar ratio, r = 16ε, is related to the number of e-folds, N∗,
when the CMB scales leave the horizon, through the relation ε = 3/(4N2

∗). In the non-
critical case where reheating proceeds perturbatively, the reheating temperature was es-
timated to be Trh ∼ 1014 GeV, which with r = 3 × 10−3 implies γ ∼ 10−2, which is
consistent with an effective Einstein frame PIDM mass of mX ∼ 10−5mp. For the rela-
tion to the Jordan frame see section 3.3.4. In this case, it may be interesting to explore
a possible connection between the PIDM and leptogenesis, as the PIDM mass is around
the mass of the heavy right handed neutrino masses. It has been argued in [211], that in
the non-critical case, Higgs inflation can proceed even if the standard model vacuum is
metastable, since thermal corrections can restore the symmetry at the time of reheating
in the non-critical case, and the inflaton will therefore be trapped in the electroweak vac-
uum. However, the instability may still be triggered during reheating [193, 212, 213]. In
addition, there are serious concerns about the validity range of the effective theory used
to describe non-critical Higgs inflation [214–216].
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On the other hand, in the critical case one assumes that the top quark mass and the
Higgs coupling are finely tuned against each other, such that second (potentially harmful)
vacuum disappears and instead turns into an inflection point of the potential, that can be
used for inflation. In this form inflation no longer occurs at the plateau, and the relation
ε ∼ 1/N2

∗ is broken. For a recent evaluation we refer to [217]. A large tensor-to-scalar
ratio is possible with ξ ∼ 10 and a reheating temperature just below the GUT scale [218,
219]. In that case an effective Einstein frame PIDM with mX ∼ MGUT can fit within Higgs
inflation.

3.5 Additional Possible Signatures

3.5.1 Nonperturbative Decay

Throughout, we have posited the stability of the PIDM, nominally protected by a symme-
try that is respected by all particle interactions. However, quantum gravitational effects
are expected to induce processes that violate global symmetries [170]. This means that
the PIDM can in principle decay into SM particles through gravitational instanton inter-
actions which are suppressed by the Euclidean action S. It is important to make sure that
the stability of the PIDM is not spoiled by these nonperturbative effects, that will result
in the production of ultra-high energy cosmic rays, as in [220–223].

The possibility that the observed flux of ultra-high energy cosmic rays at E & 1019 eV
is dominantly produced by the decay of super-heavy dark matter has been excluded
long ago based on the relative fraction of photons versus charged cosmic rays [224, 225].
Assuming instead that the observed flux is of astrophysical origin, it is possible to put
stringent upper limits on a potential exotic contribution due to dark matter decay. De-
pending on the decay channel and its mass, these bounds can be translated in lower
limits on the lifetime, that apply to the PIDM scenario. Observations from the AUGER
observatory and the Telescope Array [226] place bounds for the lifetime for qq̄ decay at
& 1022 yr [227] for masses in the range M ∼ 1013 − 1016 GeV. Additionally, bounds on an
ultra-high energy neutrino flux analyzed in [228–230] constrain the lifetime of this decay
to be & 1015 yr for M ∼ 1016 GeV. In addition, the invisible decay to relativistic particles
(such as neutrinos) is constrained by Planck data [231], giving a lower bound & 1011 yr
if PIDM provides the dominant contribution to the observed dark matter density. In the
future a signal at the energies indicative of PIDM decay could be potentially detected e.g.
at JEM-EUSO or at ARA [227].

The PIDM decays, being mediated by instanton interactions, contain an additional
parameter, namely the instanton action S. The experimental bounds can be translated
to bounds on the value of this action. If nonperturbative quantum gravity effects are
present, they can be described by additional operators in the effective Lagrangian that
break the global symmetry and are suppressed by e−S [47]. The terms that will give the
dominant contribution to the decay rate are the ones with the lowest power of mp in
the denominator, i.e. the lowest dimensional symmetry breaking operators. The general
form of these operators, for different spins, is listed here:

spin 0 : LNP = gmpXH†H

spin 1/2 : LNP = gX̄HL

spin 1 : LNP = g(∂µXν − ∂νXµ)Bµν

spin 2 : LNP =
g

mp
XµνTSM

µν , (3.67)
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where X is the PIDM field, H(L) the Higgs (lepton) doublet, and TSM
µν is the energy-

momentum tensor of the standard model fields. The coupling constant g ∼ e−S measures
the strength of nonperturbative quantum gravity effects and is exponentially suppressed
by the Euclidean action of the process. Note that the scalar operator is dimension 3, the
fermion and vector are dimension 4, and the tensor operator is dimension 5. The decay
lifetime of the PIDM for these types of operators can be estimated as

dimension 3 : τX = α
mX

m2
p

e2S

dimension 4 : τX = α
1

mX
e2S

dimension 5 : τX = α
m2

p

m3
X

e2S, (3.68)

where mX is the mass of the PIDM and α is an O(100) number. Due to the exponential
dependence the lower limits on the instanton action S are rather insensitive to the details
of the decay. For example, for GUT scale dark matter the requirement τX > 1022(1011) yr
translates into a lower limit S > 85(72) for the dimension 3 operator, S > 77(65) for
dimension 4, and S > 70(58) for dimension 5.

How realistic are these values for the action? Following [47], in a large class of models
based on Einstein theory of gravity the action is fairly small, of order O(101). It is well-
known, however, that the ‘wormhole’ action is sensitive to the structure of spacetime
on very small scales and to certain details of the quantum gravity theory that completes
GR at high energies. Indeed, in the same paper, the authors showed that modifications
of Einstein theory on very small length scales can lead to strong suppression of these
nonperturbative effects, so that the dark matter particles may become essentially stable.

In order to assess the strength of these nonperturbative gravitational effects we need
to compute the Euclidean action of a wormhole that can change the global charge, induc-
ing a violation of the global symmetry. If we compute the action in Einstein gravity, this
will be of order SE ∼ m2

pR2, where R is the radius of the wormhole throat. If the descrip-
tion of spacetime is valid only up to a certain cutoff Λ, we should only include instanton
contributions up to Λ. Then, the naive (though generically untrue) estimate of the instan-
ton action is S ∼ m2

p/Λ2, where it is implicitly assumed that the size of the wormhole is of
the order of the cutoff length, R ∼ Λ−1. Therefore, if there are additional (lower) energy
scales in our model (as in string theory and KK theories) above which classical gravity
breaks down, gravitational instantons are strongly suppressed by factors of e−m2

p/Λ2
.

If we take string theory as the quantum gravity theory, for example, violations of
global symmetries are suppressed by the topological factor e−8π2/g2

, where g is the string
coupling. The string scale Ms is given by M2

s = m2
pg2/(8π2), so that we can rewrite this

factor as e−m2
p/M2

s . In string models this effect is strong enough to completely erase any
noticeable global symmetry breaking. A very large string coupling would be required in
order to make this effect manifest.

3.5.2 Decay through gravity portals

In our model we imagine that the dark matter particle is stabilised by a mechanism that
remains operational also in the presence of a curved background. In other words, we
assume that the symmetry that stabilises the PIDM is valid also in a curved spacetime.
It is interesting to see what happens when this assumption is dropped. The possibility
of dark matter decay to standard model particles via interactions that are only present
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when the curvature is non-zero was explored in [232]. These interactions take the form
of a non-minimal coupling between gravity and the dark matter field that breaks the
global stabilising symmetry and induce the decay, and they are generically called "gravity
portals".

The dominant contribution to the decay will be given by the lowest dimensional op-
erator linear in the Ricci scalar R:

Lξ = −ξRF(X) , (3.69)

where ξ is the dimensionless parameter controlling the strength of the non-minimal cou-
pling and F(X) a real function linear in the dark matter field X, which can carry any spin.
After expressing the full theory in the Einstein frame, this term gives rise to dark matter
decay into SM particles.

For a scalar field, the function is simply F(X) = MX, where M is a mass scale than
can be taken to be of the order of the Planck scale. Then the non-minimal coupling term
Lξ = ξMRφ explicitly breaks the Z2 stabilising symmetry under which the dark matter
field X is odd and the SM fields are even. At tree level this term generates up to four-
body decay. In general three-body decay is expected to dominate for low DM masses,
while four-body decay is the dominant contribution for large DM masses. Taking into
account all decay processes, as done in [232], one can compute the total decay rate ΓX of
DM to SM particles and compare this to the age of the universe to obtain a conservative
bound on the DM mass and/or the coupling parameter ξ. Natural values of the non-
minimal coupling parameter, ξ ∼ O(1) lead to lifetimes that are orders of magnitude
shorter than the age of the universe in the whole range of masses that we consider: from
∼ 1 GeV up to the GUT scale. This implies that, for scalar DM at least, the non-minimal
coupling to gravity must be extremely suppressed, especially for large DM masses. A
possible mechanism to realize this is to imagine that the scalar DM field is charged under
a gauge symmetry that is spontaneously broken, effectively producing the gravity-portal
term with a very small ξ.

The situation improves somewhat if we consider non-scalar DM. We know for ex-
ample that fermionic particles are protected against rapid decays by Lorentz symmetry.
In the case where X is a fermionic singlet, it was proven in [232] that for ξ ∼ O(1), the
lifetimes are consistent with observations if mX . 106 GeV, which has some overlap with
our mass range. For high masses, however, and in particular for natural values of the
order of the GUT scale, we still need a strong suppression on ξ.

Note that the non-minimal coupling in (3.69) is different from the one in (3.45). In
fact, the first directly couples the DM particle to the SM degrees of freedom, while the
latter just describes an additional (besides the minimal one) direct coupling between DM
(as well as the SM particles) and gravity.
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Chapter 4

Charged Planckian Interacting Dark
Matter

This chapter is based on [13].

4.1 Maximally Hidden Charged Dark Matter

Here we consider an extension of the minimal PIDM scenario in which the dark sector is
endowed with an unbroken U(1) gauge symmetry.

The lack of confirmation for WIMPs has stimulated the scientific community to think
more generally about dark matter: the leading model is hidden charged dark matter,
where dark matter is charged under its own dark force that does not directly couple to
the Standard Model (SM) of particle physics [180, 181, 233–238]. One of the motivations
for this type of self-interacting dark matter have been discrepancies between numeri-
cal simulations of structure formation in the framework of collisionless cold dark matter
(CDM) and observations on galactic and sub-galactic scales [239]. While these so-called
small scale problems of ΛCDM could well be resolved by a better understanding of the
complex baryonic and astrophysical processes relevant on these scales [240], one may
ask whether deviations from the collisionless CDM paradigm can be probed by taking
advantage of the large amount of observational data related to the dynamics and kine-
matics at galactic scales, when adopting a conservative attitude towards the treatment of
uncertainties.

In particular, it has been argued that charged dark matter is already too constrained,
for example by galactic triaxiality [180] and disruption of dwarf galaxies passing through
the host halo [241], to provide an explanation of the aforementioned small scale problems
of ΛCDM. However, this finding has recently been challenged by Agrawal, Cyr-Racine,
Randall and Scholtz [181], who argue that present astrophysical uncertainties do not al-
low one to firmly draw this conclusion. Although it is also very possible that the small
scale problems might have more conventional explanations relying on baryonic physics,
it is a simple and phenomenologically interesting possibility that dark matter could be
charged under a dark force.

If dark matter is truly hidden, with interactions with the SM suppressed by the GUT
scale or higher, then, with the most recent constraint on the scale of inflation [242], dark
matter can never have been in thermal equilibrium with the SM. In this case dark matter
is instead produced out of equilibrium in a "freeze-in" process due to non-renormalizable
interactions, where the production is dominated by the highest available temperatures
[131, 243, 244], as we saw in the previous chapter.

Previously, in the discussion of hidden charged dark matter, it has typically been as-
sumed in the literature that dark matter as well as the gauge bosons belonging to the new
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gauge interaction under which dark matter is charged (dark photons) are initially in ther-
mal equilibrium, with an initial temperature similar to the temperature of SM radiation.
In those models dark matter is a thermal relic and the dark matter abundance is given
by freeze-out in the dark sector [180, 181, 233–238]. This assumes that dark matter must
have been in thermal equilibrium with the SM early on, and so dark matter can not be
maximally hidden in these models, and certainly it cannot be the PIDM.

The additional interactions related to the charge under the dark force, and the pres-
ence of the dark force carrier, can potentially change the freeze-in production of the PIDM
as well as the subsequent evolution in the dark sector. This affect the final dark matter
abundance, and has an impact on the effective number of relativistic degrees of free-
dom. In particular, the charged PIDM can be produced with the required abundance to
account for the observed dark matter density for O(100)GeV mass of dark matter and
self-interactions that are strong enough to potentially have an impact on the small scale
problems of CDM.

4.2 Setup

We consider the case where the PIDM is a Dirac fermion X with mass mX. In addition,
we assume that X is charged under a dark U(1) gauge symmetry with gauge boson γD.
For a Minkowski metric, the Lagrangian of the dark sector is given by

LDM = −1
4

VµνVµν + X̄i /DX−mXX̄X , (4.1)

where Vµ is the dark photon and Vµν ≡ ∂µVν − ∂νVµ. Furthermore, Dµ = ∂µ − igDVµ is
the covariant derivative, with gD the charge of the PIDM under the dark U(1). We also
define the dark fine-structure constant 4παD ≡ g2

D. For a general metric, we assume the
dark sector to couple minimally to gravity. In addition, we assume no direct couplings
between the dark and SM sectors, leading to a maximal decoupling between them. When
expanding around a flat background gµν = ηµν +

√
32πG hµν this leads to the total La-

grangian

L = LSM + LEH + LDM +

√
8π

mp
hµν
(

TSM
µν + TDM

µν

)
, (4.2)

where the first two terms are the usual SM and the Einstein-Hilbert Lagrangians, mp =

1/
√

G is the Planck scale, TSM
µν is the energy-momentum tensor of the SM, and

Tµν
DM = VµρVν

ρ −
1
4

ηµνVρλVρλ +

[
i
4

X̄ (γµDν + γνDµ) X− 1
2

ηµνX̄ (i /D−mX) X + h.c.
]

,

(4.3)
is the energy-momentum tensor of the dark sector.

Even if absent initially, direct couplings between the dark and visible sectors could be
generated dynamically by quantum corrections. Possible operators need to be invariant
under both the dark gauge symmetry U(1), as well as the SM gauge group. The former
requirement prevents decays of a single X to SM particles. Therefore, the U(1) charge
provides a mechanism to guarantee the stability of the X particle, making it absolutely
stable. Note that this property constitutes a phenomenological difference compared to
the uncharged PIDM, that could decay with a long lifetime due to nonperturbative grav-
itational effects, with decay rate being exponentially suppressed [11, 12].
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FIGURE 4.1: The kinetic-mixing parameter ε could be generated through
quantum corrections for which a photon is converted into a dark photon
through loop diagrams involving SM particles, the PIDM, and gravitons.
When starting from a purely gravitationally coupled theory, the loop cor-
rections vanish for a Dirac fermion PIDM.

A direct coupling at the renormalizable level arises from a possible kinetic mixing
between the photon and the new gauge boson. Kinetic mixing is described by a dimen-
sion four operator in the Lagrangian of the form εFµνVµν, where ε is a dimensionless
number. If ε is sizeable this operator could spoil our assumption that the two sectors
are maximally decoupled. Even if we start from a Lagrangian with ε = 0, a non-zero
kinetic mixing could be generated through loop corrections. In our scenario these loops
have to involve gravitons, since this is the only particle that can communicate between
the two sectors. The topology of possible Feynman diagrams that can contribute to the
kinetic mixing is shown exemplarily in Fig. 4.1. The photon (γ) couples to a charged SM
particle, that is contained in the contribution to the loop amplitude indicated by the left
shaded circle. The right circle contains at least one virtual PIDM line, with a coupling
to the dark photon γD. The parts of the amplitude contained within the two circles are
connected by a number N of graviton lines, where N = 2 in Fig. 4.1. The contributions
with a single PIDM loop and N = 2 vanish, analogously to the cancellation of the mixed
U(1)/gravitational anomaly in the dark sector. The triangle diagram with one external
dark photon and two external gravitons, which is the one giving rise to a gravitational
anomaly, is proportional to Tr QD, i.e. the sum of the U(1) charges of the particles in
the dark sector. This is trivially zero for a Dirac fermion PIDM, as the gauge anomalies
cancel between the left-handed and right-handed spinors. Moreover, all corresponding
diagrams with a single PIDM loop and N external graviton lines are also proportional to
Tr QD, since the insertion of additional graviton lines does not change the structure of the
electromagnetic coupling, and they also vanish.

This argument can be generalized to contributions involving higher-loop corrections.
In particular, in absence of non-gravitational interactions between the two sectors, the
Lagrangian is invariant under charge conjugation symmetry in the dark sector, for which
Vµ → −Vµ, X → Xc = iγ2γ0X̄T, while all SM particles transform trivially. The kinetic
mixing term is odd under this symmetry, which means that it cannot be generated by
loop effects, with ε transforming as a scalar.1

Apart from kinetic mixing, quantum corrections could induce higher-dimensional
operators. Since the graviton is the only mediator between the two sectors, all such
couplings are generically Planck suppressed. One example is the dimension five oper-
ator c5

Λ X̄XH†H, where H is the Higgs field, c5 a dimensionless coefficient, and Λ ∼ mp
the suppression scale. The PIDM particle and antiparticle have zero net "dark" charge
and could thus annihilate into SM neutral particles via this operator. The corresponding

1Note that this conclusion would change if the theory would encompass additional, heavy particles
charged under both U(1) symmetries. In this case the separate charge conjugation symmetry is explic-
itly broken, and the theory would be invariant only under a common C operation for which Aµ → −Aµ,
Vµ → −Vµ. The same is true if the theory contains additional heavy particles that are charged only under
either one of the U(1) symmetries, and in addition interact with a common massive gauge boson corre-
sponding to a broken SU(N) theory. In this case a non-zero contribution could be generated from diagrams
similar to the one in Fig. 4.1, with gravitons replaced by SU(N) gauge bosons.
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annihilation cross section is parametrically suppressed by (c5E/mp)2 at low energies E.
Naively, one might expect c5 ∼ O(1). However, when starting from a purely gravitation-
ally coupled theory, c5 from graviton loops is further suppressed compared to the naive
expectation. The leading loop correction that could induce c5 is a box diagram involving
two gravitons, a Higgs, and a PIDM. The graviton couplings contribute a factor 1/m4

p.
Apart from that, the only scales entering in the loop integral are the external momenta
and the X and Higgs masses. The momentum-dependence of the gravitational coupling
contributes factors of the loop momentum in the numerator, rendering the integral diver-
gent. Using dimensional regularization, and assuming the external momenta and Higgs
mass to be much smaller than mX, yields the dimensional estimate c5 = O(mX/mp)3.
This implies that the contribution to the annihilation cross section is negligible compared
to the tree-level contribution from s-channel graviton exchange, as expected. We there-
fore take the latter into account in the abundance calculation [11, 12], but neglect c5.
Another example for a dimension five operator that would mediate XX̄ annihilation is
the operator c′5

Λ Vµνψ̄σµνψ, where ψ is a SM fermion. Similar arguments as above prompt
us to neglect also c′5.

4.3 Phenomenology of the Charged PIDM

Self-interacting dark matter (SIDM) could help to explain small-scale structure observa-
tions that are in tension with numerical simulations of collisionless CDM, such as the
core-cusp, too-big-to-fail and diversity problems. Putting aside for a moment the possi-
bility that these discrepancies are entirely due to baryonic physics, we discuss to what
extent the charged PIDM could provide self-interactions of the required order of magni-
tude. In our scenario, DM particles scatter elastically with each other through 2→ 2 inter-
actions mediated by a massless photon-like particle. In order to address the small-scale
problems, the scattering probability must be marginally non-negligible within galactic
environments, corresponding to a cross section per unit mass of the order of

σ/mX ∼ 1 cm2/g ≈ 2× 10−24cm2/GeV. (4.4)

In the U(1) model, the scattering cross section is enhanced at low relative velocities as
1/v4. The order of magnitude of the cross section can be estimated by

σ/mX =
8πα2

D

m3
Xv4
∼ 1 cm2/g

(
αD

2.5× 10−3

)2 (100 GeV
mX

)3 (300 km/s
v

)4

, (4.5)

where v is the typical velocity of dark matter particles in galaxies. We see that we can
have a large enough σ/mX for mX ∼ 100 GeV and αD ∼ 10−3. While it has been gener-
ally believed that the unbroken U(1) model is too constrained by the known properties
of clusters, galaxies and dwarfs to be a good solution to the small-scale problems of struc-
ture formation, a more conservative attitude was recently argued for in [181].

Note that the DM velocity v is set by the gravitational potential for virialized objects,
so it is essentially model-independent at late times and determined only by the type of
object under consideration (galaxy, cluster, etc.). This means that if we want charged dark
matter to solve the core-cusp problem and similar small-scale structure discrepancies, its
mass is preferred to be in the ballpark of 102 GeV, depending on the coupling αD. On the
other hand, as we will see below, the typical dark matter velocity v at early times depends
on its relevant interactions.

The calculation of the PIDM abundance can be split into two parts: first, around the
time of reheating, the dark sector is populated (dominantly by freeze-in production), see
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section 4.3.1. The subsequent evolution depends on whether the dark sector thermalizes,
and may or may not alter the initial PIDM abundance, depending on the size of αD, see
section 4.3.2. The results are presented and discussed in section 4.3.3, including also the
abundance of dark photons.

The PIDM scenario with a dark matter mass near the GUT scale is impracticable if
we want to satisfy equation (4.4). On the other hand, if one assumes that the small-scale
problems are not solved by self-interacting dark matter, we are free to consider the pos-
sibility of a charged GUT scale PIDM. We briefly discuss this case in section 4.3.4.

4.3.1 Production of dark sector particles

Due to their small non-renormalizable coupling to the SM, the dark sector particles (X
as well as dark photons) are produced at the highest available energy scales in cosmic
history. In general, one can discriminate several production mechanisms: "freeze-in" pro-
duction shortly after reheating [131, 243, 244], production during reheating [182], pro-
duction during inflation, and so-called gravitational production [173, 187]. The latter
is effective for a narrow mass range around mX ∼ Hi, where Hi is the Hubble scale at
the end of inflation. Production during inflation is possible for light bosonic degrees of
freedom with mass below Hi, but mostly ruled out from isocurvature constraints [242].
For the fermion PIDM and the conformally coupled dark gauge boson this is not rele-
vant. Production during reheating depends on the reheating dynamics and can be very
model-dependent. For concreteness, following [182], we assume a perturbative reheat-
ing scenario described by a constant equation of state wφ during reheating and a decay
rate Γφ = γ2Hi of the inflaton, parameterized by a dimensionless parameter γ ≤ 1. The
reheating temperature is given by

Trh = κ2γ(mpHi)
1/2 , (4.6)

where κ2 = (45/(4π3grh))
1/4 ' 0.25 for grh ' 102. Finally, production after reheat-

ing, during radiation domination, can be viewed as "freeze-in" via non-renormalizable
interactions, being dominated by the highest available temperature Trh. For perturbative
reheating with wφ ' 0, and PIDM mass either much larger or much smaller than Hi, pro-
duction during and after reheating dominates [11, 12], as we saw in the previous chapter.
The PIDM and dark photon densities nX = nX̄ and nγD can then be expressed in terms
of the dimensionless quantities XX ≡ (nX + nX̄)a3/T3

rh and XγD ≡ (nγD)a3/T3
rh and are

given by

XX =
2

T3
rh

∫ a f

ai

da
a2

H(a)
〈σv〉XX̄→SM SM′(n

eq
X )2 ,

XγD =
1

T3
rh

∫ a f

ai

da
a2

H(a)
〈σv〉γDγD→SM SM′(n

eq
γD)

2 , (4.7)

where neq
X(γD)

= gX(γD)

∫ d3 p
(2π)3 (e

EX(γD)/T ± 1)−1, H(a) is the Hubble rate, ai ≡ 1 the scale-
factor at the end of inflation, and T the temperature of the SM thermal bath. Furthermore
gX = gγD = 2. The integral saturates for times shortly after reheating, and in practice one
can therefore set a f → ∞. In the light PIDM regime T � mX during the relevant phase

of freeze-in production. In this limit one has neq
X = 2ζ(3)

π2 T3, while neq
γD = 3

4 ×
2ζ(3)

π2 T3 holds
for any temperature.
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The thermally averaged cross sections correspond to s-channel graviton exchange and
involve a sum over all possible SM particles in the final state. Due to the gravitational in-
teraction the cross sections depend only on the spin, but not on the other quantum num-
bers. Note that in practice the freeze-in production is dominated by the inverse process,
i.e. the gain term in the Boltzmann equations for the dark sector particles. Accordingly,
we neglected the loss term to arrive at the expression above. The relevant cross sections
for the fermion PIDM and the massless dark gauge boson are given by2 [12]

〈σv〉XX̄(γDγD)→SM SM′ = N0〈σv〉0 + N1/2〈σv〉1/2 + N1〈σv〉1 , (4.8)

where N0 = 4, N1/2 = 45, N1 = 12 are the number of scalar, fermion and vector degrees
of freedom in the SM. For XX̄ → SM SM′ the thermally averaged cross sections are given
by

〈σv〉0 =
πmXT

2m4
p

[
4
5

T
mX

+
1
5

mX

T
− 1

5
mX

T
K2

1

K2
2
+

2
5

K1

K2

]
→ 2πT2

5m4
p

,

〈σv〉1/2 = 〈σv〉1 =
4πmXT

m4
p

[
6
5

T
mX

+
2
15

mX

T
− 2

15
mX

T
K2

1

K2
2
+

3
5

K1

K2

]
→ 24πT2

5m4
p

, (4.9)

where the modified Bessel functions are evaluated at mX/T, with T = TSM being the
temperature of the SM thermal bath. The expressions right of the arrow denote the limit
for T � mX, relevant for the light PIDM regime. For γDγD → SM SM′, the thermally
averaged cross sections are

〈σv〉0 =
3πT2

5m4
p

,

〈σv〉1/2 = 〈σv〉1 =
208πT2

5m4
p

. (4.10)

This gives (assuming T � mX)

〈σv〉XX̄→SM SM′ =
1376πT2

5m4
p

, 〈σv〉γDγD→SM SM′ =
11868πT2

5m4
p

. (4.11)

The ratio of dark photon and PIDM abundance produced via freeze-in is therefore given
by

nγD /(nX + nX̄) '
621
256

. (4.12)

In order to produce an appreciable amount of X particles with a mass around 100 GeV
by freeze-in we need a practically instantaneous reheating with γ ' 1 and temperature
around Trh ∼ 10−4mp [12]. At these temperatures particles will be produced relativisti-
cally, so the thermally averaged cross sections from equation (4.11) can be used. In addi-
tion, almost instantaneous reheating implies H(a) ' Hi/a2. In this limit the integrals in
(4.7) can be performed analytically, and we obtain

XX =
11008κ2

2ζ(3)2

15π3

(
Trh

mp

)3

' 2.1
(

Trh

mp

)3

, XγD =
8901κ2

2ζ(3)2

5π3

(
Trh

mp

)3

' 5.2
(

Trh

mp

)3

.

(4.13)

2For the case T � mX in which X are produced non-relativistically, one needs to include Sommerfeld
enhancement due to exchange of the dark gauge boson, see section 4.3.4. Sommerfeld enhancement is not
relevant within the light PIDM regime, for which T � mX during freeze-in production.
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If interactions within the dark sector can be neglected, the number densities will scale
with the usual 1/a3 factor after reheating (see below for the discussion of the validity
of this assumption). In addition, following [182], we include a dilution factor ∼ 1/8 to
account for residual entropy production after the end of reheating. Writing for the total
PIDM density nX + nX̄ ≡ ni,Xa−3 and nγD ≡ ni,γD a−3 then gives for the "initial" densities
produced via freeze-in (recall our convention ai = 1 at the end of inflation)

ni,X ' 0.27
T6

rh
m3

p
, ni,γD ' 0.65

T6
rh

m3
p

. (4.14)

Thus, putting everything together, we obtain ni,X, ni,γD ∝ T6
rh.

4.3.2 Evolution of dark sector particles

Freeze-in produces a non-thermal distribution of dark sector particles, with initial abun-
dances ni,X and ni,γD computed above, and momentum distributions fX(p) and fγD(p)
peaked around the typical energy scale 〈pX〉 ∼ 〈pγD〉 ∼ TSM of order the SM tempera-
ture. However, the initial number densities produced via freeze-in are much smaller, by
a factor of order (Trh/mp)3, than would be the case for an equilibrium distribution at this
temperature. This means freeze-in produces an underpopulated distribution.

The dark sector will never come in thermal equilibrium with the SM sector because
the gravitational interactions are too weak, but it could in principle equilibrate within
itself. Here we discuss the relevant interactions, and whether they can be sufficiently
strong. An overview is provided in Tab. 4.1.

Of particular importance for the dark matter abundance is whether or not annihila-
tions XX̄ → γDγD within the dark sector become relevant. This is generally the case
within the hidden charged dark matter scenario discussed in [181], but, as we will see,
not necessarily for the charged PIDM discussed here. In addition, the abundance of dark
gauge bosons is relevant for bounds on the total relativistic energy density parameterized
by ∆Neff = Neff− 3.046 from the cosmic microwave background (CMB) anisotropies [92].

Relativistic regime

For the light PIDM scenario discussed above, TSM � mX during freeze-in production,
implying an initially relativistic non-thermal distribution with 〈pX〉 � mX. Due to cos-
mic expansion, the typical momentum drops below mX at some point. It turns out to
be useful to separately discuss the regimes for which 〈pX〉 � mX and, at later times,
〈pX〉 � mX. Here we start with the first case.

To gain some intuition, let us first discuss what would happen if interactions within
the dark sector would establish complete thermal equilibrium while being in the relativis-
tic regime. The number densities will in general change when approaching thermal equi-
librium, but the energy density remains covariantly conserved. Equating the initial en-
ergy density ρi,X + ρi,γD ' (ni,X + ni,γD)〈Ei〉 ' (ni,X + ni,γD)Trh ' T7

rh/m3
p to the equilib-

rium energy density ρeq = 6T4
i,Dπ2/30, we can relate Ti,D to Trh. Solving ρi,X + ρi,γD = ρeq

we find that, in complete thermal equilibrium, the temperature of the dark sector scales
as

Ti,D ∼ T7/4
rh m−3/4

p . (4.15)

In the relativistic regime TD = Ti,D/a and therefore the ratio of the temperatures is given
by

ξ =
TD

TSM
=

(
Trh

mp

)3/4 ( g∗(TSM)

grh

)1/3

, (4.16)
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kinetic equilibrium chemical equilibrium
DM only DM+γD DM-γD conversion total number

XX ↔ XX XγD ↔ XγD XX̄ ↔ γDγD XX̄ ↔ XX̄γD
XX̄ ↔ XX̄ XX̄ ↔ BXX̄︸︷︷︸

→γD γD

γD XγD ↔ XγDγD
Processes γDγD ↔ XX̄γD

XγD ↔ XX̄X
XX̄ ↔ γDγDγD

O(σv) ultra-rel. α2
D

E2
α2

D
E2

α2
D

E2 see equation (4.22)

non-rel. α2
D

m2
X v4

α2
D

m2
X

Sann/rec
( αD

v
)
× α2

D
m2

X
-

TABLE 4.1: Overview of relevant processes for establishing kinetic equilib-
rium and chemical equilibrium within the dark sector, respectively, and
order of magnitude of the cross section in the ultra-relativistic regime
(E � mX) and in the non-relativistic regime (E � mX). The first col-
umn corresponds to kinetic equilibrium among dark matter particles, and
the second to complete kinetic equilibrium within the dark sector. The third
column captures the conversion of dark matter into dark gauge bosons,
relevant for freeze-out, and the last column number-changing interactions
that can establish complete thermal equilibrium within the dark sector. The
corresponding rate Γ = nXσv for collinear emission of gauge bosons,
XX̄ → XX̄γD, is parametrically enhanced above the naive expectation
σv ∼ α3

X/E2, and drives the thermalization process within the relativis-
tic regime, see text for details. For the first column, the cross section cor-
responds to the "momentum transfer cross section" σtr =

∫
dΩ dσ

dΩ (1 −
cos(θ)). Due to Planck suppression interactions with the Standard Model
particles are irrelevant for both kinetic and chemical equilibrium.

so that if Trh ∼ 10−4mp, we find Ti,D ∼ 10−7mp and ξ = TD/TSM ∼ 10−3. (This ratio gets
modified in the non-relativistic regime, see equation (4.65)).

The PIDM and dark gauge boson population produced shortly after reheating via
freeze-in can therefore be considered as an underoccupied non-equilibrium initial distribu-
tion with typical particle energy given by the "hard" scale

Eh
∣∣
ini ' Trh . (4.17)

In absence of interactions the energies redshift, giving

Eh ' Trha−1 , (4.18)

where we used ai = 1 at the end of inflation. We will see that interactions in the dark
sector modify the time-dependence, and therefore treat Eh as a generic time-dependent
quantity for the moment, with initial value (4.17). In the following we refer to the corre-
sponding distribution functions f h

X = f h
X̄ and f h

γD
as "hard" particles, with number densi-

ties

nh
X = nh

X̄ = gX

∫ d3 p
(2π)3 f h

X , (4.19)

and nh
γD

defined analogously. Initially, nh
X|ini = ni,X and analogously for X̄ and γD. In ab-

sence of interactions affecting the distribution and total number density of hard particles
one has f h

X(a, p) = f h
X(1, ap) and nh

X = ni,Xa−3.
The dark gauge interactions lead to two types of interactions within the dark sec-

tor: elastic two-to-two scatterings and inelastic processes such as bremsstrahlung, see
Fig. 4.2. In the following we present parametric estimates of various processes relevant
for thermalization in the dark sector in the relativistic regime, where the PIDM mass can
be neglected compared to 〈pX〉. We ignore various logarithmic corrections, and keep
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FIGURE 4.2: The bremsstrahlung process leading to the potential thermal-
ization of the dark sector.

only the leading power dependence in all estimates in order to establish the scaling of
the thermalization rate, depending on the parameters αD and Trh/mp, assuming γ ' 1.
For small αD thermalization, if it takes place at all, occurs on time-scales that are long
compared to the Hubble rate. Therefore, the expansion has to be taken into account.

Elastic 2 → 2 scattering: In the relativistic regime, elastic scatterings with an O(1)
momentum transfer can establish kinetic equilibrium. For example, the rate for XX̄ →
XX̄ is given by

Γel,tr = nh
Xσtrv ' α2

Dnh
X

E2
h

, (4.20)

where σtr =
∫

dΩ dσ
dΩ (1− cos θ) is the so-called momentum transfer cross section relevant

for elastic scatterings withO(1) momentum transfer. In the relativistic regime, the related
scattering processes XγD → XγD (dark Compton scattering) and XX̄ → γDγD (pair
annihilation) occur at comparable rates. The rate Γel,tr can become larger than the Hubble
rate while Eh � mX if

αD � αcrit,el
D ≡

(
mX

κ2
2mp

)1/2(
T3

rh
ni,X

)1/2

' 10−2
( mX

100 GeV

)1/2
(

10−4mp

Trh

)1/2

. (4.21)

This means that, if this condition is satisfied, elastic scatterings can become relevant for
the thermalization process. As we will see, for realistic values Trh � 10−3mp this is not
the case. Instead, inelastic processes are more efficient for thermalization, leading to a
weaker condition on αD for thermalization to occur.

Inelastic scattering processes: Naively, one might think that inelastic processes are sup-
pressed, because the cross section for kinematically allowed 2→ 3 processes involves an
additional vertex compared to 2→ 2 scatterings, potentially leading to a relative suppres-
sion by a factor of αD. However, it is well known that for both Abelian and non-Abelian
gauge interactions this is not the case. The basic physical reason can be roughly un-
derstood in the following way (we provide a more detailed discussion below, and ignore
logarithmic corrections, as stated above): even though 1→ 2 processes such as X → XγD
are kinematically forbidden, they become allowed if either the parent or daughter parti-
cle is slightly off-shell. This can occur due to a 2→ 2 scattering before or after the 1→ 2
splitting. In contrast to the elastic case discussed above, also 2→ 2 scatterings with small
momentum transfer contribute to the effective, combined 2 → 3 process. If the associ-
ated 2 → 2 scattering proceeds via Coulomb scattering with a dark gauge boson in the
t-channel, this leads to a parametric enhancement of the relevant rate Γel ' α2

Dnh
X/µ2 as

compared to Γel,tr by a factor of order E2
h/µ2, where µ is the IR cutoff of the t-channel

momentum exchange (see below). In fact, this enhancement factor may over-compensate
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the suppression factor αD associated to the additional 1 → 2 splitting, leading in total to
a larger rate as compared to elastic scatterings.

For very large Γel this simple picture gets modified, because several 2→ 2 scatterings
can occur during the time-scale of the 1 → 2 splitting, known as Landau-Pomeranchuk-
Migdal (LPM) effect. This reduces the total inelastic scattering rate compared to the case
where all 2 → 2 events can be treated as independent from each other. Technically, it
requires to resum contributions to the amplitude of successive 2 → 2 scatterings, with
the gauge boson being radiated off any of the intermediate propagators, see Fig. 4.3. The
LPM effect can be seen as a destructive interference, leading to a suppression. Neverthe-
less, as we will see, inelastic processes can dominate over elastic ones.

FIGURE 4.3: The LPM process, leading to a suppression of the dark sector
thermalization rate for high enough density. The grey propagators are to
be understood as being summed over in separate diagrams, which serve
to partially interfere to suppress the full amplitude.

For the case of a non-Abelian gauge interaction, both elastic and inelastic processes
have been described by an effective kinetic theory setup [245] that has been used to de-
scribe the initial stages of the thermalization process in the context of relativistic heavy-
ion collisions [246, 247], in the weakly coupled limit. It has also been applied to thermal-
ization within the SM after inflation for reheating with a very small inflaton decay rate
[248]. Here we apply this setup to the relativistic, underoccupied population of X, X̄ and
γD produced via freeze-in to describe the subsequent evolution after reheating.

The splitting rate X(p)X̄ → X(p′)X̄γD(k, θ) for a dark gauge boson γD with momen-
tum k . p emitted under a (small) angle θ relative to the momentum ~p of the incoming
X can be estimated by [248]

Γsplit(k, θ) ' Γel k
dIrad

dk
' Γel αD min

[
1,

Γform(k, θ)

Γel

]
, (4.22)

where Γel ≡
α2

DnX
µ2 is the relevant Coulomb scattering rate of a hard primary X off a charge

(here X̄) with transverse momentum transfer q2
⊥ & µ2, where µ2 is an IR cutoff (usually

of the order of the Debye mass, see below). Here q is the momentum of the t-channel
exchange, and ~q⊥ is the component perpendicular to ~p, and we assume p0 ∼ |~p| ∼ Eh
as well as |qµ| � Eh. Destructive interference between individual scatterings reduces the
rate if Γform < Γel . This LPM suppression can be qualitatively understood in terms of the
following picture: the emission of the gauge boson requires a certain time-scale, the so-
called formation time ∆tform related to the virtuality of order κ2 ≡ (k + p′)2 ' (k + p)2 ∼
k · p ∼ kEhθ2 of the intermediate X particle. Boosted to the frame of the hard primary, the
corresponding time-scale is ∆tform ∼ Eh

κ κ−1 ∼ 1
kθ2 = k

k2
⊥

, where k⊥ ≡ kθ is the transverse
momentum of the gauge boson. If the "formation" time-scale for the emitted gauge boson
is longer than the time Γ−1

el between two scatterings, only a single photon will be emitted
during that period.
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For an Abelian gauge interaction, the typical range of angles is related to the angle of

the outgoing X(p′), θ ∼ θ′X ∼ q⊥/Eh, which gives k⊥ = kθ ∼ kq⊥/Eh and ∆tform ∼
E2

h
kq2
⊥

[249]. The formation time-scale therefore depends on the typical values of q2
⊥. Inside the

medium, a large number of elastic scatterings occurs during the formation process, and
one needs to take the typical distribution of q2

⊥ into account. A simple physical picture
can be obtained by viewing the subsequent scatterings as random contributions to the
transverse momentum, leading to a diffusion process for which the mean squared-value
〈q2
⊥〉 increases linearly with time. In order to properly take the expansion of the universe

into account we switch to conformal time dτ = dt/a and express all momenta in terms
of comoving momenta as kcom = ka. The diffusion process can be described by [248]

d
dτ
〈q2
⊥,com〉 = q̂com , (4.23)

where the diffusion constant q̂com = a3q̂ is given by

q̂ ∼
∫

d2q⊥
∂Γel

∂q2
⊥

q2
⊥ ∼ α2

DgX

∫ d3 p
(2π)3 fX(p)(1− fX(p)) ∼ α2nX , (4.24)

where we neglected Pauli blocking in the last step and used the estimate

∂Γel

∂q2
⊥
∼ α2

D
q2
⊥(q

2
⊥ + µ2)

gX

∫ d3 p
(2π)3 fX(p)(1− fX(p)) . (4.25)

In conformal time the formation time-scale ∆τform ∼
E2

h,com
kcomq2

⊥,com
is thus due to the diffusion

process on average given by ∆τform ∼
√

E2
h,com

kcom q̂com
. The corresponding formation rate, with

respect to physical time, is

Γform ∼
1

a∆τform
∼
√

kq̂
E2

h
, (4.26)

where we have expressed all quantities in terms of physical momenta again.3.
The IR cutoff µ is usually related to the Debye screening scale mD, which can for a

non-equilibrium distribution be estimated as

m2
D ∼ αDgX

∫ d3 p
(2π)3

fX(p)
p
∼ αDnX/T∗ , (4.27)

where, in the last step, we introduced the effective "temperature" [247]

T∗ ≡
1
2

∫ d3 p
(2π)3 fX(p)(1− fX(p))

/ ∫ d3 p
(2π)3

fX(p)
p

. (4.28)

Neglecting Pauli blocking the numerator is related to the total number density nX. Ini-
tially we expect T∗ ∼ Eh ∼ Trha−1 to be of the order of the "hard" energy scale.

3In the non-Abelian case the emitted gauge boson can itself couple to the virtual gauge boson mediating

the scattering, leading to a typical angle θ ∼ q⊥/k, i.e. k⊥ ∼ q⊥. In this case one obtains Γform ∼
√

q̂
k , agree-

ing with equation (3.10) in [248]. This leads to a different modification of the shape of the bremsstrahlung
spectrum for low k due to the LPM effect (∝ 1/

√
k instead of

√
k for the Abelian case), but the same para-

metric dependence for k . Eh relevant for the total number density ns
γD

, see below.
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In order to avoid unrealistically large IR contributions from momentum transfer q2
⊥ <

H2 we assume µ = max(mD, H). Altogether, the rate for gauge boson production is
parametrically given by

Γsplit ∼

 min
[
α2

DT∗, α2
D

√
knX
E2

h

]
mD > H

min
[

α3
DnX
H2 , α2

D

√
knX
E2

h

]
mD < H

(mX � µ) . (4.29)

This estimate is valid in the ultra-relativistic limit, when the PIDM mass mX is negligi-
ble. We comment on the effect of mX below. Initially, shortly after reheating, the case
mX, mD � H is realized. In addition, for Trh/mp & 10−5 and k . Eh the expression
involving the ‘min’ function in equation (4.22) evaluates to unity for times shortly after
reheating, i.e. there is (initially) no LPM suppression. In this regime the ratio of the
inelastic to the elastic rate is given by

Γsplit/Γel,tr

∣∣∣
ini
∼

αDE2
h

H2 ∼ κ4
2αD

m2
p

T2
rh

(4.30)

Therefore, inelastic processes dominate immediately after reheating if the dark fine-structure
constant satisfies the rather weak condition αD & 10−6(Trh/(10−4mp))2. As we will see
below, inelastic processes dominate also at later times and therefore drive the thermal-
ization process.

So far we neglected the PIDM mass mX in the discussion and assumed all particle
species are ultra-relativistic. Let us now comment on modifications due to the finite
mass. As before, we are interested only in the power law dependence on the various
energy scales and neglect logarithmic modifications. By assumption, we consider the rel-
ativistic regime mX � Eh in this section. equation (4.29) is correct as long as the (stronger)
condition mX � µ holds, i.e. when the mass is negligible compared to the IR cutoff. For
mX � µ but not too large (see below) the bremsstrahlung spectrum k dIrad

dk becomes sup-
pressed by a multiplicative factor of order µ2/m2

X [249]. In addition, in the LPM regime,
the typical angle is now θ ∼ θm = mX/Eh which increases the virtuality of the intermedi-
ate state and therefore reduces the formation time. It turns out that this compensates for
the suppression of the spectrum [249], such that the splitting rate can be estimated as

Γsplit ∼ min

[
α3

D
nX

m2
X

, α2
D

√
knX

E2
h

] (
µ2 � m2

X � αDEh(nX/k)1/2
)

. (4.31)

For even larger mass, when ∆tform,heavy ≡ (kθ2
m)
−1 = E2

h/(km2
X) < ∆tform, which occurs

for m2
X & αDEh(nX/k)1/2, the LPM effect does not occur any more, and

Γsplit ∼ α3
D

nX

m2
X

(
αDEh(nX/k)1/2 � m2

X � E2
h

)
. (4.32)

Note that, in all cases, the splitting rate is parametrically larger than the naive estimate
of order α3

DnX/E2
h, which would be correct for a 2 → 3 process in which the momentum

exchange between the charged particles is of order Eh. The evolution of Γsplit is depicted
in Fig. 4.4.

In order to discuss the time evolution, one needs to take into account the secondary
population of dark sector particles produced by the collinear splitting rate Γsplit discussed
above. Since their momenta are distributed below the hard scale, k . Eh, we refer to them
as "soft" particles, with distribution function f s and number density ns. The production
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of soft gauge bosons can be described by the Boltzmann equation (we suppress the time
argument in all functions of k) [248]

(∂t − Hk∂k) f s
γD
(k) ∼ Γsplit(k)nh

Xk−3 . (4.33)

Up to logarithmic corrections this implies for the corresponding number density ns
γD

1
a3

d
dt
(a3ns

γD
) ∼ Γsplit(Eh)nh

X . (4.34)

To obtain this equation we used an upper cutoff for the integration over k given by kmax ∼
Eh. Note that, when ignoring logarithmic corrections, the lower cutoff kmin in k does not
appear in this parametric estimate. In practice, it should be given either by the IR cutoff
µ = max(mD, H), or by some scale Es below which rescattering of soft gauge bosons
establishes a softer thermal distribution f s ∝ k−1 [246, 248]. Since the "soft" population
is by definition produced via inelastic interactions after reheating, their initial abundance
vanishes, ns

γD
|ini = 0.

In addition, also a population of soft X and X̄ is produced by related processes. In
particular, for the pair creation process γDX → XX̄X, the photon may first split into an
XX̄ pair, with either X or X̄ being slightly off-shell, and scattering off another X particle,
similar to the process discussed above. Furthermore, for the soft particles, dark Comp-
ton and annihilation processes occur at rates enhanced by factors of Eh/k and (Eh/k)2,
respectively, as compared to corresponding scatterings among the hard particles. We
therefore assume for simplicity that, provided dark gauge interactions become relevant
at all, they are efficient enough to produce a distribution of soft X and X̄ with compara-
ble number density, ns

X = ns
X̄ ∼ ns

γD
. This assumption should be scrutinized in a more

detailed treatment.
Note that the collinear splitting rate (4.29) involves the total number density nX =

ns
X + nh

X. Therefore, an efficient production of a soft bath of particles further enhances
their production. In addition, their contribution to the IR sensitive integral in the numer-
ator in (4.28) will tend to decrease T∗. Parametrically, using an IR cutoff kmin ∼ Es as
discussed before, (4.28) yields

(T∗)−1 ∼ nh
X

nX
E−1

h +
ns

X
nX

E−1
s . (4.35)

where Es is the "soft" energy scale below which the distribution thermalizes. If full ther-
malization in the dark sector is reached we expect

Es ∼ TD = ξTSM (4.36)

to be given by the appropriate dark sector temperature (4.16). At early times T∗ → Eh ∼
TSM for ns

X → 0, as discussed previously, and at late times T∗ → Es ∼ TD and ns
X � nh

X.
The typical energy of the hard population is diminished by radiative processes, with

energy loss rate given by (for comoving momenta and conformal time) dEh,com/dτ ∼
−kcomΓsplit,com(k) [249], where Γsplit,com = aΓsplit. In terms of physical momenta and time
t, the energy loss rate is

1
a

d
dt
(aEh) ∼ −kΓsplit(k) . (4.37)
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In absence of interactions Eh = Trh/a ∝ a−1, as discussed before. When interactions
become relevant, processes with k . kmax = Eh dominate, such that

Eh ∼ Trha−1 exp
(
−
∫ t

ti

dt′Γsplit(Eh(t′))
)

. (4.38)

Following [246], we assume the hard population is thermalized at time th when Eh has
dropped to the equilibrium temperature TD = ξTSM of the dark sector. This gives the
following condition for the time th,

ξ
!
= exp

(
−
∫ th

ti

dt′Γsplit(Eh(t′))
)
= exp

(
−
∫ ηh

0
dη′

Γsplit(Eh(η
′))

H(η′)

)
, (4.39)

where we introduced η ≡ ln(a). Note that the total number density of hard particles
scales as nh

X = niXa−3 for t < th since their number does not change by any of the
relevant interactions, at leading power in αD. On the other hand, their energy decreases
as described above.

Due to the exponential suppression, once Γsplit/H > 1 the hard particles quickly lose
their energy and radiate particles with k . Eh. Since an O(1) fraction of the "daughter"
population itself has momenta of order of (but smaller as) Eh, they also rapidly lose en-
ergy by a number of subsequent scatterings within a Hubble time ∆t = H−1. The further
secondary radiation leads to an increase in the soft population. The secondary processes
can be estimated parametrically by replacing nh

X → nX = nh
X + ns

X on the right-hand side
of (4.34), i.e. considering the O(1) fraction of "soft" secondaries with k ∼ O(1) Eh as a
source for further bremsstrahlung. The quick exponential decrease of Eh then leads to
a corresponding increase in ns ≡ ns

γD
∼ ns

X. This increase should stop when all parti-
cles have lost their energy and rescatterings in the dark sector lead to thermal equilib-
rium at some time ts. For simplicity, we estimate that thermalization has occurred once
the soft population ns reaches the equilibrium number density within the dark sector
neq ∼ T3

D ∼ ξ3T3
SM with ξ given in (4.16). We assume that by the time this occurs, interac-

tions within the dark sector are strong enough to maintain equilibrium such that ns = neq
for t > ts. For the parameter range we are interested in, it turns out that ns � neq for
t � th. When t → th the density ns increases with an exponential factor related to the
one in (4.39) (with positive sign in the exponential). Consequently, ts is of the same order
as th, up to logarithmic corrections that we systematically neglect.

Following the previous discussion, the thermalization time can be estimated analyti-
cally, again up to logarithmic corrections, by the condition that the ratio Γsplit/H reaches
unity4. As long as this ratio is less than one, one has nX ' nh

X = ni,Xa−3 and Eh ∼ Trha−1.
Here we describe the relative size of the relevant quantities determining Γsplit. In the fol-
lowing parametric estimates we use that the momentum k of the radiated gauge boson
carries a typical momentum fraction of order one, i.e. k ∼ O(1) Eh. Immediately after
reheating, µ = H, and LPM suppression is irrelevant. After some expansion, the forma-
tion time increases and LPM suppression sets in (corresponding to the first kink when
following the evolution of the splitting rate for a given value of αD in Fig. Fig. 4.4), such
that

Γsplit(k . Eh) ∼ α2
D

√
nX

Eh
. (4.40)

4This condition is analogous to the thermalization time-scale being Γ−1
split for the case of an initially unde-

roccupied, isotropic, non-expanding, weakly coupled SU(N) plasma discussed in [246]. However, in that
case, the contribution of the secondary, soft population further enhances Γsplit (i.e. "catalyzes" the inelastic
scattering rate). This is not the case here. This can be attributed to several differences, in particular the
three-dimensional expansion, which dilutes the number density.
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In this period Γsplit ∝ a−1 drops slower than the Hubble rate H ∝ a−2, and therefore the
ratio Γsplit/H increases with time (straight segment between the two kinks in Fig. 4.4). At
some point, mD becomes larger than H, such that µ = mD, and then mX becomes larger
than µ. However, due to the LPM effect, this does not affect the splitting rate, as long as
the condition m2

X � αD(nXEh)
1/2 holds. Once this condition is violated (second kink in

Fig. 4.4), the splitting rate drops as Γsplit ∝ a−3, i.e. faster than the Hubble rate H ∝ a−2.
Therefore, a necessary condition for thermalization is that Γsplit/H becomes larger than
unity before αD(nXEh)

1/2 drops below m2
X. This can be converted in a condition on the

dark gauge coupling, giving

αD � α
crit,inel,(a)
D ≡

(
mX

κ2
2mp

)2/5(
T3

rh
ni,X

)3/10

' 2 · 10−3
( mX

100 GeV

)2/5
(

10−4mp

Trh

)9/10

.

(4.41)
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FIGURE 4.4: The evolution of Γsplit with scale-factor a within the relativis-
tic regime for Trh = 10−4mp, mX = 100 GeV and various values of the dark
fine-structure constant. Thermalization within the dark sector requires
Γsplit > H, and the Hubble expansion rate H is also shown for compari-
son. We use the normalization a = 1 at the end of inflation. For each value
of αD, Γsplit ∼ α3

DnX/µ2 is for early times given by equation (4.29) with
mX , mD � H = µ. The first kink occurs when LPM suppression sets in,

and after that Γsplit ∼ α2
D

√
knX
E2

h
(we assume k . Eh in the figure). Subse-

quently, the Debye scale mD becomes larger than H, which however does
not affect the splitting rate in the LPM regime, see equation (4.29). Next,
mD drops below the PIDM mass mX . As discussed in the text, due to an in-
terplay of the IR cutoff for Coulomb scattering and the formation time this
also does not affect the parametric scaling of the splitting rate in the LPM
regime, see equation (4.31). The second kink occurs once αDEh(nX/k)1/2

drops below m2
X , see equation (4.32). At this point LPM suppression stops

and Γsplit ∼ α3
D

nX
m2

X
decreases faster than the Hubble rate H.

Since we consider the relativistic regime in this section, and all estimates are based on
the assumption that the typical momentum satisfies 〈pX〉 � mX, an additional condition
is that Γsplit/H reaches unity when the temperature TD = ξTSM corresponding to full
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equilibrium in the dark sector is still much larger than mX. This gives the condition

αD � α
crit,inel,(b)
D ≡

(
mX

κ2
2ξmp

)1/2(
T3

rh
ni,X

)1/4

' 5 · 10−4
( mX

100 GeV

)1/2
(

10−4mp

Trh

)9/8

.

(4.42)
For thermalization to occur, both conditions must be satisfied, i.e. the combined condition
on the dark fine-structure constant reads

αD � αcrit
D ≡ max(αcrit,inel,(a)

D , α
crit,inel,(b)
D ) . (4.43)

As noted before, inelastic processes are more efficient than elastic scattering, and there-
fore give a lower value for the required coupling strength than the estimate based on the
2→ 2 rate (see equation (4.21)). This means that for any value of the coupling larger than
αcrit

D , at the time when Γsplit/H reaches unity, Γel,tr/H � 1 is still strongly suppressed.
In addition, elastic processes, even if relevant, would not increase the total number of
particles in the dark sector, and therefore would not lead to full (chemical and kinetic)
equilibration. Since thermalization is driven by inelastic processes, the dark sector fully
equilibrates, with temperature TD = ξTSM and vanishing chemical potentials, if the con-
dition (4.43) is satisfied. For the benchmark scenario mX ∼ 100 GeV and Trh/mp ∼ 10−4,
thermalization within the dark sector thus occurs before X becomes non-relativistic for
αD � 10−3. On the other hand, interactions within the dark sector play no role for
αD � 10−4, and the number densities and typical energy are given by the redshifted
freeze-in values. Within the intermediate range, thermalization is still incomplete once X
starts to become non-relativistic. We do not attempt to model this transition here.

Non-relativistic regime

Once the typical momentum of PIDM particles drops below their mass, they become
non-relativistic with typical velocities vX � 1. Furthermore, their equilibrium abundance
becomes Boltzmann suppressed. The dark gauge boson is massless and remains rela-
tivistic. For αD � αcrit

D , the dark sector is equilibrated at temperature TD = ξTSM, while
for αD � αcrit

D the distribution is the redshifted initial distribution produced via freeze-
in with typical momentum pX ∼ Trh/a. Therefore, the transition to the non-relativistic
regime occurs for (we assume ai = 1 at reheating)

anr '


ξTrh
mX
' 1010

(
100 GeV

mX

) (
Trh

10−4mp

)7/4
αD � αcrit

D ,
Trh
mX
' 1013

(
100 GeV

mX

) (
Trh

10−4mp

)
αD � αcrit

D .
(4.44)

The question we are mostly interested in is whether annihilations XX̄ → γDγD re-
duce the abundance of PIDM, leading to a freeze-out in the dark sector. Since the annihi-
lation cross section depends on the typical velocity vX, we also need to consider its evo-
lution, which is determined by Compton scattering XγD → XγD within the dark sector.
Finally, due to the strong velocity dependence, self-interactions (XX̄ → XX̄, XX → XX)
may affect the momentum distribution.

Inelastic processes are less relevant in the nonrelativistic regime [249]. The reason is
two-fold: one the one hand, if αD � αcrit

D , the system is already thermalized. The sub-
sequent evolution is then sensitive to processes dropping out of equilibrium, such as the
freeze-out of XX̄ annihilation. For that process, 2 → 2 annihilation gives the dominant
contribution. On the other hand, for αD � αcrit

D , the inelastic rate is already smaller than
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the Hubble rate at the beginning of the non-relativistic regime. In the following we as-
sume that, in this case, it remains below H also within the nonrelativistic regime, such
that full thermalization does not occur. Below, we discuss the various relevant reactions
case by case.

Scattering XγD → XγD: This type of scattering corresponds to Compton scattering in
the dark sector, and tends to equilibrate the dark gauge boson and PIDM temperatures.
If dark Compton scattering is not in equilibrium within the non-relativistic regime, the
typical momenta pX and pγD both scale as 1/a due to cosmic expansion. This leads to the
velocity scaling vX ∝ 1/a. If Compton scattering is efficient enough to establish kinetic
equilibrium within the dark sector, TX = TγD ∝ 1/a, such that the typical velocity scales
as vX =

√
3TX/mX ∝ 1/

√
a.

In the non-relativistic limit the cross section is given by the Thomson cross section

σT =
8πα2

D
3m2

X
. (4.45)

The scattering leads to a transfer of energy between the PIDM and gauge boson popu-
lation. Taking cosmic expansion into account as well, the rate of change of the PIDM
temperature is given by [250]

1
a2

d
dt
(
a2TX

)
=

8σTργD

3mX
(TX − TγD) . (4.46)

The temperature equilibrates if Γkin ≡ 8σTργD /(3mX) � H. Since Γkin ∝ a−4, the ratio
Γkin/H decreases with time. If αD � αcrit

D , one has ργD = π2

15 T4
D, and Γkin/H > 1 for

a < akin, with

akin ' 3 · 1013
( αD

10−2

)(100 GeV
mX

)3/2 ( Trh

10−4mp

)5/2

(αD � αcrit
D ) . (4.47)

If αD � αcrit
D one can check that Γkin/H is below unity for all times a > anr and Trh .

10−3mp, such that Compton scatterings play no role within the range of possible reheat-
ing temperatures. This implies for the typical PIDM velocity,

vX '


(a/anr)−1/2 αD � αcrit

D , anr < a < akin
(a/
√

akinanr)−1 αD � αcrit
D , a > akin

(a/anr)−1 αD � αcrit
D , anr < a

(4.48)

while vX ∼ 1 for a < anr. The typical velocity will be important for XX̄ annihilation,
which we turn to next.

Note that for a non-Abelian gauge symmetry dark Compton scatterings XγD → XγD
are enhanced at low momentum transfer [251], similar to dark Coulomb scattering. This
would enhance the cross section and extend the range over which kinetic equilibrium
between the PIDM and the dark gauge bosons holds. We do not discuss this possibility
any further here.

Annihilation XX̄ → γDγD: If the annihilation of PIDM particles is efficient in the non-
relativistic regime, it leads to a freeze-out within the dark sector which has an impor-
tant impact on the final abundance. The tree-level annihilation cross section is of order
σannv ∼ πα2

D/E2
X. The relevant quantity for freeze-out is the average over the distribution
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function fX(p) = fX̄(p) of PIDM (anti-)particles,

〈σannv〉 =

∫ d3 p
(2π)3

d3 p′

(2π)3 fX(p) fX̄(p′) σannv∫ d3 p
(2π)3

d3 p′
(2π)3 fX(p) fX̄(p′)

. (4.49)

As discussed before, for small αD � αcrit
D the distribution function is not necessarily given

by a thermal distribution. Nevertheless, due to the production via freeze-in, we expect
the dominant contribution to come from particles with pX ∼ TSM in this case. For sim-
plicity, we use a thermal distribution function for estimating the averaged cross section
in that case. We checked that this provides a valid estimate of the order of magnitude by
comparing to a narrowly peaked distribution with the same average energy, see App. B.
For αD � αcrit

D , the distribution is thermal with temperature TD = ξTSM.
For relative velocities v� 1, exchange of dark gauge bosons leads to Sommerfeld en-

hancement [252–254]. In addition, XX̄ pairs may form bound states that then annihilate
[255]. The Sommerfeld enhanced annihilation rate is given by

Γann ≡ Γ(XX̄ → γDγD) = nX〈σannv× Sann〉 , (4.50)

where σannv is the tree-level cross section for XX̄ → γDγD, v the relative (Møller) velocity
of the dark matter particles and

Sann(αD/v) =
2παD/v

1− e−2παD/v , (4.51)

is the Sommerfeld enhancement factor. For v � 1 the tree-level cross section σannv ∼
πα2

D/m2
X approaches a constant s-wave limit and can be pulled out of the average. As

discussed above, the average is computed assuming a Maxwell-Boltzmann velocity dis-
tribution, fX(p) ∝ e−p2/(2mX TX). The averaged enhancement factor S̄ann ≡ 〈Sann〉 is given
by

S̄ann =
x3/2

2
√

π

∫ ∞

0
Sann(αD/v)v2e−

xv2
4 dv , (4.52)

where x ≡ mX/TX.
Let us first discuss the case αD � αcrit

D . In this case 〈pX〉 ' Trh/a, which implies
TX ' T2

rh/(a2mX), i.e. x ' (a/anr)2. At the beginning of the non-relativistic regime x ∼ 1,
i.e. Sann ∼ 1. Using nX = ni,Xa−3 one can check that Γann ∼ nXπα2

D/m2
X is below H for

a & anr and possible values of Trh. Let us now check whether Sommerfeld enhancement
can boost the annihilation rate to become larger than H in the non-relativistic regime
a � anr, even when the coupling satisfies the above inequality. In the non-relativistic
limit, Sann ∼ παD/v and therefore Γann ∼ nXπ2α3

D/(m2
XvX). The annihilation rate is

enhanced by the factor παD/vX. This enhancement is still not enough to overtake the
Hubble expansion rate, as is shown in Fig. 4.5, so the relation Γann � H still holds. In
particular, using (4.48), implies that after X becomes non-relativistic the annihilation rate
and the Hubble rate have the same dependence on the scale factor (in the logarithmic
plot of Fig. 4.5 the two curves are parallel to each other after that point). Therefore, if
annihilations are inefficient when X becomes non-relativistic, they are also inefficient
later on. We can therefore conclude that for values of the coupling constant αD � αcrit

D ,
annihilation is negligible at all times.

The rate of bound state formation can be estimated by Γrec ≡ Γ(XX̄ → BγD) =
nX〈σrecv〉. To a good approximation, the bound state creation cross section is just the
annihilation cross section enhanced by a "recombination factor", i.e. 〈σrecv〉 = S̄rec〈σannv〉.
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Setting ζ ≡ αD/v, the enhancement factor is [255]

Srec = Sann(ζ)
29

3
ζ4

(1 + ζ2)2 e−4ζ cot−1 ζ . (4.53)

The thermally averaged recombination factor is defined as in equation (4.52) by integrat-
ing over the Maxwell-Boltzmann velocity distribution. For large v, where ζ is close to
zero, Srec � Sann and the bound state effect becomes negligible. On the other hand, in
the small kinetic energy limit, the two enhancement factors are comparable. The rate Γrec
is also shown in Fig. 4.5.
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FIGURE 4.5: Comparison of the Hubble expansion rate H(a) (yellow), the
annihilation rate Γann (red) and bound state creation rate Γrec (blue) with
the respective enhancement factors as a function of the scale factor for
αD = 0.001, mX = 100 GeV, Trh = 10−4mp. Annihilation within the dark
sector is negligible as long as the coupling constant is weak enough such
that the dark sector never reaches thermal equilibrium, αD . αcrit

D . Here
a = 1 corresponds to reheating, while a = 1013 is the value for which X
becomes non-relativistic.

The conclusion is that for αD . αcrit
D the annihilation rate within the dark sector is

below the Hubble expansion rate both in the relativistic and non-relativistic regimes. For
αD � αcrit

D , on the other hand, annihilation can occur. We will discuss how the resulting
freeze-out in the dark sector affects the final X abundance in Sec. 4.3.3.

Scattering XX̄ → XX̄, XX → XX: Even if the complete dark sector cannot estab-
lish equilibrium for αD � αcrit

D , PIDM self-scatterings XX̄ → XX̄ and XX → XX via
dark photon exchange ("dark Coulomb scattering") can bring the PIDM alone in kinetic
equilibrium in the non-relativistic regime, leading to a Maxwell-Boltzmann distribution
fX with a non-zero (negative) chemical potential. This is due to the fact that the self-
scattering cross section is enhanced by 1/v4

X (equation (4.5)), which becomes large at later
epochs when vX is very small, see (4.48).
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The scattering rate is given by Γ ' nXσvX. Using (4.5) for the momentum-transfer
cross section, and, for αD � αcrit

D , nX = ni,Xa−3 and (4.48) for vX, one finds

Γ
H
∼
( αD

10−4

)2
(

100 GeV
mX

)(
Trh

10−4mp

)3 ( a
50anr

)2

(αD � αcrit
D , a > anr) . (4.54)

Thus, even for a very small coupling αD, self-scatterings become efficient quickly after
the beginning of the non-relativistic regime, for a/anr & 50 for the benchmark values
used for the normalization above.

As the velocity continues to drop, the self-interaction cross section can increase to
enormous values. At the epoch of matter-radiation equality, the velocity is of the or-
der of 10−10 for the benchmark scenario, corresponding to an enhancement factor for
σv of 1030. At some point, the dark matter particles start to virialize in halos and vX
increases again. It is reasonable to ask whether there is some cutoff that shuts off the
Coulomb enhancement 1/v4 below some critical velocity. The plasma contains charged
particles that will screen electrostatic effects at distances larger than the Debye length
λD '

√
T∗/(nXαD), where nX is the number density of non-relativistic PIDM particles

and T∗ ' mX for αD � αcrit
D and a > anr (see equation 4.27). This effectively corresponds

to a "mass" for the dark gauge boson,

mD '
√

nXαD

mX
' 0.5

T3
rh

m3/2
p

√
αD

mX
a−3/2, (4.55)

which scales as a−3/2, unlike the velocity. In the regime where mD � mXvX and mD �
mXαD, scattering is a contact interaction and the momentum-transfer cross section be-
comes velocity independent, capped at the value ∼ α2

Dm2
X/m4

D. For mXαD � mD �
mXvX, and to the extent the Debye screening can be characterized by a mass term, non-
perturbative effects similar to Sommerfeld enhancement can play a role [238, 256]. For
αD � αcrit

D , using nX = ni,Xa−3 and (4.48) one finds

mD

mXvX
' 10−8

( αD

10−4

)1/2
(

Trh

10−4mp

)3/2

×
(

a
anr

)−1/2

. (4.56)

Therefore, Debye screening is never important for a > anr and cannot act as a cutoff in
this scenario.

We conclude that even for a weak coupling αD � αcrit
D the DM distribution function

changes during its evolution, evolving from a non-thermal distribution f NE
X (a, p) peaked

around p ∼ TSM ≈ Trh/a to an equilibrium distribution with a negative chemical po-
tential f E

X(a, p) ∝ exp
(
− EX−µX

TX

)
, with temperature TX ' T2

rh/(mXa2). The transition
occurs somehwat after the time when X becomes non relativistic, depending on the size
of αD. Note that the change in fX could in principle also alter the previous estimate of
the averaged annihilation rate. However, as mentioned previously, the precise shape
turns out to have only a minor impact as long as the average momentum is parametri-
cally the same (see App. B). This condition turns out to be satisfied in the present case:
the Maxwell-Boltzmann distribution with temperature TX ∝ 1/a2 in the non-relativistic
regime corresponds to typical momenta p ∼ Trh/a, of the same order of magnitude as for
the redshifted initial distribution produced via freeze-in.
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4.3.3 Final abundance of dark matter and dark photons

The conclusion of the discussion in the previous section is that the phenomenology of the
charged PIDM depends on whether the dark fine-structure constant is smaller or larger
than the critical value αcrit

D defined in equation (4.43). In the following we discuss both
cases in turn.

Weak coupling regime αD � αcrit
D :

In this regime the final dark matter abundance is set exclusively by freeze-in, while in-
teractions within the dark sector play a minor role. One notable exception is dark matter
self-interaction, that affects the shape of the dark matter distribution function, and can
play a role for structure formation.

The dark matter abundance (4.14) obtained from freeze-in translates into a density
parameter

ΩXh2 ' 0.12
( mX

390 GeV

)( Trh

6 · 10−4mp

)3

. (4.57)

The bound r < 0.064 (95% C.L.) on the tensor-to-scalar ratio [242] translates into a con-
servative upper bound Trh/mp . 6 · 10−4. Requiring that all of the observed dark matter
abundance Ωch2 = 0.120± 0.001 [92] is composed of PIDM therefore requires a mass of
at least mX & 400 GeV. This value can be slightly lowered due to uncertainties in the pro-
duction during reheating, and the residual entropy production after reheating. Assuming
instantaneous transition to radiation domination without residual entropy production
increases ΩXh2 by a factor 8 and correspondingly decreases the lower mass bound to
50 GeV.

In addition, the abundance of dark gauge bosons is also fixed by the freeze-in com-
putation (4.14). This can be translated into an energy density assuming a typical energy
EγD ∼ Trh at reheating, giving today

ργD ,0 ' Trhni,γD(T0/Trh)
4(g∗(T0)/grh)

4/3 ' 0.01ργ,0

(
Trh

mp

)3

. (4.58)

Alternatively, one can express this extra radiation density in terms of a contribution to
the "effective number of neutrino species",

∆Neff ' 0.052
(

Trh

mp

)3

. (4.59)

For allowed values of Trh this contribution is safely within the allowed range Neff =
2.99± 0.17 from CMB [92]. The low value of ∆Neff discriminates this scenario from "hid-
den charged dark matter" setups in which the dark sector is initially in thermal equilib-
rium with the SM, such that ∆Neff ≥ 0.054. This amount of extra radiation will be probed
by future CMB and large-scale structure observations [257, 258]. Therefore, if dark mat-
ter is composed of a particle charged under an unbroken dark gauge force, but no extra
radiation is found in the future, this would point towards the PIDM scenario (see also
Sec. 4.4).

Strong coupling regime αD � αcrit
D

In this portion of parameter space, the dark sector is in thermal equilibrium at the be-
ginning of the non-relativistic regime with temperature TD = ξTSM. In addition, for
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FIGURE 4.6: Parameter space of the charged PIDM (mass versus dark fine-
structure constant αD) for ξ = 0.001 (corresponding to Trh = 10−4mp)
and ξ = 0.004 (corresponding to Trh = 6 · 10−4mp), respectively. The
region above the grey shaded area corresponds to the strong coupling
regime αD ≥ αcrit

D , and below to the weak coupling regime, αD ≤ αcrit
D /10.

In each region we show contour lines of the PIDM abundance ΩXh2 =
0.12, 0.012, 0.0012, corresponding to (100, 10, 1)% of the measured DM den-
sity. The region above the black dot-dashed line is excluded from observa-
tions of dwarf galaxy evaporation, and the red region from the ellipticity
of the gravitational potential of NGC720 [181]. The blue dashed line corre-
sponds to σ/m = 1cm2/g for v = 30km/s.

anr < a < akin, see equation (4.47), Compton scattering keeps the PIDM temperature
equal to the dark gauge boson temperature, i.e. TX = TγD ≡ TD ∝ 1/a. We find that
the portion of parameter space for which freeze-out is relevant (α� αcrit

D ), and for viable
values of Trh, freeze-out of XX̄ → γDγD occurs before kinetic decoupling for parameters
that are consistent with the overclosure constraint ΩXh2 ≤ 0.12 (see below). The setup is
therefore analogous to conventional thermal freeze-out, except for the different tempera-
ture in the dark sector, ξ = TD/TSM.

For T . mX the equilibrium number density is given by

neq
X (T) =

gXTm2
X

2π2 K2(mX/T) ' gX

(
TmX

2π

)3/2

e−mX/T , (4.60)

where K2 is a modified Bessel function. The annihilation rate can be estimated as Γann '
neq

X (TD)〈σv〉, where 〈σv〉 ' πα2
DS̄ann(mX/TD)/m2

X is the thermally averaged cross-section
for XX̄ → γDγD, including the Sommerfeld enhancement factor. For x & 1 the annihila-
tion rate exceeds the Hubble rate for α� αcrit

D and Trh � 10−3mp, such that PIDM annihi-
lations remain in equilibrium for some time in the non-relativistic regime, and nX ' neq

X
decreases exponentially until Γann drops below H.

The resulting relic density has been estimated within the freeze-out approximation in
[181] (note that we use the convention x = mX/TD involving the dark sector tempera-
ture),

ΩX '
16π3

9
√

5π

g0S√
geff

T3
0

m3
p

ξx f (1 + n)
〈σv〉|x f H2

0
, (4.61)

where T0 and H0 are the CMB temperature and the Hubble parameter today, g0S = 3.91
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and geff the effective number of SM degrees of freedom today and at freeze-out, respec-
tively, n = −d ln〈σv〉/d ln a|x f and x f is given as a solution to the equation

ξ

√
90

8π2
gX√
geff

α2
Dmp

mX
δ(δ + 2) = ω =

√x f ex f

S̄ann(x f )
, (4.62)

where δ(δ + 2) ≈ n + 1 is matched to the numerical freeze-out computation [259] and
gX = gX̄ = 2 is the number of X degrees of freedom. An approximate solution for x f is

x f ' ln ω− 1
2

ln(ln ω) + ln(S̄ann(log ω)). (4.63)

In order to assess whether the condition a f < akin for kinetic equilibrium is satisfied,
where a f = x f anr is the scale-factor at freeze-out, it is sufficient to obtain a rough estimate
of x f . Combining (4.61) and (4.63), one can estimate that the freeze-out value x f required
to obtain the measured dark matter density is modified compared to the conventional
freeze-out as x f ∼ 25 + 2 ln(ξ). Imposing the conservative condition Trh/mp < 10−3

implies x f . 15. On the other hand, the condition a f < akin requires

x f <
akin

anr
' 3 · 103

( αD

10−2

)(100 GeV
mX

)1/2 ( Trh

10−4mp

)3/4

. (4.64)

This condition is safely satisfied for the benchmark scenario we are mostly interested in,
but could become violated for very large mX or small Trh or αD. However, it turns out
that the condition is always satisfied in the portion of parameter space that corresponds
to the strong coupling regime, for which freeze-out is relevant.

The authors of [181] consider ξ = 0.5. For this value of ξ the correct relic density
is obtained for αD ∼ 0.001 and mX ∼ 100 GeV. In the strongly coupled PIDM sce-
nario ξ = (Trh/mp)3/4 � 10−2 and αD � αcrit

D , which means that, keeping mX fixed,
the relic density is approximately a factor of (103αD)

2/ξ smaller (see Eqs. (4.61) and
(4.63)). Therefore, freeze-out can yield the measured DM abundance only for much larger
mX & 104 GeV (see below). For our numerical results, we computed the relic density by
numerically solving the Boltzmann equation, taking the thermally averaged Sommerfeld
enhancement factor into account.

The abundance of dark gauge bosons within the strongly coupled regime is given
by ργD = π2

15 T4
D. Due to the freeze-out in the dark sector, the abundance is slightly

increased. We estimate this effect by assuming that the entropy density is separately
conserved within the dark sector, i.e. sD ∝ a−3. For TD � mX it is given by sD =
π2

45

(
gγD + 7

8 (gX + gX̄)
)

T3
D, and sD ' π2

45 gγD T3
D for TD � mX. Entropy conservation thus

implies TD(< mX)/TD(> mX) ' (11/4)1/3. This is similar to the annihilation of e+e−

pairs in the SM, which increases the photon temperature by the same factor. Therefore,
in the strongly coupled regime, using (4.16) we obtain for TD � mX

ξ =
TD

TSM
= (11/4)1/3

(
Trh

mp

)3/4 ( g∗(TSM)

grh

)1/3

. (4.65)

At low temperatures TSM �MeV, this implies

∆Neff ' 0.2
(

Trh

mp

)3

. (4.66)
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Result

We show the result for the PIDM abundance ΩXh2 within the weak- and strong cou-
pling regimes in Fig. 4.6 for Trh = 10−4mp and the maximal value Trh = 6 · 10−4mp,
corresponding to a temperature ratio within the strong coupling regime (and for the tem-
perature regime TSM � 100GeV, TD � mX) of ξ = TD/TSM ' (Trh/mp)3/4 ' 0.001 and
ξ ' 0.004, respectively5. Above the grey shaded area, the dark sector thermalizes to a
temperature TD = ξTSM and the PIDM abundance is set by freeze-out in the dark sector.
Nevertheless, the preceding freeze-in also plays a role, setting the value of ξ. The contour
lines show which combination of PIDM mass and coupling will yield 100%, 10% or 1%
of the measured DM density. For smaller values of αD, below the grey area, the PIDM
abundance is solely determined by freeze-in, and the dark sector never thermalizes. The
corresponding contours of ΩXh2/0.12 are shown as well. Within the grey area, thermal-
ization is incomplete once the PIDM turns non-relativistic. While we do not attempt to
model this transition region here, we emphasize that it is a viable region of parameter
space, and expect the relic density contours to smoothly connect both regions. It is in-
teresting to note that, in the strongly coupled regime, the final DM abundance is rather
insensitive to the reheating temperature, approximately ΩXh2 ∝ ξ ∝ (Trh/mp)0.75, while
ΩXh2 ∝ (Trh/mp)3 in the weakly coupled regime. Thus, the freeze-out XX̄ → γDγD
within the dark sector, occurring after the initial freeze-in production of dark sector par-
ticles, effectively cancels the relatively strong dependence on Trh of the number densities
of X and γD obtained from gravitational production.

For illustration, we also include constraints on the parameter space taken from Ref. [181],
related to the evaporation of dwarf galaxies as well as the reduction of galactic ellipticities
due to strong self-interactions. In addition, we indicate for which values of parameters
σ/m = 1cm2/g for v = 30km/s.

Note that both in the weakly and strongly coupled regime, the abundance of dark
gauge bosons gives a negligible contribution to ∆Neff, see Eqs. (4.59) and (4.66), respec-
tively, such that constraints on extra radiation are safely satisfied. As mentioned before,
this property constitutes a testable difference to the scenario of hidden charged dark mat-
ter.

4.3.4 GUT scale charged PIDM

So far, we focused on the regime in which mX � Trh, which is relevant when insisting
on a sizeable self-interaction cross section equation (4.4). Here we turn to the minimal
PIDM scenario, for which the dark matter mass is close to the GUT scale, mX ∼ 10−3mp,
and the correct relic abundance is obtained for instantaneous reheating with a tempera-
ture of Trh ∼ 10−4mp. Clearly, a dark matter particle this heavy cannot resolve the dis-
crepancies between numerical simulations and observations on galactic scales, since the
self-interaction cross section is strongly suppressed. However, if SIDM is not responsible
for resolving these issues, we may entertain the idea of GUT scale charged dark matter.

In this scenario, when PIDM particles are produced by the SM plasma, they are al-
ready non-relativistic. Given that the PIDM is so heavy, we expect dark photons to vastly
dominate in number after freeze-in production is complete. This is indeed the case, as
one can see by estimating the final number density from equation (4.14) in the two oppo-
site mass limits. Dark photons are produced with the same number density as computed
previously, ni,γD ' 0.65T6

rh/m3
p.

5Today, ξ is smaller by a factor (11/4)1/3(g0S/grh)
1/3 ' 0.5.
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Since the PIDM is non-relativistic, the corresponding cross section is affected by Som-
merfeld enhancement, similar as for freeze-out. This can be taken into account by multi-
plying the right-hand side of equation (4.9) by S̄ann(mX/T), given by equation (4.52). In
the limit T � mX this gives

〈σv〉XX̄→SM SM′ =
230πmXT

m4
p

S̄ann(mX/T) . (4.67)

Sommerfeld enhancement can play a role if παD &
√

Trh/mX. Otherwise, S̄ann is of
order unity, which we assume for the estimate below. Using equation (4.7) and assuming
Trh � mX, we obtain

ni,X '
115κ2

2
4π2

m3
XT3

rh
m3

p
exp(−2mX/Trh) ' 0.18

m3
XT3

rh
m3

p
exp(−2mX/Trh) , (4.68)

so that the PIDM number density is exponentially suppressed with respect to the dark
photon number density. In particular we find nγD /nX ' 3(Trh/mX)

3 exp(2mX/Trh). For
the benchmark values quoted above this gives nγD /nX ∼ 106.

When the PIDM is produced it is already non-relativistic, and freeze-out does not
occur in this scenario. However, since the two number densities are so different, it is in
principle possible for the dark photons to pair create dark matter particles and increase
the relic abundance. In order to estimate whether this may affect the PIDM density, we
consider the contribution to the Boltzmann equation for freeze-in from pair creation, and
define a corresponding rate by Γ ≡ d

dt ln
(
a3nX

)
γγ→XX̄. It is given by

Γγγ→XX̄ =
1

nX
n2

γD
〈σv〉γγ→XX̄ =

1
nX

(
nγD

neq
γD

)2

(neq
X )2〈σv〉XX̄→γDγD

' 1
nX

(
nγD

neq
γD

)2

(neq
X )2 πα2

D
m2

X
S̄ann(mX/T) , (4.69)

where we approximate the average over the distribution function by a thermal average
with temperature of order TSM. In particular, the equilibrium densities are evaluated for
TSM. We compare this rate to the corresponding rate for gravitational production,

Γgrav =
1

nX
(neq

X )2〈σv〉XX̄→SMSM′ '
1

nX
(neq

X )2 230πmXT
m4

p
S̄ann(mX/T) . (4.70)

Their ratio is for Trh � mX given by

Γγγ→XX̄

Γgrav
'
(

nγD

neq
γD

)2
α2

Dm4
p

230m3
XT
' 0.06

α2
DT5

rh

m3
Xm2

p
� 1 , (4.71)

where we used that the dominant contribution comes from T ' Trh in the last step, and
inserted the dark gauge boson density using equation (4.14). Therefore, even though the
cross section for γγ → XX̄ is enhanced by a factor of order m4

p/(m3
XT) compared to

gravitational production, this channel is suppressed because (nγD /neq
γD)

2 ∼ (Trh/mp)6 �
1.

Therefore, the U(1) interaction can only affect the production of GUT scale PIDM via
Sommerfeld enhancement of the gravitational production, for very large values of the
fine-structure constant παD �

√
Trh/mX. The contribution to the extra radiation density
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parameterized by ∆Neff is given by the same expressions equation (4.59) as in the case of
a low mass PIDM, and therefore also strongly suppressed.

4.4 Particle Physics Models for ξ = O(1)

In section 4.3 we showed that if the dark sector is maximally decoupled from the visible
sector, then ∆Neff ≤ 4 · 10−11, obtained from combining the result from gravitational
production of dark gauge bosons, equation (4.66), which implies the scaling ∆Neff ∝
(Trh/mp)3, with the maximal value of the reheating scale given the bound r ≤ 0.064 on
the tensor-to-scalar ratio. If the dark sector thermalizes, this also implies ξ = TD/TDM '
(11/4)1/3(Trh/mp)3/4(g∗(TSM)/grh)

1/3 ≤ 0.004.
These are generic predictions due to the gravitational coupling between the dark

and visible sector. Any additional coupling will tend to increase ∆Neff and ξ. The
hidden charged dark matter scenario [181] with ξ = 0.5 therefore requires a stronger-
than-gravitational interaction between the two sectors. Suppose for example that the
two sectors communicate through a massive mediator B with mass mB, and renormal-
izable coupling gBXX̄ to the dark sector as well as gBSMSM′ to a pair of SM particles.
The dark matter particles and the thermal bath of SM particles created after reheat-
ing may establish thermal equilibrium between the two sectors via B exchange. The
temperatures of the two sectors are then equal to each other, TSM = TD ≡ T. If the
thermally averaged cross section 〈σv〉B for the process X + X̄ ↔ SM + SM mediated
by B is not suppressed by any scale larger than the masses, then for T � mB, mX it
generically scales as 〈σv〉B ∼ πα2

BT−2, where αB ≡ gBXX̄gBSMSM′/(16π2). The interac-
tion rate ΓB = nX〈σv〉B ' 2ζ(3)α2

BT/π exceeds the Hubble rate H ' T2/(κ2
2mp) for

α2
B � πT/(2ζ(3)κ2

2mp) ' 20 T/mp. Once T drops below mB or mX, the rate ΓB becomes
suppressed. Therefore, for Trh � mB � mX, B-exchange can establish thermal equilib-
rium between the dark and visible sector if

mB �
α2

B
20

mp (for Trh � mB) . (4.72)

The two sectors remain in thermal equilibrium until B becomes nonrelativistic, at which
point the cross section is suppressed by a factor of m−4

B , the Hubble rate quickly over-
comes the interaction rate and the dark sector decouples from the SM plasma.

On the other hand, if mB � Trh � mX, then 〈σv〉B ∼ πα2
BT2/m4

B and the condition to
maintain thermal equilibrium gives T � mB � 0.5

√
αBT3/4m1/4

p , which can be satisfied
in a narrow range of temperatures if Trh is sufficiently small. In particular,

mB � 0.5
√

αBT3/4
rh m1/4

p (for Trh � mB) . (4.73)

Now we want to use this discussion to estimate the maximal mass mB such that thermal
equilibrium is reached. This depends on the value of the gauge coupling αB. If α2

B/20 >

Trh/mp, the maximal value is obtained in the second case, i.e. mmax
B = 0.5

√
αBT3/4

rh m1/4
p >

Trh. If α2
B/20 < Trh/mp, the thermal equilibrium cannot be reached in the case Trh � mB,

and therefore mmax
B = α2

Bmp/20 < Trh.
Assuming Trh . 10−4mp, the largest possible mass compatible with perturbative cou-

plings is
mmax

B ' T3/4
rh m1/4

p . 10−3mp , (4.74)

i.e. around the GUT scale. If the mass is higher than the GUT scale, thermal equilibrium
will never be reached. The constraint on the mediator mass is illustrated in Fig. 4.7.
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If thermal equilibrium is reached, the temperature ratio today is given by

ξ =
TD

TSM
=

(
g0S

gi

)1/3

, (4.75)

where g0S ' 3.91 and gi are the number of relativistic degrees of freedom today and
when the dark and visible sectors decouple, with gi ' 106.75 for TSM � 100 GeV, giving
ξ ' 0.33 and ∆Neff ' 0.054.

One could also view the mediator mass mB as the energy scale that suppresses the
non-renormalizable operator which describes the interaction at low energies, i.e. the
Fermi interaction (αB/m2

B)(ψ̄SMγµψSM)(ψ̄XγµψX) (for a spin-1 mediator B with vector
couplings). This description is applicable in the high mass regime mB � Trh. If mB �
0.5
√

αBT3/4
rh m1/4

p , thermal equilibrium is not reached. Instead, dark sector particles are
produced via freeze-in. This case can be treated analogously to production of dark sector
particles via gravitational interaction, with suppression scale of the cross section given
by (mB/

√
αB)
−4 instead of m−4

p . If the dark sector thermalizes within itself, the resulting
temperature ratio is of order

ξ ∼
√

αB

mB

(
T3

rhmp
)1/4

(
g∗(TSM)

grh

)1/3

. (4.76)

The ratio becomes of order one, corresponding to thermal equilibrium, for mB ∼
√

αB(T3
rhmp)1/4.

This coincides with the condition that we found previously. In this case, we find

∆Neff ∼ 0.01
( αB

0.3

)2
(

10−16 GeV
mB

)4 ( Trh

10−4mp

)3

. (4.77)

As discussed in Sec. 4.3.3, the right-hand side is enhanced by a factor (11/4)4/3 ' 4
if the dark sector is in thermal equilibrium within itself while the PIDM becomes non-
relativistic.

As mentioned before, future CMB and large-scale structure observations [257, 258]
could discriminate between the thermalized scenario with ∆Neff ' 0.054 and the case
where the dark- and visible sectors have never been in thermal equilibrium, giving ∆Neff .
0.054, saturating the inequality for mB ∼

√
αB(T3

rhmp)1/4.
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FIGURE 4.7: Constraint on the mediator mass mB =
√

αB(T3
rhmp)1/4 in

blue, with the assumption that the coupling constant αB is order one. The
region above the red line is excluded by the upper bound r ≤ 0.064 on
the tensor-to-scalar ratio. The parameter space above the blue line and
not excluded by the red line can give rise to thermal equilibrium between
the dark and visible sectors. Masses above the GUT scale (0.01 mp) are
excluded. All quantities are given in Planck units.
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Chapter 5

Gravitational Atoms

This chapter is based on [14].

5.1 Gravitational Atomic Theory

In the minimal PIDM model, a GUT-scale scalar particle with only gravitational interac-
tions can be produced by thermal scattering in the early universe plasma and with the
right abundance to make up all of the dark matter today. The same mechanism also pro-
duces gravitational atoms, gravitational bound states of dark matter particles, which we
now turn to.

Our universe contains organised structures on a vast range of scales, from small sys-
tems like planets and stars, to galaxies that contains trillions of stars, all the way up to
extremely large structures like superclusters that encompass hundreds of thousands of
galaxies. These structures are large gravitationally bound systems whose behaviour can
be described classically. Gravitational atoms are instead quantum gravitational bound
states (atoms) of elementary particles. A precursor to this idea can be found in the "grav-
itational atom" of [260], with a superradiant black hole nucleus surrounded by an axion
cloud.

The Bohr radius of a two-particle bound state held together by a central inverse square
law potential, V(r) = α/r, is rB = (µα)−1, where µ = m1m2/(m1 + m2) is the reduced
mass of the system and α the coupling constant of interaction between the two particles.
For the ordinary hydrogen atom, µ is just the mass of the electron and αE = q2/4π is the
fine structure constant, giving rB ∼ 0.53 Å = 5.3× 10−11 m.

The electrostatic and gravitational potentials in the non-relativistic limit have exactly
the same form: they are both central inverse square law potentials, with the crucial dif-
ference that for gravity the coupling constant is not an independent parameter. The grav-
itational coupling constant depends on the mass of the two particles, αG = m1m2/m2

p,
where mp is the Planck mass.

The problem in trying to build a gravitational bound state with particles having
masses close to the electron mass (or any other particle in the Standard Model) is then
evident. Even if these particles interacted only gravitationally, their Bohr radius would
be extremely large, going from 105 times the radius of the observable universe for elec-
trons, to a light year for the Higgs boson. No region in the universe is empty enough (or
ever was) to allow this kind of bound states to live. The reason why gravitational bound
states are unimportant for visible matter is that for ordinary particles αG � αE, i.e. their
mass-to-charge ratio is much less than one (in Planck units): m/q� mp. In other words,
gravity is the weakest force for ordinary particles, thus microscopic bound states of these
particles will always involve gauge interactions.

However, there could be heavy particles in a yet unexplored dark sector for which
gravity is the strongest force, mX/qX � mp, where qX is the charge of the U(1) subgroup
of a generic non-abelian gauge theory in the dark sector. An example of this with qX = 0
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and mX ∼ 10−3mp is the minimal PIDM model. In this case the Bohr radius could be as
small as the Hydrogen atomic radius or even smaller. For the minimal PIDM scenario
for example, rB = 2m2

p/m3
X ∼ 109 lp ∼ 10−26 m, a truly microscopic size. Note that

the existence of such a strongly gravitating particle does not constitute a violation of the
Weak Gravity Conjecture [46], as the conjecture only requires one particle in the spectrum
satisfying m/q < mp: any of the particles in the visible sector will do.

Quantum gravitational bound states of these particles could in principle be created
in the early universe through a variety of mechanisms. In the minimal scenario, gravita-
tional bound states consist of two scalar particles that interact only gravitationally, both
with themselves (qX = 0) and with visible matter, and are created shortly after inflation
in a radiation-dominated universe which undergoes usual cosmological evolution. This
minimal scenario is particularly elegant as it only has two free parameters, mX and nB,i,
which allows one to put strong constraints and make model-independent predictions.
The gravitational atoms in the minimal scenario are not protected by any global symme-
try, therefore they are unstable and will decay to radiation after a finite lifetime. Since
the mass controls both the charge and the inertia of the atoms, the lifetime depends very
strongly on mX, and is of order m10

p /m11
X .

Bound states with mX . 10−6mp live much longer than the age of the universe and are
thus stable on cosmic timescales. They can give rise to showers of UHE cosmic rays (and
gravitons) when they decay inside the galaxy. For larger values of the mass, gravitational
atoms decay early in the history of the universe and produce a gravitational wave signal
which could be tested by futuristic GW detectors.

There exists a universal lower bound on the mass of gravitational atoms, mX &
10−8mp. Lighter gravitational atoms cannot exist today as they would be disrupted by
tidal forces in galaxies. For the minimal model, which considers atoms created in the
very early universe, a different bound exists that comes from disruption by Hubble ex-
pansion: mX & (Hm2

p)
1/3. Depending on the energy scale of inflation, this bound can

become stronger (and for the highest possible scales much stronger) than the one from
tidal forces in galaxies.

The gravitational wave signal is hard to detect in the minimal scenario, as it peaks at
very high frequencies, above 1013 Hz. Near Planckian atoms (mX ∼ mp) decay imme-
diately after being produced, close to reheating, and are redshifted to the present time
following the standard cosmological evolution. Since the maximum reheating tempera-
ture at which they can be created is Trh ∼ 10−3mp (the highest temperature still compat-
ible with the non-observation of tensor modes), the frequency observed today for these
atoms is ∼ 1013 Hz, which follows straightforwardly from the frequency at production
redshifted from reheating to the present time, mpT0/Trh. As the atoms decay immedi-
ately, the resulting signal is also strongly monochromatic.

On the other hand, atoms with mX ∼ 10−5 − 10−6mp decay today and they release
their large rest energy in the form of non-redshifted gravitational waves and ultra high
energy cosmic rays. Note that since the atoms decay today, the gravitons are not red-
shifted, and the frequency of the signal can be in principle as high as 1036 Hz, the fre-
quency corresponding to 10−6mp. The decay rate in this case is comparable to the Hub-
ble rate, therefore the signal is more smeared out and loses its monochromaticity. In both
cases the signal is located at frequencies that are far beyond what current and planned ex-
periments are able to detect. Indeed, the GW signal produced by decaying gravitational
atoms can go well beyond the frequency cutoff that is usually considered for gravita-
tional waves. Conventional wisdom assumes a lower bound on the frequency given by
10−18 Hz, corresponding to wavelengths as large as the present Hubble radius of the uni-
verse, while the highest possible value is 1011 Hz, corresponding to the frequency of a
Planck-energy graviton produced during the Planck era, and redshifted to the present
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time using standard cosmological evolution. The frequency cutoff for astrophysical pro-
cesses is of course much lower, of order 10 kHz, so this huge frequency range is often
taken as encompassing all gravitational waves that can be considered [261, 262]. In this
scenario, gravitational atoms as heavy as 10−6mp can decay today and produce UHE
gravitons, so the bound is clearly violated. Unstable massive particles can in principle
also produce gravitons beyond the 1011 Hz cutoff, but, contrary to gravitational atoms,
they predominantly decay to visible radiation since graviton production is planck sup-
pressed. Gravitational atoms interact only through gravity, at least in the minimal sce-
nario, therefore graviton production is as likely as production of any other scalar particle
(decay to fermions and vectors is suppressed). In particular, if there are no fundamental
light scalars in the complete UV theory, gravitational atoms primary decay channel is to
gravitons. We also don’t know of any other source of istrotropic gravitational waves with
a peak in the spectrum at such high frequencies.

In the minimal PIDM scenario, the dark matter particle resides in a maximally de-
coupled sector, has no self-interactions and its mass is naturally close to the Planck scale.
PIDM particles are created by freeze-in from the SM plasma at very high reheating tem-
peratures and are always outside of thermal equilibrium. PIDM bound states are sub-
dominantly created by the same freeze-in process. This purely gravitational production
mechanism will always be present, also in more complicated scenarios, therefore one
can take the number density of gravitational atoms that we compute in this model as an
absolute lower limit on their abundance, if scalar particles satisfying the strong gravity
condition exist in the early universe. The minimal PIDM model of gravitational atoms
gives an unobservable signal, but it is nonetheless instructive as a concrete and almost
model-independent scenario in which gravitational atoms can arise.

To make the signal observable for upcoming detectors, one needs to modify one of
the assumptions that define the minimal scenario. In the last section of this chapter,
we consider as an example non-standard cosmological evolution in the form of an early
matter-dominated stage. This is a fairly generic prediction of string theory models of
the early universe, as moduli are inevitably and abundantly produced during inflation
and decay much later, reheating the visible sector and kick-starting the usual radiation
phase. The intermediate matter phase can be quite long, going from reheating to Big
Bang Nucleosynthesis (BBN) and spanning a huge range of scales. The universe expands
faster in the matter-dominated era than it would have in the usual radiation-dominated
phase, thus enhancing the redshift factor of the signal, and giving a smaller frequency.
For near-Planckian atoms, the frequency falls in the range 107 − 1010 Hz, which could be
detectable by near future experiments. We also show that a large non-minimal coupling
of the PIDM to gravity brings the peak frequency down to more interesting values. In
both cases, a modification of gravity or early universe cosmology is needed in order to
bring the peak frequency of the signal below the 1013 Hz threshold.

5.2 The Minimal Model

We postulate the existence of a particle X in the dark sector that satisfies mX/qX � mp.
This particle may form purely gravitational bound states. The simplest model of grav-
itational atoms that can still produce a rich phenomenology rests on three fundamental
assumptions:

1. X has only standard gravitational interactions: all Standard Model and dark charges
are equal to zero. In particular qX = 0 (no self-interactions) and ξX = 0 (minimal
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coupling). Therefore the dark sector is maximally decoupled from the visible sec-
tor and X particles may constitute a fraction, maybe even substantial, of cold dark
matter in the universe.

2. X is a scalar particle without internal quantum numbers. Scalar field masses are
unprotected against large quantum corrections, so in absence of additional new
physics in the dark sector, we expect the mass mX to lie near the quantum gravity
scale.

3. Gravitational atoms are created in the very early universe, near the end of infla-
tion or just after, and they evolve in the usual ΛCDM cosmological model. The
formation mechanism is such that only 2-particle atoms are efficiently created, and
predominantly in their ground state.

The three assumptions define the simplest scenario in which gravitational atoms can
in principle arise. This most minimal scenario entails a dark sector comprised only of
X, a scalar particle with a mass close to the Planck scale, quantum gravity effects acting
as the only UV cutoff. For simplicity we also restrict our attention to creation mech-
anisms which dominantly produce simple atoms, made up of only two particles. The
phenomenology is independent of the spin if we only consider 2-particle bound states,
therefore our assumptions that X is a scalar is not overly restrictive (multi-particle states
are heavily modified if the constituents are fermions due to Pauli blocking). For simplic-
ity, we also consider a particle with no internal degrees of freedom. Atoms made up of
particles with internal quantum numbers could be stable by charge conservation, chang-
ing the phenomenology. For example, a complex scalar particle may form stable as well
as unstable (particle/antiparticle) bound states. This will however not affect our main
conclusions, but only add an additional contraint on the initial number density of bound
states from avoiding over-closing the universe today.

Assumption 3. is highly non-trivial for bosonic particles, due to Bose-Einstein con-
densation and the universally attractive nature of gravity. Bosons do not experience Pauli
exclusion principle, which means that such an atom could always lower its energy by
capturing an additional particle in its ground state. Many-particle bound states could
then easily become more abundant as they are energetically favourable. In order to avoid
this problem we can imagine for example that the initial number density of X particles is
small enough that the probability of a collision producing a multi-particle bound state is
negligible. This is what happens in the PIDM model.

The theory of a two-particle gravitational bound state is a trivial modification of the
usual theory of positronium. Our bound state consists of two identical particles with
m1 = m2 = mX that interact only through gravity. All we have to do then is replace
αE → αG and use the reduced mass µ = mX/2. The energy levels of the atom to lowest
order in αG are

En = −
µα2

G
2n2 = −mX

4n2

(
mX

mp

)4

, (5.1)

where n is the principal quantum number.
In distinction to atomic bound states, these gravitational bound states are not stable

by any global symmetry, and the massive particles will annihilate into radiation. The
atom can either decay to a pair of gravitons or a pair of SM particles. All decay channels
are mediated by gravity. To obtain the decay rates we first need to compute the ampli-
tudes for bound state production from SM particles and gravitons. In the non-relativistic
limit and in the centre-of-mass frame, we can relate the amplitude for bound state pro-
ductionMS

BS to the amplitude for the creation of free X particles with opposite momenta
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MS
F(k,−k):

MS
BS =

1√
mX

∫ d3k
(2π)3 ψ̃(k)MS

F(k,−k), (5.2)

where S is the spin of the incoming particles, or equivalently the spin of the decay prod-
uct, and ψ̃(k) is the momentum-space wavefunction of the ground state as a function of
the conjugate 3-momentum k. The total cross section for bound state production is

σS
BS =

π

4m2
X

∑
S
|MS

BS|2δ(s− 4m2
X), (5.3)

where the delta function enforces the constraint that the total centre-of-mass energy must
equal the bound state mass

√
s ≈ 2mX.

We computed the decay rates for any spin S, and found that only those corresponding
to S = 0 and S = 2 are non-zero at first order, see Appendix C for details. To lowest order
in αG, the decay rates of a gravitational atom to scalars and gravitons are

ΓS = N0
mX

64

(
mX

mp

)10

= N0
α5

GmX

64
,

ΓG =
41mX

128π2

(
mX

mp

)10

=
41α5

GmX

128π2 , (5.4)

where N0 is the number of fundamental scalar degree of freedom in the low energy spec-
trum 1, the other decay channels (decay to fermions and vectors) being suppressed by
an additional factor of α2

G. Therefore, to lowest order in αG, ΓSM ' ΓS and ΓG/ΓSM =
41/(2π2N0) ≈ 2/N0. Note the very strong dependence of the decay rates on mX as a
result of the "gravitational charge" being proportional to the mass.

It is clear that the mass of a gravitational atom cannot vary freely, as their size quickly
becomes untenably large if the mass is considerably below the Planck scale. Both the
size of these atoms, as encoded in the Bohr radius rB = (µα)−1, and the decay rates in
(5.4) depend only on the mass mX. It is then possible to place a lower bound on the mass
based on disruption of bound states due to tidal forces in galaxies. For mX . 10−6mp,
the lifetime Γ−1 is much larger than the age of the universe and gravitational atoms are
stable on cosmic timescales. They will therefore be a component of cold dark matter
and participate in gravitational clustering, concentrating in the center of galaxies. In the
vicinity of a massive object with mass M, tidal effects will disrupt bound systems with
size rB when the tidal energy exceeds the binding energy, GMmXrB/r2 > mXα2

G/4. For a
solar mass star, bound systems are disrupted at distances smaller than

rd =

√
4M�
m3

X

(
mp

mX

)4

. (5.5)

Thus, the cross section for a collision able to split an atom is σ ∼ πr2
d. Tidal effects are

strong enough to split most gravitational atoms in galaxies if the interaction rate n�σv
is much larger than the Hubble rate today, t−1

U , namely if n�σvtU � 1, where n� ∼
0.1 pc−3 is the stellar density in the galactic disk and v ∼ 300 km/s the typical velocity of
virialized objects in the galaxy. This gives a lower bound on the mass, or equivalently an

1Here low energy is defined in terms of the mass of dark sector particles X, therefore N0 is the number
of scalar particles in the visible sector with a negligible mass compared to mX . N0 = 4 for the SM, but the
number could be much higher if supersymmetry and/or string theory are involved in its UV completion. At
the other extreme, if the UV theory does not contain fundamental scalars, N0 = 0 and gravitational atoms
will predominantly decay to gravitons.
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upper bound on the size, of gravitational atoms:

mX & 10−8mp, rB . 1024lp ∼ 0.1 Å. (5.6)

It is interesting how the largest possible gravitational bound states are roughly the size of
ordinary atoms. For our derivation to be consistent, we have to make sure that rd � R�,
the typical radius of a star, for mX . 10−8mp. This is true, as rd(mX = 10−8mp) ∼ 104R�.

The constraint above is universal and constitutes an absolute lower bound on the
mass of a gravitational atom. Other model-dependent constraints are possible which
may even become stronger in certain parameter ranges. For example, the tidal forces due
to cosmic expansion are usually far too small to break a gravitational atom apart, but they
can become relevant in the very early universe. Indeed, if gravitational atoms are created
soon after inflation, they can be disrupted by rapid Hubble expansion. Specifically, a very
general constraint comes from requiring that their size doesn’t exceed the Hubble radius,
rB < H−1, i.e.

mX & (Hm2
p)

1/3. (5.7)

The strongest constraint on the mass comes from considering gravitational atom creation
at reheating, when the Hubble rate attains its largest value. The current upper bound
on the reheating scale is Hrh ∼ 5× 10−6mp, which leads to a very strong bound on the
mass, mX & 0.01 mp. The bound is relaxed if one lowers the reheating scale or considers
creation at a lower epoch.

5.3 Phenomenology

We now study the experimental signatures of gravitational atoms. Immediately after
reheating, in a minimal scenario with no additional new physics, their number density
will evolve according to the Boltzmann equation

ṅB = −3HnB + 〈σv〉SM→Bn2
SM + 〈σv〉X→Bn2

X

+〈σv〉G→Bn2
G − ΓSMnB − ΓGnB. (5.8)

Due to assumption 1, these bound states can only be created by gravitational scattering
of SM sector particles with cross section < σv >SM→B, dark sector particles X with cross
section < σv >X→B and gravitons with cross section < σv >G→B. They can decay back to
SM scalars and gravitons with decay rates ΓSM and ΓG respectively. Gravitational atoms
cannot decay back to their constituent particles X because of conservation of energy.

This also means that the creation of a bound state by X particles has to involve emis-
sion of external radiation either in the incoming or outgoing particles in order to conserve
energy. It is one of our assumptions that X interacts only gravitationally, so the emitted
particle has to be a graviton, which means that < σv >X→B is naively suppressed com-
pared to < σv >SM→B and < σv >G→B by a factor of αG = (mX/mp)2. However, the
emission of an external graviton opens up the phase space of the process X → B, leading
to an enhancement factor that could partially compensate the suppression by αG, as long
as mX is not too small.

Here we are not interested in the precise creation mechanism, so we will limit our-
selves to a couple of considerations. If gravitational atoms are created after or during
reheating, they can be produced in basically two distinct regimes, depending on wether
nSM or nX dominates the total number density of the universe. In the regime nSM � nX,
the creation term < σv >SM→B n2

SM dominates in the Boltzmann equation. The visible
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sector is initially in thermal equilibrium and X particles are created together with gravi-
tational bound states by freeze-in. This is the PIDM scenario that we will analyse in the
last section. Conversely, if nX � nSM, gravitational atoms are not created by freeze-in,
but rather by scattering of free X particles in the non-equilibrium 2 dark plasma through
the term < σv >X→B n2

X (and possibly also < σv >G→B n2
G), in analogy with what hap-

pens with ordinary atoms. We can also have an intermediate regime nSM ≈ nX where
both effects are important. The latter two cases require additional new physics in the
dark sector.

The different production channels are encoded in the cross sections of (5.8). For our
purposes, we will posit an initial number density nB,i of gravitational atoms and treat
it as a free parameter, regardless of the precise production mechanism. If the first three
terms in (5.8) (ignoring the trivial Hubble friction term) describe bound state formation,
the last two describe the part relevant for observations, namely its decay to visible matter
and gravitons, which we now turn to.

5.3.1 Gravitational waves (mX & 10−6)

The total decay rate of a gravitational atom is Γ = ΓSM + ΓG. After a typical lifetime
Γ−1 has passed, the atoms will start decaying to visible matter and gravitons, with an ap-
proximate ratio of N0/2 to 1. We will consider first decay to gravitons, which produces a
highly energetic gravitational wave signal. We want the signal to be detectable today, so
as a very rough estimate we only consider lifetimes smaller than the age of the universe,
Γ−1 . H−1

0 . This translates into a bound on the mass: mX & 10−6mp. Due to the huge
power of m11

X in the decay rate, the atoms also decay well inside the radiation-dominated
phase if the mass is not extremely close to saturating the bound. Taking into account the
late matter-dominated phase complicates the formulas without adding much to the dis-
cussion, therefore in the following we will consider a pure radiation-dominated universe
from reheating to the present day. The plots, however, include the factor of ∼ 0.2 which
accounts for the late stage of faster matter-dominated expansion.

Atoms are created close to reheating with an initial number density nB,i, as described
by (5.8). Assuming that the creation mechanism is fast enough, the decay process can be
described separately, as it takes place after creation is over. Absorbing the expansion of
the universe in the definition of the comoving number density YB ≡ nBa3, and neglecting
the creation terms, the Boltzmann equation for decay becomes

dYB

da
= − ΓYB

aH(a)
, (5.9)

where in the radiation dominated phase H(a) = (T2
rh/κ2

2γ2mp)(arh/a)2, and we consider
for simplicity instantaneous reheating with maximum efficiency γ = 1. Trh is the re-
heating temperature, κ2 = (45/(4π3grh))

1/4 ≈ 0.25, and grh is the number of degrees of
freedom at reheating, which we will assume to be that of the SM. The solution is

nB(a) =
nB,i

a3 exp

(
−κ2

2
2

Γmp

T2
rh

(a2 − 1)

)
. (5.10)

Here we normalise the scale factor at the end of reheating to 1, arh = 1, so that nB(arh) =
nB,i. Note that in the radiation dominated phase a ∝

√
t, so that one retrieves the usual

exponential decay law in time. Note also that since bound states are intrinsically non-
relativistic objects, the condition mX > Trh has to be satisfied. Since we imagine these

2Particles with gravitational-only interactions are never in thermal equilibrium below the Planck scale.
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ω0

ω0

dρ

dω

FIGURE 5.1: Energy spectrum of gravitational waves emitted from bound
state decay in the early universe as a function of the observed frequency.
The spectrum has the functional form x2e−x2

, with x = ω0/mB and it is
peaked at ω̄0.

bound states to be created in the early universe, condition (5.7) is relevant and actually
puts a stronger bound on the mass in the radiation dominated era,

mX &

(
T2

rhmp

κ2
2

)1/3

. (5.11)

Each bound state emits gravitons with total energy equal to its mass mB = 2mX
when it decays. The infinitesimal energy density emitted by a fraction of decaying atoms
is then dρG = −mBa−3dYB

3, which is then redshifted to the present value of dρG,0 =
−mBa−3dYB(a/a0)4, where a0 = Trh/T0 is the scale factor now, keeping in mind that
arh = 1 at the end of reheating. The redshifted frequency of a graviton emitted at a value
of the scale factor a today is ω0 = mX(a/a0). Taking into account the fact that only a
fraction of energy ΓG/Γ goes into gravitons, the energy spectrum today is

dρG,0

dω0
= −ΓG

Γ

(
a
a0

)4 mB

a3
dYB

da
da

dω0
. (5.12)

Expressing everything in terms of ω0 we get

dρG,0

dω0
= T3

0
ΓG

Γ
nB,i

T3
rh

κ2
2Γmp

T2
0

ω2
0

m2
B

exp

[
κ2

2
2

Γmp

T2
rh

(
1−

T2
rh

T2
0

ω2
0

m2
B

)]
. (5.13)

The spectrum dρG,0
dω0

(ω0) has the form shown in Fig.5.1. The physical spectrum is truncated
at both low and high frequencies. The minimum frequency attainable corresponds to
that of a graviton emitted at production Trh, which has a frequency ω0,min = mBT0/Trh,
while the maximum frequency is that of a graviton emitted today, i.e. ω0,max = mB. The
physical spectrum will then have these two values as a lower and upper limit.

3The minus sign is necessary because while the bound state number density decreases, the gravitational
energy density increases.
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The spectral density is maximized at

ω∗0 =

√
2

κ2

T0√
Γmp

mB, (5.14)

which corresponds to the frequency at emission redshifted by a factor of ∼ T0/
√

Γmp.
In order for ω∗0 to be above the minimum frequency ω0,min, the condition Trh &

√
Γmp

has to be satisfied. If the condition is violated the maximum disappears, and the physical
spectrum is just a decaying exponential peaked at ω0,min. We can understand the factor
(5.14) heuristically by assuming that all atoms decay more or less at the same time tD ∼
Γ−1. The overall redshift factor then is ad/a0, where a0 = Trh/T0 and, in the limit in
which Trh �

√
Γmp, ad ∼

√
T2

rh/Γmp, giving an approximate redshift factor of ad/a0 ∼
T0/

√
Γmp, in accordance with (5.14).

In the high-mass limit, the local maximum in the spectrum disappears, and the ex-
pected frequency is well estimated by the average ω̄0,

ω̄0 = (ρG,0)
−1
∫ ∞

mBT0/Trh

ω0dρG,0 = mB
T0

Trh

(
1 + 2T2

rh
κ2

2Γ

)
F
(

κ2
√

Γmp√
2Trh

) , (5.15)

where

F(x) = 1 + ex2
√

π

2x
Erfc (x) , (5.16)

and the lower limit of integration is the frequency of a graviton emitted at production,
as measured today. Technically, we are only allowed to integrate up to a maximum fre-
quency of mB, which corresponds to the frequency of a graviton emitted from an atom
decaying today. However, as long as m & 10−6mp, we can assume that practically all
bound states already decayed, and replacing mB with +∞ in the integral has no effect
due to the huge exponential suppression in (5.13). We also checked numerically that
integrating to infinity has negligible effect on the final results. In the low mass-limit
Trh �

√
Γmp, ω̄0 agrees with (5.14) up to a numerical factor of order 1. In the opposite

limit Trh �
√

Γmp, the average frequency becomes mBT0/Trh ≡ ω0,min, as atoms decay
immediately after being produced, so the spectrum is a decaying exponential peaked at
ω0,min.

In both regimes, the spectrum is peaked at one frequency given by (5.15), but it is not
in general monochromatic, as one would expect from decays in flat space. Deviations
from exact monochromaticity of the gravitational signal arise due to the stochastic nature
of the decay, meaning that different atoms will decay at slightly different times and there-
fore be redshifted in slightly different amounts by the expansion of the universe. We can
quantify the spread of the spectrum by computing the value δ at which the exponential
in (5.13) comes to dominate,

δ ∼

√
T2

0
Γmp

mB. (5.17)

In the low mass regime the spectrum is fairly spread out as δ ∼ ω̄0. In the high mass
regime, on the other hand, δ/ω̄0 � 1, therefore the signal is strongly monochromatic and
the total energy density provides a good estimate for the peak intensity of the spectrum.
The total energy density in gravitational waves is just the integrated spectrum over all
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frequencies:

ρG,0 =
∫ ∞

mBT0/Trh

dρG,0

dω0
dω0 = T4

0
nB,i

T3
rh

ΓG

Γ
mB

Trh
F

(
κ2
√

Γmp√
2Trh

)
. (5.18)

It is clear from (5.15) that the peak frequency today is largest for the lowest possible
value of the mass, mX ∼ 10−6mp. The reason is that very massive bound states produce
highly energetic gravitons, but they also decay very early in the history of the universe,
and are therefore hugely redshifted. For example, the energy density of gravitons emitted
at reheating will be redshifted by a factor a−4

0 = (T0/Trh)
4, while gravitons emitted now

are not redshifted at all. What is redshifted however is the number density of decaying
atoms, but only by a factor a−3

0 = (T0/Trh)
3. The overall enhancement factor for atoms

decaying today compared to atoms decaying at reheating is thus a−1
0 = Trh/T0, which is

exactly what one can see from the plots. Fig.5.2 shows the peak intensity of the signal
as the mass of the bound state increases, for atoms produced at reheating with tempera-
ture Trh ∼ 10−3mp (saturating the experimental bound on the non-observation of tensor
modes) and Trh ∼ 10−8mp. Most of the mass parameter space is excluded by condition
(5.11) for Trh ∼ 10−3mp.

Even for atoms created at reheating with the highest possible temperature Trh ∼
10−3mp (so that we maximise the redshift factor) the signal is extremely energetic, well
beyond the capabilities of standard interferometers like LIGO and LISA. On the other
hand pilot projects are carried out with gravitational wave detectors able to observe high-
frequency gravitational waves in a frequency range up to 0.1 GHz and detectors capa-
ble of measuring gravitational wave frequencies above 1014 Hz are also being discussed
[263]. The lower bound on the peak frequency of our signal for a near-planckian atom, as
shown in Fig.5.2, is around 1013 Hz, close to that frequency range. The reason is that, as
we already discussed, the lowest frequency that we can get is for near-planckian atoms
which decay to gravitons at reheating. This is just ω0,min = mBT0/Trh ∼ mp(T0/Trh) �
T0, which is naturally much larger than T0 ∼ 10 GHz for all allowed values of the reheat-
ing temperature. T0 is actually an absolute lower bound for the frequency in the minimal
model, as it corresponds to atoms being created in the Planck era and immediately decay-
ing to gravitons which are then redshifted until today. Of course, this is already excluded
by the bound on tensor modes, which places the minimum frequency at least a factor
103 above the CMB temperature today. This explains the factor of 103 in the figure, for
Trh ∼ 10−3mp.

Since we can change the number density of gravitational atoms at will, the only bound
on the intensity comes from gravitational wave contribution to the effective number of
neutrino species [261]. The nucleosynthesis bound, valid independently of the frequency,
is ΩGW < 5× 10−6, where

ΩGW(ω0) =
ω0

ρc

dρG,0

dω0
(5.19)

is the gravitational wave energy density per unit logarithmic wave frequency in units of
the critical density today, ρc = 3m2

pH2
0 . Fig.5.3 shows the GW signal strength as a func-

tion of the frequency for various choices of the initial abundance of atoms nB,i, reheating
temperature Trh ∼ 10−3mp and atomic mass mX ∼ 0.1mp. We chose the values of Trh and
mX that minimise the peak frequency.

Naively, one could think that a way to generate gravitational waves of smaller fre-
quencies would be to relax our assumption 3, that most bound states are created in the
ground state. If one assumes that most bound states are actually created in the first (grav-
itationally) excited state 3d, the graviton energy released from the transition back to the
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FIGURE 5.2: Peak frequency of the monochromatic gravitational wave sig-
nal produced by ground state (red) and 3d excited (blue) gravitational
atoms as a function of the bound state mass with Trh ∼ 10−3 mp (top) and
Trh ∼ 10−8 mp (bottom). The frequency is in Hz and the mass in planck
units. The mass range is limited by condition (5.11) coming from disrup-
tion of bound states due to Hubble expansion, mX & T2/3

rh m1/3
p . Even for

mX as high as 0.5 mp, the peak frequency is still at least a factor of 103 larger
than T0 ∼ 10 GHz.
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FIGURE 5.3: Gravitational wave density parameter per unit logarithmic
energy ΩGW(ω0) as a function of the signal frequency ω0, measured in
units of GHz, for Trh ∼ 10−3mp, and mX ∼ 0.1mp. We parametrise the ini-
tial abundance of atoms as nB,i = αT3

rh, where α is roughly the abundance
of atoms as a fraction of the thermal plasma number density. From top to
bottom we have α = 1 (purple), α = 10−10 (blue), α = 10−20 (orange), and
α = 10−30 (magenta). The red line represents the nucleosynthesis bound
on the GW density parameter, ΩGW < 5× 10−6.

ground state is of order m5
B/m4

p, i.e. α2
G suppressed compared to the energy of decay. Un-

fortunately, this is not so simple. The transition rate from the 3d state back to the ground
state can be found in [75, 82, 264] and it is equal to

Γ3d→1s =
α7

GmX

2880
. (5.20)

A gravitational atom in the 3d energy level can also decay directly to radiation with
a rate Γ3d, the relevant amplitude being the one in (5.2), with ψ̃ the momentum space
wavefunction of the 3d state. Integrating and retaining only the lowest order term in αG,
we find that Γ3d ∼ α4

GΓ1s ∼ α9
GmX. The suppression factor of α4

G is due to the fact that the
wavefunction of an l = 2 state near the origin goes like r2, therefore (5.2) vanishes at first
(α0

G) and second order (α2
G). See appendix C for details.

Decay of a gravitational atom in a graviton-induced excited state will then proceed
through cascade decay to the ground state, which will then decay to radiation. The life-
time of an excited atom is therefore longer by a factor of α−2

G compared to the lifetime
of the atom in its ground state. If most atoms are in the 3d state, requiring that they are
unstable on cosmic scales gives the new bound, mX & 10−4mp. In this mass range, we can
rederive the results of this section with the trivial substitution Γ → Γ3d→1s, and noting
that now the released energy in gravitons after the decay of an atom is no longer mB, but,

∆E = E3d − E1s =
2
9

m5
X

m4
p

. (5.21)

The issue is that the minimum frequency ω0,min = ∆E (T0/Trh) is again reached for near-
planckian atoms, mX ∼ mp, which means that ω0,min is roughly (T0/Trh)mp � T0, i.e. of
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the same order of magnitude of the minimum frequency for ground state atoms. More-
over, while 3d excited atoms release less energy when they decay, they also decay later
than ground state atoms due to the additional α2

G suppression in the decay rate (5.20),
and are therefore redshifted less. The peak intensity of the signal for 3d bound states can
be found, superimposed to the ground state signal, in Fig.5.2.

5.3.2 Ultra high energy cosmic rays (mX . 10−6)

If the mass of the bound states is & 10−6mp, their lifetime is smaller than the age of
the universe and they have all since decayed, producing a gravitational wave signal.
On the other hand, if mX . 10−6mp, but not much smaller, their lifetime is larger than
the age of the universe, but they are still massive enough to produce ultra high energy
(UHE) cosmic rays when they decay inside the galaxy [220]. The possibility that the
observed flux of UHE cosmic rays is dominantly produced by the decay of super-heavy
particles has been excluded long ago based on the relative fraction of photons versus
charged cosmic rays [225]. Assuming instead that the observed flux is of astrophysical
origin, it is possible to put stringent upper limits on a potential exotic contribution due
to gravitational atoms decay.

If we define rX = ξXtU/τX, where ξX is the abundance of bound states as a fraction
of the total dark matter density and τX = Γ−1 their lifetime, the flux of UHE cosmic rays
produced by gravitational atoms decay is bounded by rX . 5 · 10−11. If the mass is very
close to 10−6mp, then τX ∼ tU , and the density of X particles has to be rather low, of the
order ξX . 10−12. If however ξX ∼ 1 so that gravitational atoms constitute the domi-
nant component of cold dark matter, then the lifetime has to be τX & 1012 tU ∼ 1022 yrs,
which is reached for mX ∼ 10−7mp, only one order of magnitude below the critical value.
The lowest possible mass for gravitational atoms before they start getting disrupted in
galaxies is ∼ 10−8mp, therefore the constraints above only apply to the narrow interval
of masses 10−8 . mX/mp . 10−6 and for atoms in the ground state. The constraints
are modified if one considers excited states, as these have much longer lifetimes, see
(5.20). For 3d excited atoms, τX ∼ tU is reached for mX ∼ 10−4mp and ξX . 10−12,
while 3d atoms making up all of the dark matter in the universe should have a mass
of mX . 10−5mp. This opens the possibility to GUT-scale gravitational atoms decaying
today.

5.4 The PIDM Model

Up until now we considered the minimal gravitational atom scenario, without commit-
ting to a particular model or creation mechanism. We will now study one realisation of
the minimal scenario, in which the constituent particles of the atom are Planckian In-
teracting Dark Matter (PIDM). These particles, which we label X, are as decoupled as
fundamentally allowed, having only gravitational interactions and a natural mass close
to the Planck scale. PIDMs also come with a specific creation mechanism: they are pro-
duced by gravitational scattering in the thermal plasma of the Standard Model sector at
the highest temperatures immediately after inflation. Gravitational atoms can be created
along with free PIDMs by the same gravitational freeze-in mechanism, but with a sup-
pressed abundance, as we describe below. The initial number density of atoms nB,i, which
we considered as a free parameter in the previous sections, is now completely fixed by
the freeze-in mechanism and it only depends on the PIDM mass mX and the reheating
temperature Trh.
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The evolution equation for the gravitational bound states, given by (5.8), is supple-
mented in our model by the corresponding equation for the evolution of X. The set of
Boltzmann equations that govern free X and bound state production is{

ṅX = −3HnX+ < σv >SM→X n2
SM− < σv >X→SM n2

X− < σv >X→B n2
X

ṅB = −3HnB+ < σv >SM→B n2
SM+ < σv >X→B n2

X − ΓSnB − ΓGnB,
(5.22)

where free X can be created from SM particles with cross section < σv >SM→X, they can
annihilate to SM particles in the time-reversed process with cross section < σv >X→SM,
and they can produce gravitational bound states with cross section < σv >X→B. Bound
states can be created either from SM particles or PIDM particles X with cross sections
< σv >SM→B and < σv >X→B respectively, and they can decay back to SM scalars or
gravitons with decay rates ΓS and ΓG respectively. We neglected terms proportional to
n2

G, as gravitons are not part of the thermal bath and are thus very dilute, nG � nSM.
PIDM particles are also very dilute as they are created far outside of thermal equilibrium,
nX � nSM. Bound state creation will then proceed via gravity mediated SM annihilations
instead of PIDM or graviton scattering, so we can neglect the creation term < σv >X→B
n2

X in both equations. Consequently, the free PIDM number density is unaffected by
bound state formation, and gravitational atoms are dominantly produced by thermal
scattering of SM particles, just like free PIDMs.

Note that our bound state formation mechanism is quite different from what is usu-
ally considered in the literature. Normally, one assumes that the dominant process for
creating bound states of two particles X interacting through a long-range potential is
X + X → B + γ, where γ is the massless mediator. This is a radiative process in which
the excess mass of the two particles is radiated away by a soft mediator. In our case the
probability that two X particles will meet to create a bound state is exceedingly small
due to their suppressed number density, therefore the dominant mechanism becomes
SM + SM → B, i.e. creation of the bound state by gravitational annihilation of two SM
(effectively) massless particles. In this case no external radiation is needed to conserve
energy. See Appendix C for more details.

Free PIDMs, like PIDM bound states, are created by gravitational freeze-in, as de-
scribed in [11, 12]. Both of them are produced non-relativistically, therefore we can work
in the limit mX � T. The cross sections for production of a scalar PIDM from SM par-
ticles are derived from the amplitudes in (C.1) and in the non-relativistic limit they are
given by

〈σv〉0 =
πm2

X
8m4

p

[
3
5

K2
1

K2
2
+

2
5
+

4
5

T
mX

K1

K2
+

8
5

T2

m2
X

]
→ πm2

X
8m4

p
,

〈σv〉1/2 = 〈σv〉1 =
4πT2

m4
p

[
2
15

(
m2

X
T2

(
K2

1

K2
2
− 1
)
+ 3

mX

T
K1

K2
+ 6
)]
→ 4πT2

m4
p

, (5.23)

where the modified Bessel functions are evaluated at mX/T, with T = TSM being the
temperature of the SM thermal bath and the expressions right of the arrow denote the
limit for T � mX, relevant for the massive PIDM regime. The total cross section for
scalar PIDM production is

〈σv〉SM→X = N0〈σv〉0 + N1/2〈σv〉1/2 + N1〈σv〉1, (5.24)

with N0, N1/2 and N1 the number of scalar, fermion and vector degrees of freedom at
the highest energies scales in our model. For the SM, N0 = 4, N1/2 = 45 and N1 =
12. Absorbing the expansion of the universe in the definition of the comoving number
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density YX ≡ nXa3, the final PIDM abundance YX can be computed by integrating the
Boltzmann equation (5.22) in the approximation nX � nSM that we discussed:

YX =
∫ ∞

1
da

a2

H(a)
〈σv〉X→SM(neq

X )2, (5.25)

where we used detailed balance to replace 〈σv〉SM→X n2
SM by 〈σv〉X→SM (neq

X )2 and inte-
grating to infinity has no effect due to the exponential suppression in neq

X at low temper-
atures. The equilibrium density is

neq
X =

gX

2π2 m2
XTK2

(mX

T

)
, (5.26)

and H(a) = T2
rh/(κ2

2γ2mp)a−2. We normalise the scale factor at reheating to 1, arh = 1,
and we consider for simplicity instantaneous reheating with maximum efficiency, γ = 1.
In the regime mX � T, 〈σv〉SM→X ∼ N0πm2

X/8m4
p, neq

X ∼ (mXT/2π)3/2e−mX/T and the
integral evaluates to

YX ≡ nX,i '
κ2

2 N0m4
XT2

rh
27 m3

p π2 exp
(
−2mX

Trh

)
. (5.27)

This is the initial abundance of PIDM particles after freeze-in. In the non-relativistic limit
we are considering, gravitational bound states are also created with the same mechanism.

If the mass is not too close to the planck scale, the creation and decay processes are
decoupled, meaning that the lifetime of gravitational atoms is much longer than the time
it takes to create them from the SM bath. We can thus describe the two processes sepa-
rately, as the atoms are effectively stable during creation. Taking also into account the fact
that creation by X scattering is completely negligible, the Boltzmann equation simplifies
to

dYB

da
=

a2

H(a)
< σv >SM→B n2

SM, (5.28)

where nSM = N0T3/π2. We compute < σv >SM→B in appendix C, equation (C.15).
We can simplify the Boltzmann equation by using the detailed balance condition in the
visible sector,

< σv >SM→B n2
SM = ΓSneq

B . (5.29)

It is a nice consistency check to ensure the validity of the condition above in the non-
relativistic limit mX � T, using the explicit formula (C.15). We can easily integrate the
Boltzmann equation (5.28) in the regime Γ � H to find the initial number density of
gravitational atoms:

YB =
∫ ∞

1
da

a2

H(a)
< σv >SM→B n2

SM =
∫ ∞

1
da

a2

H(a)
ΓSneq

B , (5.30)

where in the last equality we used the detailed balance condition. The formula is com-
pletely analogous to the corresponding one for the PIDM, (5.25). In the non-relativistic
regime we have that ΓS = N0mXα5

G/64 (the decay rate stays the same) and neq
B ∼ (mXT/π)3/2e−2mX/T,

so the final bound state yield is

YB ≡ nB,i '
κ2

2 N0m11
X
√

mXTrh

27π3/2m9
p

exp
(
−2mX

Trh

)
, (5.31)
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FIGURE 5.4: Gravitational wave density parameter per unit logarithmic
energy ΩGW(ω0) as a function of the signal frequency ω0 (in units of GHz)
in the PIDM scenario with Trh ∼ 10−3mp, and mX ∼ 0.01mp. The initial
abundance of gravitational atoms is set by freeze-in, eq.(5.31).

and the ratio between the two is

YB

YX
=

m6
X

m6
p

√
π

m3
X

T3
rh

. (5.32)

Note that the ratio is independent from N0. The suppression factor of α3
G comes from the

corresponding suppression in the cross section for producing bound states as opposed
to free particles. The bound state yield is maximised for the highest possible reheating
temperature, Trh ∼ 10−3mp, and mX = 23 Trh/4 ≈ 6Trh (as one can easily check by
computing the derivative and putting it to zero). The best we can do therefore is to take
mX/6 ∼ Trh ∼ 10−3mp. This is already contrived as the non-relativistic regime is on the
verge of breaking down, but it is illustrative of the best we can hope for in this model.

Now we can just take (5.31) and plug it in the general formula for the spectrum (5.13).
With these numbers the signal intensity is plotted in Fig.5.4. The intensity at the peak is
in the ballpark of future experiments, but the peak frequency ω0 is unfortunately many
orders of magnitude above the 10 GHz cutoff. While we are not aware of any plans to
explore this frequency (see however [263] for a discussion of possible experiments go-
ing beyond 1014 Hz), the model still gives a concrete example of how gravitational atoms
could arise in a sensible scenario. Moreover, freeze-in of gravitational atoms from the
SM bath, being a purely gravitational process, will always be present even in more com-
plicated scenarios for their production. Therefore one can take (5.31) as a lower bound
on their abundance if heavy scalar fields satisfying the bound mX/qX > mp exist. In the
next section, we will consider slight modifications of the minimal scenario which give an
observable signal around the 10 GHz cutoff.

5.5 Modifications of the Minimal Scenario

In section 5.2 we defined the minimal model by listing three basic assumptions, and we
proved that any model that follows these assumptions will produce a gravitational wave
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signal at frequencies beyond the 1010 Hz threshold, the maximum frequency that will be
explored by future experiments. The PIDM scenario is one instantiation of the minimal
model laid out in section 5.2, where the initial number density of gravitational atoms is
fixed by the PIDM mass and the reheating temperature, and can be computed exactly.
We now consider two extensions of the minimal model that are able to produce a signal
at lower frequencies, closer to the 10 GHz mark. The first modification is universal and
can be applied to any model, while the second one is specific to the PIDM scenario.

5.5.1 Early matter domination

In this first modification, we relax assumption 3. that the universe is radiation dominated
after reheating. The redshift factor for the gravitational wave signal today increases if
in its early stages of evolution the universe expands faster than in the radiation dom-
inated phase. This can be achieved for example if the early universe is dominated by
non-relativistic matter from the end of inflation to Big Bang Nucleosynthesis (BBN), at
which point the matter fluid decays to radiation reheating the universe at a tempera-
ture TBBN ' 1 MeV. While BBN represents the upper limit of where we can push our
matter-dominated period, the lower limit is just given by the experimental bound on
the Hubble rate at inflation due to the non-observation of primordial tensor modes, i.e.
Hi ' 5 × 10−6mp. A matter-dominated period between these two scales will give the
maximum enhancement to the redshift factor, if we assume that gravitational atoms are
created immediately after inflation and decay very shortly after.

An early matter-dominated phase is present, for example, in most string theory mod-
els of the early universe [265] and in the curvaton models [91, 266, 267]. A generic feature
of the four-dimensional effective theories arising from compactifications of string theory
is the presence of moduli, massive scalar particles with feeble, Planck suppressed inter-
actions. Owing to their feeble Planck suppressed interactions, moduli are long-lived.
They become displaced from their final metastable minimum during inflation and begin
to oscillate as matter, quickly dominating the energy density. The universe then enters
a modulus-dominated stage after inflation, which lasts until the moduli decay into vis-
ible matter, thus inducing reheating. The reheating temperature after thermalisation is

Trh ∼
√

m3
Φ/mp, where mΦ is the moduli mass, and reaches TBBN ∼1 MeV for mΦ ∼ 10

TeV.
The Hubble rate in the early matter-dominated phase is H(a) = Hi a−3/2, normalizing

the scale factor at the end of inflation to one, ai = 1. The number density of atoms in this
period follows from integrating (5.9) with the new scale factor dependence:

nB(a) =
nB,i

a3 exp
[

2Γ
3Hi

(1− a3/2)

]
. (5.33)

From this we can compute the spectrum in a manner that is completely analogous to what
we did previously, with the difference that now the graviton is emitted during the early
matter-dominated phase. The redshifted frequency of a graviton as measured today is
ω0 = mB(a/aBBN)(T0/TBBN), where the scale factor at BBN aBBN , when the universe is
reheated, is related to the temperature by aBBN = (κ2

2 Himp/T2
BBN)

2/3. The spectrum is

dρG,0

dω0
= T3

0
ΓG

Γ
mBnB,i

m2
pH2

i

(
ω0

mB

)3/2 Γmp√
T3

0 TBBN

TBBN

κ2
2mB

exp

 2Γ
3Hi

1−
Hiκ

2
2mp√

T3
0 TBBN

(
ω0

mB

)3/2
 ,

(5.34)
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FIGURE 5.5: Peak frequency of the monochromatic gravitational wave sig-
nal produced by ground state (red) and 3d excited (blue) gravitational
atoms as a function of the bound state mass with an extended period of
early matter domination and Hi ∼ 5× 10−6 mp, saturating the experimen-
tal bound on tensor modes. The frequency is in Hz and the mass in planck
units. The mass range is limited by condition (5.11) coming from disrup-
tion of bound states due to Hubble expansion, mX & 0.01mp. Due to the
enhancement of the redshift factor during matter-domination, the signal
frequency is pushed down to an interesting range for extremely massive
atoms, mX & 0.1mp.

and has now the functional form x3/2e−x3/2
. The average frequency is

ω̄0 = mBT0

E− 4
3

(
2Γ

3Hi

)
E− 2

3

(
2Γ

3Hi

) 3

√
TBBN

H2
i κ4

2m2
p

, (5.35)

where En(x) =
∫ ∞

1 dt e−xt/tn is the exponential integral function. In the high mass limit
Γ � Hi, the spectrum is peaked at ω̄0 ' mB(T0/TBBN)a−1

BBN , which corresponds to the
minimum frequency in this scenario (most atoms decay at a ≈ 1). This frequency can be
much smaller than (5.15), due to the faster expansion in the matter phase. Fig.5.5 shows
the peak frequency for both ground state and 3d excited gravitational atoms when we
allow for an early matter-dominated phase immediately after inflation. As one can see,
the minimum frequency drops 7 orders of magnitude, allowing us to reach an interesting
frequency range, ∼ 107 − 1010 Hz. While we are successful in decreasing the frequency,
the price to pay for an early matter-dominated phase is a comparable drop in the energy
density of the signal. The density parameter ΩGW = ρGW/ρc now picks up a suppression
factor of a−1

BBN = (T2
BBN/κ2

2 Himp)2/3.

5.5.2 Non-minimally coupled PIDM

The minimal PIDM model for the gravitational atom is extremely constrained, having the
PIDM mass mX as the only free parameter. This minimal scenario gives a gravitational
wave signal in the frequency range around ∼ 1010 GHz, far too energetic to be observed
by near-future detectors. Here we consider a non-minimal modification of the PIDM
scenario, which decouples the interaction strength from the mass of the constituents,
thereby providing a way to bring the peak frequency down to more interesting values.
In particular, we drop assumption 1. that the PIDM couples minimally to gravity.
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We postulate an additional non-minimal coupling to gravity, of the form

LNM =
1
2

ξXX2R, (5.36)

where X is the PIDM, and ξX is the non-minimal coupling parameter. In [12] we com-
puted the thermally averaged cross section in the non-relativistic limit for the production
of the PIDM with a non-minimal coupling of this sort. The result is

< σv >φφ→XX'
G2m2

Xπ

8
(1 + 4ξX)

2 ∼ 2π G2m2
Xξ2

X. (5.37)

Production is enhanced by powers of the non-minimal coupling parameter. Therefore,
by having a large non-minimal coupling to gravity, we can now efficiently create atoms
which also decay faster due to the strong coupling. Moreover, excited atoms will also be
created more abundantly, and if the non-minimal coupling is large enough, their abun-
dances will only be mildly suppressed compared to their ground state relatives. In the
following we will focus our attention on 3d excited states only.

In the Jordan frame, and to leading order in the Planck mass, the non-minimal cou-
pling term gives a new dimension 5 operator in the action [268]:

ξX

mp
X2�h, (5.38)

where h is the metric perturbation. At tree-level, the amplitude for X scattering non-
minimally via single graviton exchange in a particular channel scales asMX ∼ ξ2

XE2/m2
p.

As an example, the total amplitude squared for the scattering of X in the s-channel is

Ms-channel
X =

4π2G2

s2

(
2m4

X + st + t2 − 2s2ξX(1 + ξX)− 2m2
X(s + 2t + 2sξX)

)2
. (5.39)

At large coupling ξX � 1, the amplitude becomes ∼ 16 G2π2s2ξ4
X and we can effectively

incorporate the non-minimal coupling in a redefinition of the gravitational constant G.
Since bound state formation can be seen in quantum field theory language as summing
over ladder diagrams (in t and u channels) [269], heuristically we can take into account a
large non-minimal coupling of the PIDM in the non-relativistic limit by the replacement
αG → αGξ2

X (or equivalently G → Gξ2
X). We thus redefine the gravitational constant as

α̃G ≡ αGξ2
X and use this as the new effective coupling, keeping in mind that the unitarity

bound now reads α̃G = αGξ2
X < 1. We have to be careful about blindly renormalising

the gravitational constant in this way though. If the process we are evaluating involves
creation or decay of the PIDM by/to other minimally coupled particles, we should re-
member to multiply the final amplitude squared by a factor of ξ−2

X , since these particles
only see the true bare value of the gravitational constant and they don’t contribute to the
enhancement.

The abundances of free PIDMs and gravitational atoms in their ground state are given
by equations (5.27) and (5.31), rescaled by a factor of ξ2

X and ξ8
X respectively. We can

compute the abundance of 3d excited atoms in a similar way, using equation (5.30) with
a different decay rate Γ3d ∼ α9

GmX (we compute this exactly in the appendix). The result is
just the ground state number density rescaled by a global factor of ξ−2

X α̃4
G/(2339π), which

accounts for the difference in the decay rates. If the value of ξX is sufficiently large, the
effective gravitational coupling can be very close to 1, and the production of ground state
and first excited state gravitational atoms will be only mildly suppressed. Moreover, the
decay rates will also be enhanced by the new renormalised gravitational strength, so the
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FIGURE 5.6: Gravitational wave density parameter per unit logarithmic
energy ΩGW(ω0) as a function of the signal frequency ω0 (in units of Hz)
in the non-minimally coupled PIDM scenario with Trh ∼ 10−3mp, mX ∼
0.01mp and ξX ∼ 100. The spectrum is truncated at 1000 GHz, since this is
the lowest possible frequency attainable in this scenario, corresponding to
atoms decaying immediately after being produced.

atoms will decay faster.
Fig.5.6 shows the total intensity of the GW signal for PIDM atoms (ground state + 3d

excited) with mass mX ∼ 0.01mp, reheating temperature Trh ∼ 10−3mp and non-minimal
coupling ξX . 100. The effective gravitational coupling is α̃G . 1. 3d atoms relax to
the ground state with a decay rate Γ3d→1s ∼ ξ−2

X α̃7
GmX (see eq.(5.20)), releasing gravitons

with energy ∼ α̃2
GmX. The minimum frequency is now of order 1013 Hz, and the signal

intensity drops sharply after that point. We see that a large non-minimal coupling allows
us to bring the peak frequency down 10 orders of magnitude, in a range that will be
explored by planned GW experiments.
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Chapter 6

Gravitational Absorption Lines

This chapter is based on [15].

6.1 Gravitational Spectroscopy

When gravitational waves travel through a medium, they are generally absorbed and
re-emitted by the intervening matter. The absorption of gravitational waves in a cosmo-
logical setting was first studied by Hawking [270], who calculated the absorption rate of
gravitational radiation by viscous matter. Recent studies considered gravitational wave
propagation through collisionless matter [271], as well as quantum mechanical absorp-
tion of low frequency gravitational radiation by inverse bremsstrahlung [272]. The ab-
sorption processes so far considered in the literature all involve the interaction between a
graviton and a scattering state, that is a quantum state of matter with a continuous energy
spectrum. Since the energy of the scattering state can vary continuously, the absorption
happens in broad frequency bands.

In this chapter we will instead consider the interaction between a graviton and a quan-
tum bound state with discrete energy levels. In order to be absorbed, the frequency of the
graviton has to match the energy difference between any two quantum states, therefore
the absorption will take place in a narrow frequency range, and, if the conditions are
right, produce gravitational absorption lines, analogous to their electromagnetic coun-
terparts. We stress that by quantum bound states we do not mean just atoms, which are
a particular class of bound states with potential V(r) ∼ r−1, but all quantum states with
a localized wavefunction and a discrete energy spectrum.

Strikingly, all bound states absorb gravitons with the same probability, independently
of their internal structure, such as their mass or coupling. This includes purely gravita-
tional atoms [14], which consist of near Planckian particles bound together by gravity.
The remarkable fact that all dimensions other than the Planck length drop out of the
gravitational absorption cross section was first shown rigorously in [82, 83] in the context
of simple atoms. In the appendix we show that the result holds for all types of quantum
bound states. The absorption cross section is universal, but tiny, of the order of the planck
area. As a consequence, the absorption rate for gravitons travelling through the interstel-
lar medium is minuscule, far too small to leave any detectable imprint on gravitational
waves of astrophysical origin today.

The absorption rate is greatly enhanced if the absorbing material is ultradense, like
for example in compact stars or in the early universe. Nonetheless, we show that grav-
itational absorption will not take place even in these extreme cases: a compact star so
dense to be on the verge of collapsing to a black hole, as well as a uniform gas of bound
states dominating the energy density of the universe at the highest temperatures after
inflation, are still too dilute to efficiently absorb gravitons. In fact, one can show that
gravitational absorption is always inefficient under very general assumptions, namely
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4D Einstein gravity with minimally coupled matter. By inefficient we mean that the opti-
cal depth for a graviton traversing any medium is always less than one. The conclusion
is very robust, and is independent of the precise expansion history, the composition of
the absorbing material, or even the structure of the bound states. As a caveat, we show
that gravitational absorption can be marginally efficient (the optical depth reaches order
one) if the absorbing material is a maximally dense condensate of a bosonic field with
discrete energy levels. We call this bound state extremal. An example of a near extremal
bound state is the black hole atom of [260]. Interestingly, hypothetical black holes with a
mass gap [273, 274] are naturally extremal bound states, i.e. they absorb gravitons with
maximum efficiency in Einstein’s gravity.

The insurmountable obstacle in observing gravitational absorption lines actually re-
flects something deep about the nature of gravity in Einstein’s theory. In a classic paper
[275], Bohr and Rosenfeld showed that it is mathematically inconsistent to have a clas-
sical electromagnetic field interacting with quantum mechanical matter. The argument
does not carry through in the same way for gravity: the quantization of the matter fields
does not necessarily imply the quantization of the gravitational field. A classical grav-
itational wave can consistently interact with a quantum measuring apparatus. In fact,
not only is the quantization of gravity not a logical necessity in this type of thought ex-
periments, it is also believed to be unobservable within Einstein gravity. Freeman Dyson
first showed that it is impossible to detect a single graviton with high probability in any
realistic experiment, and conjectured a censorship effect that precludes the observation
of the quantization of the gravitational field in Einstein’s theory [75]. Absorption lines
are just another way of probing the quantization of gravity, therefore they are excluded
by similar arguments.

Absorption lines become possible if minimally coupled Einstein gravity is modified
at high energies. As an example, we consider a non-minimal coupling to gravity which
breaks the equivalence principle for the particles in the bound state. By tuning the non-
minimal coupling parameter, one can greatly enhance the absorption cross section. Ab-
sorption lines in non-primordial spectra due to non-minimally coupled fields require
light particles with strong interactions, which are excluded by LHC constraints. How-
ever, there are in principle no obstructions to absorption lines in primordial gravitational
spectra. In particular, we describe a scenario in which massive particles interacting non-
minimally with gravity decouple from the hot plasma shortly after inflation and quickly
become non-relativistic, eventually recombining in much the same way as ordinary hy-
drogen atoms. The newly formed atoms absorb primordial gravitons of a specific fre-
quency, leading to a series of absorption lines in the primordial gravitational wave spec-
trum.

Dyson’s work was motivated by the hope that the failures in reconciling General Rel-
ativity with Quantum Mechanics were really due to the fact that the gravitational field
is a purely classical entity. In the dichotomous world he envisioned, the geometric the-
ory of gravity would peacefully coexist with the quantum realm, and the obstruction in
observing individual gravitons would be attributable to their non existence. Although
we believe it will be very difficult to have a consistent effective quantum field theory
description of Nature below the Planck scale without quantizing gravity and thus intro-
ducing a graviton1, gravitational absorption lines would provide a way to discriminate
between classical and quantum gravity at the observational level. In fact, gravitational
absorption lines would probe quantum gravity in two distinct ways. First of all, since
General Relativity forbids them, they would explore and constrain exotic physics close
to the Planck scale. Secondly, and perhaps more importantly, they would confirm that

1We expect to return to this point in future work.
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the gravitational field is quantized at low energies, effectively proving the existence of
gravitons.

6.2 A No-Go Argument

We now show that under very general assumptions about the theory of gravity, gravita-
tional absorption is always inefficient, meaning that it is impossible for a graviton to be
absorbed with high probability by any kind of bound state. This is the main conclusion
of this section. The assumptions are the following:

• Einstein gravity is valid up to the Planck scale.

• All fields are minimally coupled to gravity.

• The absorbing material is made up of bound states with a discrete energy spectrum.

We define "bound state" as any type of localized quantum state with discrete energy
levels. Atoms are a particular subclass of bound states with an inverse square law po-
tential, but the conclusions of this section apply more generally to any type of confining
potential. The absorption cross section for the transition between the 1s and 3d state of a
hydrogen-like atom 2 was first computed in [82],

σabs =
34π2

5× 29 l2
p ≈ 0.3 l2

p, (6.1)

where lp is the 4d planck length. Strikingly, all dependence on the mass and coupling
drops out and the final cross section is comparable to the planck area within a numeri-
cal factor of order one, a fact emphasised also in [75, 83]. Detailed calculations leading
to (6.1), as well as some heuristic arguments for why this is true, can be found in ap-
pendix D. In the appendix we also extend the result to multi-particle atoms, nuclei, and
finally to all quantum states with a confining potential, reaching the conclusion that any
(non-degenerate) bound state will absorb with a planck area cross section. Degenerate
bound states with large occupation numbers have a larger cross section, but are propor-
tionally heavier, therefore they do not constitute an exception to the no-go, as we explain
in section 6.3.

Technically, we will say that gravitational absorption is efficient whenever the optical
depth for a graviton going through a material is strictly larger than one. If the optical
depth is equal to one we will say that the material is marginally efficient at absorbing
gravitons. We will first prove the inefficiency of gravitational absorption in the frame-
work of the standard cosmological scenario. Then, we will formulate our conclusion in
the larger context of Dyson’s conjecture and prove it more generally.

6.2.1 Heuristic no-go in standard cosmology

Here we assume that Friedmann equations govern the evolution of the universe at all
times, which is driven by ideal fluids with equation of state p = ωρ and ω ≤ 1, so that
the speed of sound cs =

√
∂p/∂ρ =

√
ω is subluminal. The energy density scales as

a−3(1+ω) and it can decrease at most like a−6 for a stiff fluid with ω = 1. While these extra
assumptions are needed for the present discussion, we will see in the next section that
our conclusion is actually stronger and only depends on the nature of gravity itself.

2When the atom absorbs a graviton, it transitions from the n = 1 ground state to the first excited state
with l = 2, namely n = 3.
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We can consider two types of gravitational waves, primordial and non-primordial,
depending on whether they are created close to inflation or much later. Non-primordial
gravitational wave sources are typically of astrophysical origin, such as binary systems,
supernovae and spinning neutron stars. Different processes in the early Universe may
have generated a primordial gravitational wave background, such as, among others,
quantum perturbations during inflation [262, 276].

The no-go argument comes in two parts, depending on the character of the gravi-
tational wave signal. We start with the non-primordial component. Assuming that the
absorption is due to gas clouds in the interstellar medium, a necessary condition to have
absorption lines in non-primordial gravitational waves is that the optical depth for a
graviton travelling through the galaxy is larger than one,

nBσabsRG > 1, (6.2)

where RG ∼ 10 kpc is the radius of our galaxy. This gives a lower bound on the number
density of bound states today:

nB > (σabsRG)
−1 ∼ 10−54m3

p, (6.3)

at least forty orders of magnitude larger than the density of hydrogen atoms in the inter-
stellar medium. Even if we assume that dark matter is mostly comprised of bound states
with mass mB and a number density given by (6.3), for such a dense gas not to over-
close the universe, the mass should be incredibly small, mB . 10−68 mp. The Compton
wavelength of a single particle λB = m−1

B would then be 10 million times larger than the
Hubble radius today, and the particle description would break down.

What about absorption by super-dense compact objects (e.g. neutron stars)? Calling
the mass and radius of the compact star MS and RS, the condition for absorption is

nB >
m2

p

RS
. (6.4)

Bound states of mass mB need to be confined inside the star, so their size should be much
smaller than the radius of the star. Therefore, at the very least

mB > R−1
S . (6.5)

The energy density of bound states is ρB = mBnB > m2
p/R2

S, so the total mass of the star
is at least ρBR3

S > m2
pRS, i.e. MS > m2

pRS. However, the mass of the star has to be below
the corresponding mass for a black hole of that size, namely MS < m2

pRS, a contradiction.
No compact star, no matter its composition, will absorb gravitons with high probability.

Analogously, the necessary condition for gravitons from the primordial spectrum to
be absorbed in the early universe is that the absorption rate is larger than the Hubble
rate:

nBσabsH−1 > 1. (6.6)

The difference between this and the previous case is that the size of the system H−1 is
now changing with time. The number density of bound states scales like nB ∝ a−3, while
the Hubble rate scales like H ∝ a−3(1+ω)/2, depending on which fluid dominates the early
evolution of the universe. So, nB decreases faster than H for all values of ω < 1. In the
special case of a stiff fluid, the ratio between the number density and Hubble rate remains
constant.

This means that absorption will be most efficient at the earliest time after formation
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of these bound states. If condition (6.6) is not satisfied immediately after bound state
formation, it will never be satisfied. Assuming that the constituent particles were in ther-
mal equilibrium with the SM plasma before decoupling and subsequent recombination
at temperature T, the bound state number density is bounded by the equilibrium number
density of the particles in the plasma and therefore has to satisfy

nB <
2ζ(3)

π2 T3. (6.7)

The Hubble rate in a radiation dominated universe is given by

H2 =
8π3

45 m2
p

gSMT4, (6.8)

where gSM is the number of relativistic degrees of freedom in the visible sector at temper-
ature T. Condition (6.6) is then impossible to realise for T < mp.

Note that equations (6.2), (6.4) and (6.6), which place a lower limit on the number den-
sity of bound states such that gravitational absorption is efficient, only depend on fixed
parameters like the typical radius of a galaxy, the size of a compact star, or the Hubble
rate. All information about the bound state, such as its mass or coupling, is irrelevant.
This is due to the universal nature of the gravitational absorption cross section (6.1): all
bound states absorb gravitons with the same probability, regardless of their structure.
Efficient gravitational absorption is nevertheless impossible in the examples that we dis-
cussed. Is there a deeper reason for this? As it turns out, there is: absorption lines are
forbidden on general grounds if the theory of gravity is General Relativity. Detecting ab-
sorption lines is really the same as proving the existence of gravitons and it appears that
Einstein’s theory somehow conspires to hide the quantization of the gravitational field.

6.2.2 Relation to Dyson’s conjecture

Freeman Dyson first pointed out that the quantization of the gravitational field is not a
logical consequence of the quantum behaviour of matter. This is in stark contrast with
the electromagnetic case, where one can indeed show that a classical electromagnetic
wave interacting with quantum matter would lead to inconsistencies [275]. Dyson then
asked the question whether it is in principle possible to detect the quantization of the
gravitational field [75], and found that this is impossible if one uses atoms as detectors,
due to the planck area cross section for absorption. In appendix D we are able to extend
the result, and therefore Dyson’s conclusion, to all types of bound states.

We briefly review Dyson’s argument. Independently of the precise nature of the ex-
perimental apparatus, in order to detect a single graviton with high probability the size
of the detector R should exceed the mean free path of the graviton, or

nB σabsR ≥ 1, (6.9)

where nB is the number density of detector particles and σabs the absorption cross section
for gravitons. The detector particles in our case are bound states with mass mB. If the
detector has mass M, the number density of bound states is nB = M/(mBR3), within
numerical factors of order one. We can then write condition (6.9) as

M
R

l2
p

mBR
≥ 1. (6.10)
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Now, M/R . m2
p for any object that is not a black hole, therefore condition (6.10) requires

mBR . 1. However, at the very least the Compton wavelength of a single particle should
be smaller than the size of the detector, m−1

B . R. The two conditions are incompati-
ble. This constitutes a strong indication that is in principle impossible to detect a single
graviton with high probability using bound states as detectors, and consequently that
any atomic (or nuclear) gas will never be dense enough to produce absorption lines.

Note that condition (6.9) is identical to conditions (6.2) and (6.6), with R being the
typical radius of a galaxy RG and the Hubble radius H−1, respectively. What this means
is that we can effectively treat a galaxy or the entire universe as graviton detectors and
whether these systems constitute good graviton detectors basically depends on whether
they are efficient at absorbing gravitons. Dyson showed that condition (6.9) is never satis-
fied in any system obeying Einstein gravity, therefore, if true, it also forbids gravitational
absorption lines.

Explicitly, if we consider a detector as big as the observable universe, containing a
dense soup of bound states with the maximum possible number density nmax

B = (3/8π)H2m2
p/mX,

the inequality (6.10) reads H & mB. Again, the localization of the wave function requires
mB & H, in contradiction with the previous inequality. We conclude that the condition
can never be satisfied, even if we fill the observable universe with the highest possible
number density of bound states, regardless of how they are created, their morphology,
or their cosmological evolution. The only assumption our conclusion rests upon is that
Einstein’s theory of gravity, with minimally coupled matter, is valid.

6.3 A Caveat: Extremal Bound States

One could in principle relax condition (6.9) by requiring that only an order one fraction
of gravitons be absorbed by the detector. For example, if the graviton mean free path was
twice the radius of the detector, we should still expect a sizeable fraction of gravitons to
be absorbed. That could be enough to leave a detectable imprint on gravitational wave
signals under extreme conditions.

Suppose we have a quantum bound state of mass M and size R made up of particles
with mass mB. The constituent particles are the ones that undergo quantum transition
when a graviton is absorbed. Gravitational absorption is most efficient when the density
is maximal. Assuming that the system is on the verge of gravitational collapse, M/R ∼
m2

p, condition (6.9) is satisfied when mBR . 1. On the other hand, we need mBR & 1,
otherwise the system would be smaller than the Compton wavelength of its constituents.
The two conditions are both marginally satisfied whenever

mBR ∼ 1, (6.11)

namely when the Compton wavelength of a singe particle is as large as the whole bound
state. A maximally dense quantum bound state made up of particles that satisfy (6.11)
is marginally efficient at absorbing gravitons. We call such a physical system an extremal
bound state. We stress that extremal bound states are not only maximally dense, but also,
in a sense, maximally delocalized, as the constituent particles are as large as the system
itself. In particular, this means that the constituent particles have to be bosons, otherwise
Pauli’s exclusion principle would prevent more than one particle from occupying the
same quantum state.

An example of an (almost) extremal bound state is the "gravitational atom" of [260].
Ultralight bosons can induce superradiant instabilities in spinning black holes [277, 278],
tapping their rotational energy to trigger the growth of a bosonic condensate that binds
to the black hole "nucleus" in a macroscopic quantum bound state (more conventional
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quantum bound states of heavy fundamental particles held together by gravity were con-
sidered in [14], and are also called gravitational atoms).

The gravitational coupling constant αG of the black hole atom is given by the ratio
between the gravitational radius of the black hole and the Compton wavelength of the
bosonic field:

αG =
RBH

2λC
= GMBHmB, (6.12)

where MBH is the mass of the black hole, and RBH its radius. The bosons form a cloud at
a distance

rC ∼
RBH

α2
G

(6.13)

from the black hole. Unless αG is very close to one, rC � RBH, and the size of the bound
state is given by the extent of the boson cloud rC. The superradiant condition requires
αG < 1, therefore rC > λC > RBH, namely the Compton wavelength of the bosons is
smaller than the size of the bound state, which is therefore less than extremal. The black
hole atom only becomes extremal in the limit αG → 1, in which the boson cloud collapses
on the horizon, rC ∼ RBH, and the Compton wavelength of the bosons becomes equal to
the size of the bound state. One can even show that the superradiance rate for spinning
black holes is maximized when the Compton wavelength of the massive bosonic particles
is comparable to the black hole size.

There is another way to see that the black hole atom is at best extremal. Following the
triggering of the instability, the number of bosons occupying the ground state of the atom
grows exponentially, extracting energy and angular momentum from the black hole. The
growth stops when a fraction ∆L ∼ O(0.1) of angular momentum has been extracted
from the black hole, leading to occupation numbers of the order

N ' GM2
BH∆L ∼

(
MBH

mp

)2

∆L. (6.14)

The bosons (with mass mB) have now a Compton wavelength that is comparable to the
size of the black hole, therefore mB ≈ (GMBH)

−1. Since the particles making up the atom
are bosons, the cross section (6.1) is enhanced by the Bose-Einstein factor,

σabs ≈ 0.3(1 + N) l2
p, (6.15)

where N is the occupation number of the ground state. If N � 1, the absorption cross
section is much larger than the planck area. Condition (6.9) now reads

nBHσabsRBH ≥ 1, (6.16)

where nBH ∼ R−3
BH is the number density of the black hole bound state (in this picture,

there is exactly one bound state, the black hole), RBH = 2GMBH its Schwarzschild radius,
and σabs is given by (6.15), where one can neglect the first term since N � 1. The con-
dition then just becomes ∆L ≥ 1, which is only satisfied in the extremal case ∆L = 1, in
which all of the angular momentum of the spinning black hole is extracted. In particular,
note that Dyson’s conjecture still holds, since efficient absorption would entail ∆L > 1,
an impossibility.

Black hole superradiance is not the only process in which the absorption cross section
can be enhanced via the Bose factor. Any Bose-Einstein like condensate with large occu-
pation number will have an enhanced cross section. If the ground state of each bound
state is populated by N particles of mass mB, the cross section is enhanced by σabs = Nl2

p.



124 Chapter 6. Gravitational Absorption Lines

At the same time, however, the total mass of a single bound state proportionally increases
by the same factor, therefore the number density of bound states in a detector of total
mass M decreases to nB = M/(NmBR3), and condition (6.10) is left unchanged. Intu-
itively, the reason why Bose enhancement does not help with the no-go is that one cannot
take very large values of N, such that absorption is efficient, without collapsing the whole
system into a black hole. The best one can do is to saturate condition (6.9) by having a
bosonic condensate with discrete energy levels that is both maximally dense and maxi-
mally delocalized, in the sense we explained previously.

One might also speculate about hypothetical physical systems that naturally saturate
condition (6.9), and are therefore perfectly extremal: black holes with a mass gap. It has
been argued that in any sensible quantum field theory the mass of a black hole must
be quantized [273, 274]. If this is true, black holes cannot emit or absorb arbitrarily soft
quanta, and they effectively act as extremal bound states. A very simple way of seeing
this is as follows. Treating the black hole as a single macroscopic bound state of size RBH,
its number density is simply nBH ∼ 1/R3

BH. A black hole absorbs everything that comes
into contact with its event horizon, therefore its absorption cross section is as large as the
area of the horizon

σBH
abs = 4πR2

BH. (6.17)

The optical depth for a graviton going through the black hole is therefore

nBHσBH
abs RBH ∼ 1. (6.18)

Incidentally, one can derive the absorption cross section for a black hole (6.17) also from
the previous example of the black hole atom, in the appropriate limit. In that scenario
the absorption cross section for each particle is Planckian. In the limit αG → 1, the
boson cloud collapses into the black hole, and the occupation number becomes N →
(MBH/mp)2 ∼ R2

BHm2
p. The effective absorption cross section of the whole system, which

is now a black hole, is then σBH
abs = Nσabs ∼ R2

BH.
It is interesting to compare this with the quantum portrait view of a black hole as a

Bose-Einstein condensate of soft gravitons with large occupation numbers [279]. In this
picture the black hole is a condensate of gravitons of wavelength RBH, and occupation
number N ∼ (RBH/lp)2. The absorption cross section for exciting a single graviton is
Planckian, but, since there are N gravitons in the lowest level and any of them can be
excited, there is an extra factor of N, so the resulting cross section is of order3 R2

BH.
While a quantized black hole could absorb gravitons semi-efficiently, it is unclear

whether this will show in the spectrum as absorption lines. Indeed, it was argued in
a series of papers starting from [280] that the level spacing for an ordinary black hole
must be absolutely minuscule. Namely, it must be of order . (SBHRBH)

−1 ∼ m4
p/M3

BH,
where SBH = π(RBH/lp)2 is the entropy of the black hole. In this picture, black holes are
quantum states with large occupation numbers, and are therefore effectively classical.
As a result, the quantum levels are very closely spaced, such that the spectrum appears
almost continuous. Nevertheless, the level spacing increases for smaller black holes, so
that microscopic black holes could have a sizeable spacing. For example, a black hole
with a mass of ∼ 106 kg would have a level spacing in the Hertz range, and in particular
it could only absorb particles with a frequency that is a multiple of the Hz. In the limit of
a Planckian black hole, the level spacing would also be Planckian, ∆E ∼ mp.

3We thank Gia Dvali for correspondence clarifying this point.
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6.4 Evading the No-Go

The no-go argument we presented relies on Einstein’s gravity with minimally coupled
fields. What happens if we relax one of these assumptions? As it turns out, the no-go
argument is remarkably robust, holding even if the gravitational coupling strength is
changed, or if a simple non-minimal coupling for X is introduced. Nevertheless, it is
possible to evade the conclusions of the argument in certain exotic scenarios, as we will
show in this section.

First of all, naively increasing the strength of gravity does not work. If we make the
planck length larger, the absorption cross section increases, but the maximum number
density of bound states before gravitational collapse ensues proportionally decreases, so
that the final absorption rate stays the same. Concretely, the absorption cross section goes
like σabs ∼ 1/m2

p, while the maximum number density goes like nB,max ∼ m2
p/(mBR2),

where mB is the atomic mass and R the size of the detector. The two quantities scale
in opposite ways with mp, so that the maximum absorption rate Γmax = σabsnB,max is
independent of the planck mass and increasing or decreasing the gravitational coupling
does not have any effect.

We conclude that any model whose only effect is to change the fundamental scale at
which gravity becomes non-perturbative is not going to help. These include, for example,
all scenarios with large extra dimensions (LED) [56]. In these models the Planck scale is
not fundamental, and its enormous value is simply a consequence of the large size of the
extra dimensional space. The "true" scale of gravity can be much lower, for instance of
the order of the electroweak scale for LED models that solve the hierarchy problem. At
low energies the extra dimensions are hidden, and gravity is weaker compared to the
other forces because the gravitational flux also spreads in the extra dimensions. At high
energies, however, the extra dimensions are resolved and the fundamental gravity scale
restored to its true value. In a (4+n)-dimensional spacetime with n compactified extra
dimension of volume V , the fundamental gravity scale MP is related to the usual Planck
scale via

m2
p = M2+n

P V . (6.19)

The current large value of mp (thus small value of G) is simply due to the large volume
V of the extradimensional space. One can then envision a scenario in which V was much
smaller in the early universe, effectively making gravity much stronger at that epoch.
This however does not make gravity more efficient at absorbing gravitons, as we saw,
since a stronger gravity also makes it that much easier to create black holes. This is a
scenario of modified gravity that simply changes the gravity scale at high energies, and
as such it cannot work.

Similarly, introducing a non-minimal coupling for X of the form ξRX2 does not help.
The lowest order vertex connects a single graviton line to two X lines, so it describes X
radiating off a single graviton, or, in the time-reversed process, a single graviton being
absorbed by X. To leading order in mp the Ricci scalar is R ∼ �h/mp, where hµν is
the linearized metric. Thus, in the transverse-traceless (TT) gauge (hµ

µ ≡ h = 0, and
∂µhµν = 0) the term ξRX2 gives a contribution to the absorption amplitude proportional
to�h = 0. Since the amplitude is invariant, the non-minimal contribution vanishes in all
gauges. The same is true of all non-minimal couplings involving the Ricci tensor, such as
(ξ/m2

p)Rµν∂µX∂νX. The Ricci tensor Rµν only contains terms like �hµν ∼ (pα pα)hµν = 0,
that vanish for a graviton on-shell, or terms like ∂µ∂νh and ∂µ∂αhαν that vanish in the
TT-gauge. Amplitudes derived from this coupling with an external graviton on-shell are
therefore zero in all gauges.
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While the Ricci scalar and the Ricci tensor both vanish in vacuo, the full Riemann
tensor does not in general. Consequently, a non-minimal coupling of the form4

ξ

m4
p

Rµναβ∂µ∂αX∂ν∂βX, (6.20)

where ξ is a dimensionless parameter, may give a non-zero contribution to the absorption
cross section. We prove that this is the case in appendix D. In a nutshell, the reason is that
while R and Rµν only contain terms like �h, �hµν, ∂µ∂νh and ∂µ∂αhαν, that all vanish
on-shell due to gauge invariance of the gravity action, the Riemann tensor contains non-
vanishing terms like ∂µ∂νhαβ. In general, vacuum solutions of Einstein field equations
require Rµν = 0, and as a consequence R = 0, but the Riemann tensor can be non-zero.

All non-minimal coupling terms break the equivalence principle, as they introduce
an additional coupling between the gravity and matter sectors, but (6.20) is the only one
that does not automatically vanish on shell for a graviton absorption process. Note that
the term Rµναβ∂µ∂νX∂α∂βX would be trivially zero because of the skew symmetry of the
Riemann tensor, Rµναβ = −Rνµαβ = −Rµνβα, whereas the term in (6.20) is not since its
index structure does not exhibit any definite symmetry under the exchange µ ↔ ν or
α ↔ β. In the following, we will assume for simplicity that the bound states are 2-
particle atoms in their fundamental energy level. We also assume that both particles
have the same mass mX and they are held together by a central 1/r potential with gauge
coupling αX.

The absorption cross section, corrected by the new term, is (equation (D.60) of the
appendix)

σabs =
34π2

5× 29 G

[
1 +

210

38 × 52 ξ2
(

mX

mp

)8

α8
X

]
. (6.21)

The highest possible value of ξ compatible with unitarity is ξmax ∼ m5
p/(m3

Xk2). Measur-
ing ξ in units of ξmax, ξ̃ ≡ ξ/ξmax, we get for the cross section

σabs = ξ̃2 α4
X

m2
X

. (6.22)

We can now revise our absorption arguments with the new cross section.
The condition for absorption (6.9) gives

M
R

ξ̃2α4
X

m3
XR

> 1, (6.23)

where M and R are the mass and size of the detector. As before, we need M/R < m2
p to

avoid gravitational collapse (the Schwarzchild solution is a vacuum solution and we do
not expect it to be affected at the classical level by the non-minimal coupling), and the
atoms have to be contained inside the detector, therefore αXmX > R−1. An additional
requirement is that the wavelength of the absorbed graviton is smaller than the size of
the detector. Since the frequency of the graviton is of order the binding energy of the
atom, this gives the stronger condition α2

XmX > R−1. Putting the two together, we obtain

1
mXα2

X
< R < ξ̃2α4

X
m2

p

m3
X

, (6.24)

4Incidentally, this operator was also mentioned in [281] as a higher derivative operator beyond the Horn-
denski class, whose phenomenological implications should be investigated.
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which can be satisfied by a careful choice of parameters. In particular, the interval in
(6.24) is non-empty for mX < α3

X ξ̃mp.
In a concrete example, imagine the universe to be dominated by non-minimally cou-

pled atoms. The condition for absorption is

nmax
B σmax

abs H−1 > 1, (6.25)

where nmax
B = (3/8π)H2m2

p/mX is the maximum allowed number density of atoms in a
universe with Hubble rate H. The bound on the Hubble rate is

H &
1

ξ̃2α4
X

m3
X

m2
p

, (6.26)

while the bound on the graviton frequency is α2
XmX > H. Putting the relevant constraints

together we get
m3

X
m2

p

1
ξ̃2α4

X
< H < α2

XmX. (6.27)

Again, the interval is non-empty for mX < α3
X ξ̃mp.

If we want the structure of the atoms to be unaffected by the new coupling, the gauge
force has to dominate the interaction between X particles, therefore we need roughly (see
the scattering amplitude of (D.62))

αX &
ξ2

m10
p

m4
Xk6

B ≡ ξ̃2, (6.28)

where kB = αXmX is the Bohr momentum of the particles in the atom. Clearly, if ξ is equal
to its maximum value, the right hand side of (6.28) is of order 1 and the condition cannot
be satisfied. This is just telling us the obvious fact that if we saturate the unitarity bound
non-minimal gravitational interactions will dominate. The parameter ξ has to be large
enough to induce gravitational absorption, but small enough to avoid overcoming the
gauge forces inside the atom. Equation (6.28) then simply constitutes a further constraint
on the model, in addition to (6.27).

For example, taking ξ̃ ∼ 0.1, and αX ∼ 0.1, (6.28) is automatically satisfied, while
(6.27) becomes 106(m3

X/m2
p) < H < 10−2mX. The interval then is non-empty for mX .

10−4mp. If the mass saturates the bound, the interval closes around H ∼ 10−6mp, which
is the current upper limit on the Hubble rate coming from the non observation of tensor
modes in the CMB. Efficient gravitational absorption today, on the other hand, is only
reached for mX . 10−22mp, of the order of the electron mass or smaller. Unfortunately,
particles this light, and that interact so strongly with gravity, would have been detected
in particle accelerators by now. In fact, the bound on the mass coming from collider
searches for ξ̃ close to one is just given by the energy threshold at LHC, mX & 10 TeV (see
the appendix for details). For this reason, gravitational absorption in this scenario is only
viable in the very early universe. Fig.6.1 shows the allowed range for H as a function of
the mass mX, for ξ̃ = αX = 0.1, and mX > 10−15mp.

So far we just showed that it is possible in principle to tune the non-minimal coupling
parameter to extremely high values in order to efficiently absorb gravitons. We will now
describe a specific scenario in which gravitational absorption lines are produced as a
consequence of this. As we saw, our model is only viable for mX & 10 TeV, so for H &
10−39mp (see Fig.6.1), in the very early universe. We can then imagine a scenario of the
following sort:
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FIGURE 6.1: The shaded red region represents the range of values of H that
are consistent with gravitational absorption lines if the universe is domi-
nated by non-minimally coupled atoms with mass mX , and αX = ξ̃ = 0.1.
The red line represents the lower limit 106(m3

X/m2
p), while the blue line

represents the upper limit 10−2mX . The H range widens as the atomic
mass decreases. All quantities are in Planck units.

1. Cosmic inflation generically predicts a primordial background of gravitational waves
with a flat spectrum.

2. A massive field X is non-minimally coupled to gravity through the term (6.20).
The field is also unstable, and decays to radiation after a typical lifetime that is
larger than the (gravitational) absorption time. Excitations of the field are initially
in thermal equilibrium with the SM plasma.

3. We assume that the non-minimal coupling parameter ξ(ψ) depends on the value
of some scalar field condensate ψ, and is initially zero, so that the field X is at first
minimally coupled to gravity.

4. Massive particles X, previously in thermal equilibrium with the SM plasma, de-
couple and quickly become non-relativistic, eventually forming atoms by standard
recombination.

5. The scalar field ψ undergoes a phase transition and acquires a non-zero expectation
value, which sends the non-minimal coupling parameter close to its maximal value.
The field X is now non-minimally coupled to gravity.

6. The newly created atoms start absorbing primordial gravitons of the right frequency.
Some fraction of them is ionized. After leaving a discernible imprint on the primor-
dial gravitational spectrum, they decay to radiation.

The calculation of the exact shape of the absorption line is heavily model dependent
and beyond the scope of this paper. We will thus limit ourselves to a couple of consid-
erations. For one thing, in any concrete cosmological scenario, absorption lines will be
broadened by the expansion of the universe, since gravitons will be absorbed at different
times. The size of the broadening will depend on the strength of the gravitational cou-
pling and the rapidity of the decay: gravitons will keep being absorbed until the number
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FIGURE 6.2: The shaded red region represents the peak frequency range
ω0 for absorption lines if the universe is dominated by non-minimally cou-
pled atoms with mass mX , and αX = ξ̃ = 0.1. Absorption happens in the
temperature range 103mX

√
mX/mp . Tabs . 0.1√mXmp. The red line

corresponds to absorption at Tabs = 0.1√mXmp, while the blue line corre-
sponds to absorption at Tabs = 103mX

√
mX/mp. The range of frequencies

widen as the mass decreases. The mass is in Planck units, while the fre-
quency is in Hertz.

density of bound states decreases below a critical value, and the atomic gas is not dense
enough to sustain gravitational absorption.

Secondly, the peak frequency of the absorption line will depend on both the binding
energy of the atom and the expansion history of the universe. In the simplest scenario, in
which gravitons are absorbed by atoms of mass mX and gauge charge αX at temperature
Tabs, and the universe evolves dominated by radiation from Tabs until the present time,
the peak frequency of the signal as measured today ω0 is

ω0 =
2
9

mXα2
X

T0

Tabs
, (6.29)

where T0 is the average temperature of the universe today. Here we ignored the late
stage of matter domination since it affects the final result only slightly. Fig.6.2 shows
the range of frequencies where one could find absorption lines for a given atomic mass,
assuming that absorption happens somewhere in the range given by (6.27), namely for
103mX

√
mX/mp . Tabs . 0.1√mXmp. The peak frequency is typically large and is of

order 106 Hz for strongly coupled atoms with the highest possible mass, mX ∼ 10−4mp,
absorbing immediately after reheating (Tabs ∼ 10−3mp). Lighter atoms absorb at a lower
frequency, but within a wider range of temperatures, leading to spectral lines from 10 to
1012 Hertz.

Ionization of atoms will generically happen together with absorption. We compute
the gravitational ionization cross section in the non-relativistic regime in the appendix.
The result is

σion =
3× 29π2

5
η6(4 + η2)

(1 + η2)4
e−4η cot−1 η

1− e−2πη
G, (6.30)

where η = kB/k, kB is the Bohr momentum, and k the final momentum of the ionized
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particle. The ionization cross section is maximal for k = 0, and rapidly goes to zero for
higher momenta. The maximum value is

σion,max =
3× 29π2

5e4 G, (6.31)

which is about a hundred times bigger than (6.1). Therefore, with a flat spectrum, only a
10−2 fraction of the atoms will absorb, while the rest will be ionized by the gravitational
radiation. We then expect discrete lines on top of some broad absorption feature.

The intensity of the line can also vary significantly depending on the specific scenario.
In particular, if the number of bound states greatly exceeds the number of gravitons at
the absorbing frequency, the gravitons will be all be absorbed or rescattered, resulting in
a near extinction of the signal at that frequency. Conversely, if there are more gravitons
than bound states, the signal will only be partially dimmed. In our simple scenario we
can directly compare the number density of bound states with the number density of
primordial gravitons from inflation. The energy density spectrum of tensor modes from
inflation is [282]

ΩGW(k) =
3

128
ΩradPh(k)

[
1
2

(
keq

k

)2

+
4
9
(
√

2− 1)

]
, (6.32)

where Ωrad is the density parameter of radiation, keq is the wave number of modes that
re-enter the horizon at matter-radiation equality, and Ph(k) the inflationary tensor power
spectrum, given by

Ph(k) '
2

π2
H2

i
m2

p
, (6.33)

where Hi is the scale of inflation. The spectrum (6.32) is flat for modes that entered the
horizon during the radiation era, and scales as k−2 for modes that entered the horizon
during the matter era. We are interested in absorption in the early universe, deep in
the radiation dominated era, therefore in our case k � keq, and the spectrum is flat.
The energy density in gravitational waves at frequency k is just ρGW,k ' ρcΩGW(k) =
ωknGW,k, where ωk = k is the energy of a graviton of frequency k, nGW,k the number
density of gravitons at that frequency, and ρc the critical density. The number density
nGW,k then is

nGW,k ≈
ρrad

k
H2

i
m2

p
. (6.34)

On the other hand, if the bound states are close to saturating the critical energy density,
as we assume, their number density is just

nB =
ρrad

mX
. (6.35)

The absorption frequency is roughly k ≈ α2
XmX, therefore the bound states will dominate

whenever αX & Hi/mp. Given that the current bound on the energy scale of inflation
is Hi . 10−6mp, bound states will typically be more numerous than gravitons, and the
resulting absorption lines quite sharp.

Note also that although atoms interact more strongly with gauge forces than with
gravity (even with a strong non-minimal coupling), photon absorption is irrelevant in
this context. The typical frequency (energy) of CMB photons is given by the temperature
of the background radiation T. In order for the atoms to be decoupled from the radiation
bath, their binding energy should be higher than the temperature, α2

XmX > T, therefore
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CMB photons will generically not be energetic enough to be absorbed in atoms. The
cosmic gravitational background, on the other hand, is assumed to contain gravitons
of all frequencies, provided that their wavelength is contained inside the horizon, so
it will also contain gravitons capable of exciting the atoms. In other words, while the
CMB has a black body spectrum peaked at some frequency that is typically too low to
excite atoms, the cosmic gravitational background is flat and contains gravitons of all
frequencies, including the ones capable of exciting or ionizing the atoms.

While we do not think that the very special type of non-minimal coupling we pre-
sented in this section represents a realistic scenario for graviton absorption, it illustrates
the kind of new physics that one needs to have in order to produce absorption lines in
gravitational spectra. In this particular case, the equivalence principle is violated on-
shell by the particles making up the atom, leading to a stronger coupling to gravity. The
non-minimal coupling also breaks the universality of gravity, thereby introducing other-
than-gravitational scales in the cross section.

Apart from being a strong hint to new physics beyond the standard model of cos-
mology and particle physics, detection of these absorption lines would provide direct
evidence for the quantisation of the gravitational field, and the existence of gravitons.
Absorption at a single frequency is only possible if the gravitational field is made up of
quanta whose energy is determined by their frequency (Einstein’s relation E = h̄ω). Ex-
perimental observation of gravitational absorption lines would then rule out all scenarios
in which the gravitational field is a purely classical entity, like for example in models of
entropic gravity. In the specific scenario we discussed in this section, however, where
absorption lines arise in the primordial gravitational spectrum produced by inflation, the
mere fact that a flat primordial spectrum is there might be enough evidence to deduce
that the gravitational field is quantized, as argued in [283].
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Chapter 7

Conclusions and Outlook

In this thesis we have shown that the completely minimal model of dark matter, which
is purely gravitationally coupled to all other sectors, and with mass within the ballpark
of the Planck or GUT scale, is a plausible dark matter candidate. Natural values of the
mass, in the sense of Occam’s razor, are allowed only if the scale of inflation is high
and reheating is practically instantaneous, leading to a testable prediction, that we will
see primordial tensor modes in the foreseeable future. Furthermore, the required high
reheating temperature allows us to discriminate a minimal PIDM from gravitationally
produced superheavy dark matter, e.g., via proposed gravitational wave detectors [284].
Likewise, a determination of long reheating would allow us to conclude that there must
be some additional interaction between dark matter and at least some other sector. In ad-
dition to being confirmable, this scenario is also falsifiable, in the sense that any detection
of nongravitational self-interactions or interactions with the SM would immediately rule
it out.

An interesting PIDM-like candidate is the Kaluza-Klein excitation of the graviton in
an extra dimension with a S1/Z2 orbifold compactification. The orbifold symmetry Z2
breaks Kaluza-Klein number conservation, but leaves an invariance under parity flip of
the extra dimension. The conserved Kaluza-Klein parity makes the lightest Kaluza-Klein
particle stable, and if this is the first Kaluza-Klein graviton mode, it makes an excellent
PIDM candidate. Nature can have realized this in various ways. From a low energy
effective point of view the simplest is to assume that the standard model lives on a three-
dimensional orbifold brane, and only gravity feels the extra dimension. In string theory
a similar situation could be realized if the SM lives on a stack of D3 branes. We have
also shown that it is possible to incorporate the PIDM scenario into existing theoretical
frameworks, such as monodromy inflation, and have also commented on Higgs infla-
tion. Scenarios such as Horava-Witten compactifications, which do not have a known
WIMP candidate [285], may now be integrated into a realistic cosmology through this
mechanism.

Though the PIDM does not predict signals searched for in current dark matter direct
or indirect detection experiments, there is a possibility that gravitationally mediated de-
cays lead to production of ultra high energy cosmic rays, gamma rays and neutrinos that
may potentially be detected in future observatories. The PIDM could decay due to non-
perturbative gravitational effects as in [220, 221], mediated by instantons and suppressed
by the Euclidean action. This leads to a flux of ultra-high energy cosmic rays, with some
overlap with the sensitivity range of the AUGER observatory and the Telescope Array
[226]. Another possibility is to detect a neutrino flux of extremely high energy, within the
viable PIDM mass range [229, 230]. To obtain a decay rate that yields an observable flux
at present times requires a certain tuning of the instanton action, but if an exotic contribu-
tion is detected, e.g. at JEM-EUSO or at ARA [227], this could be a rare window in which
it will be possible to probe the nature of quantum gravity. The very stability of this sce-
nario, if guaranteed by a global symmetry, requires mildly large Euclidean action, which
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has implications for the types of quantum gravity theories one expects to ultimately find
at high energies. On the other hand, if the stability is guaranteed by a discrete symmetry,
the PIDM may also be absolutely stable.

The lack of conventional signals makes the minimal PIDM scenario falsifiable, in the
sense that if any deviations from the pure cold dark matter framework are found, the
minimal PIDM scenario will be ruled out. Any indication that dark matter is self in-
teracting, warm, couples to standard model particles, or is produced in colliders, will
eliminate the minimal PIDM scenario. Within the minimal PIDM framework, all current
dark matter anomalies, such as the missing satellite problem, the cusp-core problem, the
too big to fail problem, the diversity problem, and the various signals seen from galactic
environments, must ultimately be explained by conventional standard model processes,
rather than exotic dark matter physics. The minimal PIDM scenario with M & MGUT,
that is motivated by naturalness arguments, requires a tensor-to-scalar ratio r & 10−4,
providing a benchmark value for future CMB polarization experiments.

It is possible, however, to deviate from the minimal PIDM scenario either by adding
new mass scales or additional self-interactions in the dark matter sector, while having
dark matter interacting only gravitationally with the SM sector. We have considered
the scenario of charged PIDM, where dark matter is maximally hidden from the SM,
but charged under its own unbroken U(1) gauge symmetry. With only gravitational
interactions between the PIDM and the SM, the interactions are too weak to establish
thermal equilibrium of the PIDM with the SM thermal bath. However, they may establish
equilibrium separately within the dark sector between the PIDM and the dark photons
for a dark fine-structure constant above a critical value of order αD ∼ 10−3. We have
provided a qualitative description as well as parametric estimates of the thermalization
dynamics to arrive at the critical value. The measured DM abundance can be obtained for
αD above and below the critical value. In the latter case, ΩX ∝ T3

rh has a relatively strong
dependence on the reheating temperature, due to freeze-in production via gravitational
interactions. If αD & 10−3, the PIDM abundance is further modified by freeze-out within
the dark sector. Interestingly, even though the initial PIDM population is still produced
via gravitational freeze-in, the subsequent freeze-out dynamics largely compensates the
dependence on the reheating temperature, giving ΩX ∝ T0.75

rh .
The measured DM abundance can be produced for mX & 100GeV and over a wide

range of values for αD. This covers a potentially interesting parameter range of the dark
matter mass and dark fine-structure constant for the small-scale issues in structure for-
mation according to the analysis [181]. This motivates further studies on the extent to
which an unbroken gauge symmetry in the dark sector is indeed a viable option.

The charged PIDM has a different thermal history than assumed in previously pro-
posed models of "hidden charged dark matter", which assumed stronger than gravita-
tional interactions with the SM and initial thermal equilibrium with the SM bath [180,
181, 233–237]. These models can be discriminated due to different predictions for the
effective number of neutrino species, Neff. In addition, as in the uncharged case, the
charged PIDM also requires observable primordial tensor modes, if the mass is in the
mX ∼ 100 GeV regime, in order for dark matter to be produced with the right abundance
in the early universe.

In the minimal PIDM model, a planckian scalar particle with only gravitational inter-
actions can be produced by thermal scattering in the early universe plasma and with the
right abundance to make up all of the dark matter today. As we showed, the same mech-
anism also produces gravitational atoms, which quickly decay to gravitational waves
with a well defined frequency and amplitude. Near-planckian atoms decay to gravi-
tons immediately after being produced, creating a nearly monochromatic, isotropic and
highly energetic gravitational wave signal. If Einstein gravity is valid all the way up to
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the Planck scale, and the gravitational waves are redshifted from the earliest moments
after inflation until today using the standard ΛCDM scenario, the minimum frequency
attainable in this scenario is 1013 Hz, three orders of magnitude above the expected cut-
off from primordial gravitational waves. This constitutes a unique source of istrotropic
gravitational waves with a peak in the spectrum at such high frequencies (see [263] for a
discussion on how to reach this futuristic frequency sensitivity). The minimal PIDM sce-
nario for gravitational atom production gives a definite prediction for both the frequency
and the amplitude of the signal. If these gravitational waves are observed at frequencies
below 1013 Hz, it would imply a non-standard early cosmological evolution or modified
gravity near the Planck scale, and it would therefore give us clues about near planckian
dark physics. For example, an early matter dominated period or a large non-minimal
coupling for the PIDM could result in lower observed frequencies.

We have also shown that gravitational as well as non-gravitational atoms absorb
gravitons with Planckian cross section. While the probability of absorption is too small
to generate any appreciable signature in gravitational spectra, special non-minimal cou-
plings of the type we have considered can in principle lead to gravitational absorption
lines in the primordial gravitational wave spectrum. Following Dyson [75], absorption
lines of this kind would directly probe the quantization of the gravitational field, and
shed new light on the theory of quantum gravity by exploring and constraining exotic
physics close to the Planck scale.
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Appendix A

Three-graviton vertex

For the computation of the abundance of spin-2 PIDM within the framework of orb-
ifold compactifications we need three-graviton vertices involving two massive and one
massless mode. We follow the strategy outlined in [286], and first consider the three-
graviton vertex in five dimensions, which has the same structure as in 4d [197], but with
all Lorentz indices replaced by five-dimensional ones. By contracting the open indices
with 4-dimensional polarization vectors or 4d-propagators, only the four-dimensional
part of the vertex is projected out. However, in addition, the vertex contains cross-
products of 5d momenta of the form k(5)a · k(5)b . For the orbifold compactification, they
can be expressed in terms of four-momenta in the following way: the KK modes of the
graviton hµν can be decomposed as (only even modes under KK contribute to hµν with
µ, ν in 4d)

φ(X)→ 1
πR ∑

n
φ(n)(x) cos

(ny
R

)
(A.1)

which yields the usual KK mass term (GMN =diag(1,−1,−1,−1,−1))∫ 2πR

0
GMN∂Mφ(X)∂Nφ(X) = ∑

n

(
ηµν∂µφ(n)(x)∂νφ(n)(x)− n2

R2 (φ
(n)(x))2

)
(A.2)

The 4d fields are decomposed in momentum space in the usual way (
∫

k =
∫ d3k

(2π)32Ek
),

φ(n)(x) =
∫

k

(
eikxa(n)†k + e−ikxa(n)k

)
(A.3)

with k2 = n2/R2.
We are interested in contributions to the three-graviton vertex of the form (d5X =

d4xdy)

V =
∫

d5Xφ(X)GMN∂Mφ(X)∂Nφ(X) (A.4)

which gives k(5)a · k(5)b terms in 5d momentum space. Let us consider terms with one zero-
mode (usual graviton) and two modes n 6= 0. The relevant cross-product terms come
about in contributions where the 5d-derivative acts on the n 6= 0 modes,

V ⊃
∫

d4xφ(0)(x)
∫ 2πR

0
dy
(

ηµν∂µφ(n)(x)∂νφ(n)(x) cos2(ny/R)− 1
R2 (φ

(n)(x))2 sin2(ny/R)
)

= πR
∫

d4xφ(0)(x)
(

ηµν∂µφ(n)(x)∂νφ(n)(x)− 1
R2 (φ

(n)(x))2
)

(A.5)
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Consider a φ(0)(k)→ φ(n)(ka)φ(n)(kb) process,

〈0|a(0)k V a(n)†ka
a(n)†kb
|0〉 ∝ ηµν(ika)µ(ikb)ν −

n2

R2 = −(ka · kb +
n2

R2 ) (A.6)

When following along the lines of [286] to obtain the full three-graviton vertex this gives
the replacement rule

k(5)a · k(5)b → ka · kb +
n2

R2 (A.7)

for the dot-product of five-momenta in terms of the four-dimensional momenta and the
KK mass. Similarly, when considering the self-energy of the nth KK mode (one in- and
one out-going momentum) one finds (k(5)a )2 → k2

a − n2/R2 = 0, in accordance with
the naive expectation. Note that five-momentum is in general not conserved due to the
breaking of shift symmetry in the five-direction by the orbifolding.

For the decay m = 2n→ n+ n of a heavier mode into two lighter modes, we also need
the corresponding three-graviton vertex. One finds analogously to above k(5)a · k(5) →
k(5)a · k(5)b , k(5) · k(5)b → k(5)a · k(5)b , and (k(5))2 → 0 where k corresponds to the momentum

of the KK mode m = 2n. Note that one may not replace (k(5)c )2 by (k(5)a + k(5)b )2 here, due
to the breaking of shift symmetry mentioned above, while four-momentum is conserved
in the usual way, k = ka + kb.
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Appendix B

Averaged annihilation cross section
for non-thermal distributions

In this appendix we discuss the dependence of the averaged annihilation cross section
for the process XX̄ → γDγD on the shape of the distribution function. As an example,
we compare the conventional thermal average, obtained for a Maxwell-Boltzmann distri-
bution function fMB(p) ∝ e−Ep/T, where Ep =

√
m2 + p2, with the (somewhat extreme)

case of a narrowly peaked distribution, given by fD(p) ∝ δ(Ep− Ē). We require that both
distributions correspond to an average energy of the same order of magnitude, which
can be achieved by setting Ē = 3T in the relativistic regime and Ē = m + 3

2 T in the
non-relativistic regime.

The averaged annihilation cross section is defined as [191]

〈σv〉 =
∫

d3 p1d3 p2 σvMøl f (p1) f (p2)∫
d3 p1d3 p2 f (p1) f (p2)

, (B.1)

where p1 and p2 are the momenta of the colliding particles, f (p1) and f (p2) their (generic)
distribution functions, and vM øl the Møller velocity. In our case the incoming particles are
massive with mass m ≡ mX and the outgoing particles (dark photons γD) are massless.
For Maxwell-Boltzmann distribution functions, the thermal average can be expressed as
[191]

〈σv〉MB =
1

8m4TK2
2(m/T)

∫ ∞

4m2
ds σ(s− 4m2)

√
sK1(
√

s/T) , (B.2)

where K1(x) and K2(x) are the modified Bessel functions of the second kind and s is the
center of mass energy squared.

At tree-level, the total cross section σ(s) for XX̄ → γDγD annihilation is given by

σ(s) =
2πα2

D

((
−8m4 + 4m2s + s2) log

(√
s−4m2+

√
s√

s−
√

s−4m2

)
−
√

s (s− 4m2)
(
4m2 + s

))
s2 (s− 4m2)

. (B.3)

Inserting the total cross section (B.3) into (B.2) and taking the high energy limit
√

s� m,
one obtains

〈σv〉MB
rel =

2πα2
DT2(log(2T/m)− γE)

m4K2
(m

T

)
2

→ πα2
D

2T2

(
log
(

2T
m

)
− γE

)
, (B.4)

where γE is the Euler-Mascheroni constant. This expression is further simplified by tak-
ing the ultra-relativistic limit m→ 0 in the last step.
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Taking instead the non-relativistic limit, we obtain for the thermally averaged cross
section

〈σv〉MB
non−rel =

π2α2
DTe−

2m
T
(
4m2 + 6mT + 3T2)

8m5K2
(m

T

)
2

→ πα2
D

m2 , (B.5)

where the last step corresponds to the limit T → 0, in which case only the constant s-
wave contribution remains. As we expect, the averaged cross section for annihilation of
massive particles into dark photons scales like α2

D/E2, where the typical energy of the
process E is of the order of the mass m of the colliding particles in the non-relativistic
limit and of the order of the temperature T in the ultra-relativistic limit.

In the non-relativistic regime, Sommerfeld enhancement has to be taken into account.
In the s-wave limit, the tree-level cross section is multiplied by the factor Sann = 2παD/v

1−e−2παD/v .
Its average is given by (here we traded the momenta for velocities)

S̄ann =

∫
d3~v1d3~v2Sann f (~v1) f (~v2)∫

d3~v1d3~v2 f (~v1) f (~v2)
. (B.6)

For a Maxwell-Boltzmann distribution, taken in the non-relativistic limit (see also Eq. (4.52)
in the main text), one obtains [287]

S̄MB
ann =

x3/2

2
√

π

∫ ∞

0
Sann(αD/v)v2e−

xv2
4 dv , (B.7)

where x = m/T. The thermally averaged cross section in the non-relativistic limit is thus
given by

〈σv〉MB
non−rel =

πα2
D

m2 × S̄MB
ann . (B.8)

Let us consider now the averaged cross section for the narrowly peaked distribution
fD ∝ δ(Ep− Ē). The center of mass energy squared is s = 4m2 + 2p̄2(1− cos θ), where p̄ is
the momentum corresponding to Ē, defined via Ē =

√
m2 + p̄2, and θ the angle between

the momenta of the annihilating particles. The Møller velocity is given by

vM øl =

√
s(s− 4m2)

2E1E2

∣∣
Ei=Ē. (B.9)

The averaged cross section Eq. (B.1) is

〈σv〉D =
1
2

∫ 1

−1
d cos θ σvM øl =

1
8p̄2Ē2

∫ 4Ē2

4m2
ds
√

s(s− 4m2)σ(s) . (B.10)

In the relativistic limit
√

s� m the total tree-level cross section Eq. (B.3) becomes σ(s) '
2πα2

D
s (log

(
s/m2)− 1) and Ē ' p̄. Putting everything together we get

〈σv〉Drel =
2πα2

D
p̄2

(
log
(

2p̄
m

)
− 1
)

, (B.11)

which is of the same order of magnitude as the averaged cross section for a Maxwell-
Boltzmann distribution with the same average momentum (p̄ ∼ 3T), see (B.4).

For freeze-out within the dark sector, the non-relativistic regime is more relevant. In
the non-relativistic limit σ(s) ' πα2

D/(m
√

s− 4m2), and Ē ' m + p̄2/(2m). In this case
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FIGURE B.1: Comparison of the averaged Sommerfeld enhancement fac-
tor computed for a narrowly peaked distribution function around an En-
ergy Ē = m + 1

2 mv̄2 (red line) and a thermal distribution function, with
temperature T adjusted such that the average energy 〈E〉 = m + 3

2 T is
of comparable size, more precisely 1

2 (Ē − m) ≤ 〈E〉 − m ≤ 2(Ē − m)
(shaded region). For 〈E〉 = Ē the thermal result is indistinguishable
from the one for a peaked distribution on the scale of this figure, with
S̄MB

ann/S̄D
ann →

√
3/π for αD/v̄� 1 (see text for details).

the averaged tree-level cross section

〈σv〉Dnon−rel =
πα2

D
m2 , (B.12)

agrees with the thermal case in the s-wave limit. This is expected because σv approaches
a constant, and therefore the integrals over distribution functions cancel in (B.1). For the
averaged Sommerfeld enhancement factor we obtain

S̄D
ann =

1
2

∫ 1

−1
d cos θSann(αD/v) =

1
2v̄2

∫ 2v̄

0
dv v Sann(αD/v) , (B.13)

where v̄ ≡ p̄/m is the peak velocity and v =
√

2v̄
√

1− cos θ the relative velocity in the
non-relativistic limit. The averaged cross section in the non-relativistic limit is therefore

〈σv〉Dnon−rel =
πα2

D
m2 × S̄D

ann . (B.14)

The averaged Sommerfeld factor may be compared to the thermal case (B.7) with compa-
rable average energy, corresponding to Ē−m ' 1

2 mv̄2 ∼ 3
2 T or v̄ ∼

√
3/x (see Fig. B.1).

For αD/v̄ � 1, the enhancement factor itself approaches unity and therefore S̄ann → 1
independent of the shape of the distribution function. In the opposite limit αD/v̄ � 1,
one finds S̄D

ann → 2παD/v̄, which corresponds to Sann evaluated for v = v̄. For compari-
son, for a thermal distribution one can check that S̄MB

ann → 2αD
√

πx = 2παD/v̄×
√

3/π,
where we assumed v̄ =

√
3/x in the last step. Therefore, the Sommerfeld enhancement

factors are of comparable size.
We expect the statements from above to hold true qualitatively also for more gen-

eral distribution functions, as long as they correspond to comparable average energy or
momentum as for a thermal distribution with given temperature T.
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Appendix C

Amplitudes and decay rates
computation

In this appendix we compute the decay rates for a gravitational atom decaying to gravi-
tons and SM particles. In the minimal scenario, the atom is a bound state of two scalar
particles X with mass mX. The amplitudes squared for production of a scalar X from
(exactly massless) scalar, fermion and vector SM particles are, respectively [12]

|M0→0|2 = 4G2π2 (m
2
X − t)2(m2

X − s− t)2

s2 ,

|M1/2→0|2 = −8G2π2 (2m2
X − s− 2t)2(m4

X − 2m2
Xt + t(s + t))

s2 ,

|M1→0|2 = 8G2π2 (m
4
X − 2m2

Xt + t(s + t))2

s2 ,

(C.1)

where s = (p1 + p2)2 = (k1 + k2)2 = E2
CM and t = (p1 − k1)

2 = (p2 − k2)2 are the
Mandelstam variables, p1,p2 are the 4-momenta of the incoming SM particles and k1,k2
the 4-momenta of the outgoing X particles. Newton’s constant in natural units is just
G = m−2

p .
We first compute the cross section for producing a XX bound state directly from SM

particles annihilation. From that, we will easily obtain the decay rate by going to the
time-reversed process. Since SM particles are basically massless compared to X, bound
state formation can happen without emission of external radiation. Schematically, we can
write the amplitudes for producing free X particles asMS

F = 〈SM(p1, S)SM(p2, S)|X(k1)X(k2)〉,
where the superscript S = 0, 1/2, 1 denotes the spin of the SM particles. Squaring these
amplitudes gives the results in (C.1). The goal now is to write the bound state in terms of
free-particle states, so that the final bound state formation amplitude will just be a sum
over single-particle production amplitudes.

For a two-body system with equal masses, the center-of-mass and relative coordinates
are

R =
1
2
(r1 + r2), r = r1 − r2, (C.2)

with conjugate momenta

K = k1 + k2, k =
1
2
(k1 − k2). (C.3)

In the center-of-mass frame the total momentum K is zero, so k2 = −k1, and k1 ≡ k.
For a non-relativistic bound state |k| � m and s = E2

CM ≈ 4m2
X. In this regime, we can

write a generic bound state with mass 2mX and total momentum K = 0 as a superposition
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of free two-particle states with opposite momenta [288]

|B〉 = 1√
mX

∫ d3k
(2π)3 ψ̃(k) |k,−k〉 , (C.4)

where |k,−k〉 are the free particle states and ψ̃(k) is the Fourier transform of the position-
space Schrodinger wavefunction for the bound state:

ψ̃(k) =
∫

d3xeik·rψ(r). (C.5)

The amplitude for the bound state production isMS
BS = 〈SM(p1, S)SM(p2, S)|B〉, which,

using (C.4), is just

MS
BS =

1√
mX

∫ d3k
(2π)3 ψ̃(k)MS

F(k,−k). (C.6)

Therefore we can just take the free amplitudes in (C.1) and plug them in (C.6) with the
replacement−k2 = k1 ≡ k. In principle one should integrate the free amplitude over the
conjugate momentum, weighted by the bound state wavefunction in Fourier space ψ̃(k).
In practice the calculation is made much easier by noting that for a non-relativistic bound
state the energy is dominated by the mass term, so thatMF roughly coincides with the
amplitude for producing the X particles at rest,MS

F(k,−k) ≈MS
F(0, 0). In other words,

MS
F is basically constant over the integration region where ψ̃(k) is appreciably non-zero

and we can take it out of the integral. Indeed, the typical momentum of a particle in
a gravitational bound state is |k|B = αGm ∼ m3

X/m2
p, which is clearly negligible com-

pared to the mass term. Then, the integral over k just gives ψ0(0), the position-space
wavefunction of the ground state evaluated at the origin, and (C.6) becomes

MS
BS =

1√
mX
MS

F(0, 0)ψ0(0). (C.7)

The final expression in this case is extremely simple: the amplitude for the creation
of a non-relativistic X bound state from SM particles of spin S is proportional to the am-
plitude for the creation of free X at rest, the constant of proportionality being ψ0(0)/

√
mX.

Clearly, the total amplitude squared, averaged over spin states, is |MS
BS|2 = |MS

F(0, 0)|2|ψ0(0)|2/mX.
Plugging this into the expression for the total cross section we obtain [288]:

σS
BS =

1
8m2

X

∫ d3K
(2π)3

1
4mX

(2π)4δ(4)(p1 + p2 − K)|MS
BS|2. (C.8)

The phase space integral removes only three of the four delta functions and, upon
rewriting the last delta function using δ(P0 − K0) = 2K0δ(P2 − K2), we are left with

σS
BS =

π

4m2
X
|MS

BS|2δ(s− 4m2
X) =

π

4m3
X
|MS

F(0, 0)|2|ψ0(0)|2δ(s− 4m2
X). (C.9)

The last delta function enforces the constraint that the total center-of-mass energy must
equal the bound-state mass M ≈ 2mX. We can now compute these cross sections ex-
plicitly for every value of S = 0, 1/2, 1. The amplitudes squared |MS

F(0, 0)|2 are just the
ones in (C.1) for k = 0, i.e. for s = 4m2

X and t = −m2
X. A quick calculation gives 1

|M0
F|2 = 4G2π2m4

X, |M1/2
F |2 = 0 and |M1

F|2 = 0. This tells us that the formation of a

1From now on we drop the explicit dependence of the amplitude on k. It is understood that k = 0.
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non-relativistic scalar X bound state by two SM particles is only efficient when the SM
particles are scalars: bound state creation by SM fermions and vectors is suppressed.

To get an order of magnitude estimate of the suppression, we imagine ψ̃(k) to be
sharply peaked at kB in (C.6), with |k|B = αGmX. Then after integrating over k we get√

mXMS
BS ∼MS

F(kB,−kB), which we can now expand around kB = 0. For S = 1/2 and
S = 1 the zeroth-order termMS

F(0) vanishes, so we getMS
F(kB) ≈ (1/2)∂k2

B
MS

F(0)k
2
B,

where ∂k2
B
MS

F(0) is the derivative of the amplitude with respect to k2
B evaluated at kB =

0. The amplitudes are dimensionless and only contain the mass mX as a dimensionful
parameter, so by dimensional analysis ∂k2

B
MS

F(0) has to be proportional to m−2
X , which

means that the first non-zero term in the expansion for fermion and vector SM particles
is of order ∼ k2

B/m2
X = α2

G, or α4
G for the amplitude squared. Comparing this to the

amplitude squared for scalar SM, |M0
F|2 = 4G2π2m4

X ∼ α2
G, the suppression factor is of

order α2
G ∼ m4

X/m4
p, which is already 10−12 for a GUT scale X.

We could also try to compute the bound state amplitude in (C.6) without doing any
approximation. For that, we need to evaluate the bound state wavefunction in Fourier
space, which is easily done by solving the non-relativistic Schrodinger equation with a
gravitational potential. This has the exact same form as the electrostatic potential in the
non-relativistic limit, so that we can simply borrow the result from the hydrogen atom
case, with the trivial replacement αEM → αG = m2

X/m2
p and bearing in mind that in our

case the reduced mass of the system is µ = mX/2:

ψ̃(k) =
8
√

πα4
Gµ4

(αGµ)3/2
(
α2

Gµ2 + k2
)2 . (C.10)

We also need the free amplitudeMS
F(k,−k) as a function of the conjugate momentum k.

Let’s consider the scalar case S = 0. In this caseM0
F(k,−k) = −iπG

(
k2 cos(2θ)− k2 − 2m2

X
)
.

The problem is that by a simple power counting argument, the integral in (C.6) linearly
diverges. We can still evaluate the amplitude in closed form by placing a hard cutoff Λ
in the integral:

M0
BS =

iG
√

mX(αGmX)
3/2

3
√

2π
(
4Λ2 + α2

Gm2
X
) [2αGΛ

(
8Λ2 + 3

(
α2

G − 2
)

m2
X
)

−3
(
α2

G − 2
)

mX
(
4Λ2 + α2

Gm2
X
)

tan−1
(

2Λ
αGmX

)
].

(C.11)

It is clear now from the explicit form of the cut-off amplitude that it diverges as ∝ Λ.
Moreover, it is not hard to see that the integral starts linearly diverging when Λ ap-
proaches mX. The reason for this is that we are using a non-relativistic formula for the
bound state amplitude that is valid only up to energies comparable to the mass of the
bound state. Beyond that, we enter the relativistic regime and our formula breaks down,
giving nonsensical results. Physically, we expect an exponential suppression in k to ap-
pear in the formula for the relativistic bound state wavefunction for momenta greater
than mX. This quickly kills the integrand function and gives a final result that is numeri-
cally not too different from the classical one cut-off at Λ ∼ mX.

In fact, if we plot (C.11) as a function of the cut-off Λ, we can clearly see that the
amplitude has a plateau for αGmX < Λ < mX/αG: it converges in that region before di-
verging for Λ > mX/αG when we enter the hard relativistic regime. Since the amplitude
is insensitive to the value of the cut-off in the region of convergence, we can choose any
value for Λ between αGmX and mX/αG and trust the classical result. The plot is shown
in Fig.C.1.
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FIGURE C.1: Scalar to scalar bound state amplitude as a function of
the hard cut-off Λ. The amplitude converges in the non-relativistic re-
gion αGmX < Λ < mX/αG before diverging in the relativistic region
Λ > mX/αG.

If we take the classical amplitude cut-off at Λ = mX and expand it in powers of αG,
we find

M0
BS ≈ i

√
π

2
αGGm5/2

X
√

αGmX

(
1 +

αG

3π
+ ...

)
, (C.12)

where the first term is just (C.7) and the next to leading order term is suppressed by a
factor of αG/3π. This is consistent with our previous qualitative discussion in which we
showed that the suppression factor is of order ∼ k2

B/(αGm2
X) = αG. For fermion and

vector SM particles the first term is exactly zero, so the first non-zero term in the cross
section is suppressed by α2

G ∼ 10−12 for a GUT scale X. We conclude that production of
gravitational bound states without emission of external radiation is only efficient when
the SM particles are scalars.

Now we can use (C.9) to compute the total cross section for decay to SM particles.
The wavefunction squared at the origin is

|ψ0(0)|2 =
α3

Gµ3

π
=

α3
Gm3

X
8π

, (C.13)

so the cross section for S = 0 is

σ0
BS =

π2

8
G2m4

Xα3
Gδ(s− 4m2

X) =
π2

8

(
mX

mp

)10

δ(s− 4m2
X). (C.14)

We can then plug this cross section into the Gondolo-Gelmini formula to obtain the ther-
mally averaged cross section for production of a scalar X bound state by scalar SM parti-
cles:

< σ0
BSv >SM→X=

1
32T5

∫ ∞

0
dsK1

(√
s

T

)
σ0

BSs3/2 =
π2

32
m3

X
T5 K1

(
2mX

T

)(
mX

mp

)10

. (C.15)

This cross section is exponentially suppressed by the factor of K1(2mX/T) with respect
to the cross section for creating free X.
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If the gravitational bound state can be produced from scalars, it can also decay back
to scalars, with a decay rate ΓS that is simply related to the cross section of (C.14) by the
formula

σ0
BS =

8π2

mX
ΓSδ(s− 4m2

X), (C.16)

so that the decay rate of a scalar X bound state to N0 scalar species is

ΓS = N0
mX

64

(
mX

mp

)10

≡ N0
α5

GmX

64
, (C.17)

the other decay channels being suppressed by an additional factor of α2
G.

The dark matter bound state cannot be created efficiently from free gravitons, since
they are not in thermal equilibrium with the SM plasma, but it can decay to gravitons
with a cross section given by (C.8), where |MS=2

BS |2 = |MS=2
F (0, 0)|2|ψ0(0)|2/mX and

|MS=2
F |2 =

G2

2s2 [169m8
X + 2m6

X(53s− 58t) + m4
X
(
25s2 − 42st + 62t2)

+2m2
X
(
8s3 + 15s2t + 23st2 − 2t3)+ 4s4 + 10s3t + 11s2t2 + 2st3 + t4]

(C.18)

is the amplitude squared for free X production by massless spin 2 gravitons. This ampli-
tude does not vanish for k = 0, meaning that, like scalars and unlike fermions and vec-
tors, bound state decay to gravitons is not suppressed. In fact |MS=2

F (0, 0)|2 = 82G2m4
X

(compare this to the scalar case |MS=0
F (0, 0)|2 = 4G2π2m4

X), and

σS=2
BS =

41
16

G2m4
Xα3

Gδ(s− 4m2
X) =

41
16

(
mX

mp

)10

δ(s− 4m2
X). (C.19)

Using (C.16) we obtain the decay rate to gravitons ΓG:

ΓG =
41mX

128π2

(
mX

mp

)10

≡
41α5

GmX

128π2 . (C.20)

Note that ΓG/ΓS = 41/(2π2N0) ≈ 2/N0.
Using equation (C.6), we can also easily compute the decay rate of the first 3d excited

state to scalars and gravitons. While the free amplitude in the integral is unchanged, the
momentum-space wavefunction is now

ψ̃3d(k) =

√
3

5π

2633

(αGµ)3/2
(αGµ)6k2

(9k2 + α2
Gµ2)4

Ym
2 (θk, φk), (C.21)

where m = −2,−1, 0, 1, 2 is the magnetic quantum number which specifies degenerate
states with the same angular momentum. Integrating and averaging over m, we find that,
to first order in αG, the decay rates are

ΓS
3d = N0

α9
GmX

2939π
,

ΓG
3d = 41

α9
GmX

21039π3 . (C.22)
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Appendix D

Graviton absorption and ionization

We derive the absorption cross section (6.1) for hydrogen-like atoms in two different
ways. We start with a heuristic classical argument leading to the planck area cross sec-
tion, followed by a detailed QFT calculation that confirms the result. We also derive the
general formula for the gravitational ionization cross section and discuss different lim-
its of it. We then prove that the absorption cross section is always Planckian for bound
states with arbitrary potential, using only the Schrodinger equation. Finally, we extend
the conclusions to non-minimally coupled theories.

D.1 Absorption cross section: heuristic derivation

This section is taken from [289].

The simplest idealized graviton detector is an oscillator driven by a steady flux of
gravitational waves. The oscillator consists of two point masses m attached at the ends
of a spring of length L, with a natural frequency of vibration ω0 and a damping time
τ0 � 1/ω0. Its equation of motion is

d2ξ

dt2 +
1
τ0

dξ

dt
+ ω2

0ξ =
d2ξ

dt2 |d, (D.1)

where ξ is the displacement of the two masses and the term on the right is the driving
acceleration due to the wave. A wave traveling in the z-direction past the detector in the
transverse-traceless (TT) gauge can be written as

hTT
xx = −hTT

yy = A+(t− z)

hTT
xy = hTT

yx = AX(t− z), (D.2)

where the amplitudes A+ and AX represent the two independent modes of polarization.
Let’s suppose that the impinging wave has frequency ω and + polarization (AX = 0) with
A+ = he−iω(t−z). We also assume that the detector is much smaller than the wavelength,
so that one can set z = 0. Then, the tidal acceleration produced by the wave is

d2x
dt2 |d = −Rx0j0xj = −1

2
ω2he−iωtx

d2y
dt2 |d = −Ry0j0xj = +

1
2

ω2he−iωty, (D.3)
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where Rµναβ is the Riemann curvature tensor. Denoting with θ and φ the polar angles of
the detector relative to the wave axes, the total driving acceleration is

d2ξ

dt2 |d =
x
L

d2x
dt2 |d +

y
L

d2y
dt2 |d +

z
L

d2z
dt2 |d = −1

2
ω2hLe−iωt sin2(θ) cos(2φ), (D.4)

and the equation of motion for the oscillator gives

d2ξ

dt2 +
1
τ0

dξ

dt
+ ω2

0ξ = −1
2

ω2hLe−iωt sin2(θ) cos(2φ), (D.5)

with a steady state solution given by (it is understood that one should take the real value)

ξ(t) =
ω2hL sin2(θ) cos(2φ)

2(ω2 −ω2
0 + iω/τ0)

e−iωt. (D.6)

When the incoming waves are near resonance with the detector own frequency, (ω −
ω0) . 1/τ0 � ω0 (assuming ω > 0), the solution becomes

ξ(t) =
ω0hL sin2(θ) cos(2φ)

4(ω−ω0 +
i

2τ0
)

e−iωt. (D.7)

Then, the time-averaged vibrational energy of the detector is

〈Ev〉 = 2
1
2

m〈ξ̇2〉 = 1
16

mL2ω4
0h2 sin4(θ) cos2(2φ)

(ω−ω0)2 + (1/2τ0)2 (D.8)

Gravitational wave production by the motion of the detector is negligible, therefore the
energy dissipation rate Ev/τ0 can be equated to the rate at which the detector absorbs
energy from the incoming waves, which is in turn equal to the (polarized) cross section
for absorption σabs,P times the incoming flux:

Ev/τ0 =
1

32πG
σabs,Pω2h2. (D.9)

Consequently, near resonance, the polarized cross section for absorption of gravitational
waves is

σabs,P =
2πGmL2(ω2

0/τ0) sin4(θ) cos2(2φ)

(ω−ω0)2 + (1/2τ0)2 . (D.10)

Averaging over all polarizations we obtain the unpolarized cross section, which is given
by the Lorentzian

σ̃abs =
(8π/15)GmL2(ω2

0/τ0)

(ω−ω0)2 + (1/2τ0)2 , (D.11)

and the cross section averaged over all frequencies is

σabs =
1

ω0

∫ +∞

−∞
σ̃absdω =

16
15

π2GmL2ω0. (D.12)

Therefore, the gravitational absorption cross section for a generic detector of mass m, size
L, and proper frequency ω0 goes like σabs ∼ GmL2ω0. If the detector is an atom, the
standing-wave quantisation condition mL2ω0 = n ∈N places a further constraint on the
parameters, and the cross section simply becomes σabs ∼ G = l2

p. We deduce that the
Planck squared cross section is solely a result of angular momentum quantisation, and
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does not depend on the specifics of the atom. In particular, if the atom is bound by gravity
[14] the quantisation condition still applies, with L ≡ rB = (mαG)

−1 and αG = m2/m2
p.

D.2 Absorption cross section: QFT computation

The previous derivation is heuristic at best, and merely gives an intuitive understanding
of the way the planck area cross section emerges from classical gravity. The gist of it
is that any oscillatory system with mass m, size L, and frequency ω, absorbs gravitons
with cross section σabs ∼ GmL2ω; atoms are particular oscillatory states with quantized
angular momentum, mL2ω0 = n, hence they absorb with a cross section proportional
to G. The classical derivation however is not fully satisfactory and does not give the
correct numerical result. For this reason, we now derive the exact cross section in a fully
consistent way using field theoretic methods. This will also allow us to generalize the
result to non-minimally coupled matter. In the following we will denote the mass and
electromagnetic coupling of the atom with m and α respectively.

In linearized gravity, for small metric deviations hµν = gµν − ηµν � 1, the interaction
Lagrangian density is given by

L =
1
2

hµνTµν, (D.13)

where Tµν is the stress energy tensor of matter. The interaction Hamiltonian is given by
H = pv− L, where L is the interaction Lagrangian (Lagrangian density integrated over
space), and p and v the momentum and velocity of the particle respectively. In a local
inertial frame (LIF), the dominant term to the stress energy tensor is the mass-energy
density, so L ≈ 1

2 h00T00. Moreover, the generalized velocities are negligible, therefore
H ≈ −L = − 1

2 mh00, where m is the localized mass of the system.
In a LIF, the time-time component of the metric deviation can be written as [82]

h00 = −1
2

ω2hei(q·x−ωt)xjxkejk + c.c., (D.14)

where h, q, and ω are the amplitude, momentum and energy of the impinging gravita-
tional wave, respectively. Hence, the interaction Hamiltonian is

H =
1
4

mω2hxjxkei(q·x−ωt)ejk + c.c. (D.15)

To simplify matters, we assume that the atom interacts with a single graviton. Then, the
amplitude h is simply

h =
√

8πGω. (D.16)

We work in the dipole approximation, namely we assume that the wavelength of the
gravitational wave (graviton, in our case) is much larger than the extent of the atom, so
that qrB � 1 and eiq·x ≈ 1. In first order perturbation theory, the transition probability
per unit time between two atomic states Ψ1s and Ψ3d2 is equal to (Fermi’s Golden Rule)

Γ =
2π

ω
| 〈Ψ3d2|H|Ψ1s〉 |2 =

2π2Gω5

5

(
D∗ijD

ij − 1
3
|Di

i |2
)

, (D.17)

where
Dij = m

∫
Ψ∗3d2xixjΨ1sd3r (D.18)

is the mass quadrupole tensor, and the average is taken over all directions of the incident
gravitational wave. When a graviton is absorbed, the transition occurs between the 1s
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and the 3d2 states, whose normalized wavefunctions are

Ψ1s =
1

√
πr3/2

B

e−r/rB ; Ψ3d2 =
1

162
√

π

1
r3/2

B

(
r2

r2
B

)
e−r/3rB sin2 θe2iφ. (D.19)

The quadrupole components for this transition process are

Dzz = Dxz = Dyz = 0 (D.20)

Dxx = −Dyy = iDxy =
34

28 mr2
B, (D.21)

with rB the Bohr radius of the atom. Finally, the absorption rate for the 1s → 3d2 transi-
tion is

Γ =
38π2

5× 213 Gm2r4
Bω5. (D.22)

This gives the transition rate between the 1s and the 3d2 states when the atom is hit by a
graviton of frequency ω. The absorption cross section is just σabs = Γ/ω3,

σabs =
38π2

5× 213 Gm2r4
Bω2. (D.23)

For a 2-particle atom, ω = (4/9)α2m, and rB = (αm)−1, so

σabs =
34π2

5× 29 G ≈ 0.31 l2
p. (D.24)

The planck area cross section is retrieved in a full QFT calculation, with the correct nu-
merical prefactor.

D.3 Ionization cross section

One can use the same machinery to compute the ionization cross section. As before, we
need to evaluate the matrix element

〈
Ψ f
∣∣H∣∣Ψi

〉
between the initial hydrogenic ground

state Ψi, and a plane wave final state Ψ f , with

Ψi =
1

√
πr3/2

B

e−r/rB ; Ψ f =
1

L3/2 eik·r, (D.25)

where we normalize the plane wave in a box of dimension L, and k is the final momentum
of the emerging ionized particle. The final momentum k satisfies k � m, since we are
working in the non-relativistic regime. Moreover, the plane wave solution for the final
state is only valid when the graviton energy is much larger than the binding energy of
the atom (Born approximation). For this reason, the final result holds in the regime kB �
k� m.

Fermi’s Golden Rule gives

Γ = 2πρ(k)|
〈
Ψ f
∣∣H∣∣Ψi

〉
|2, (D.26)

where ρ(k) is the density of final states, given by

ρ(k) =
mkL3

2π2 . (D.27)
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For an incident graviton of amplitude h =
√

8πGω, the transition rate is

Γ =
3× 211π

5
h2ω4m3r11

B k5

(1 + r2
Bk2)8

. (D.28)

The incident graviton energy ω is equal to the sum of the binding energy and the kinetic
energy of the emerging particle, namely

ω = α/2rB + k2/2m. (D.29)

Using (D.28) and (D.29), we obtain the gravitational cross section for ionization σion =
Γ/ω3 in the high energy regime,

σion =
3× 210π

5
(rBk)5

(1 + r2
Bk2)5

G. (D.30)

This cross section is always much smaller than the planck area in its regime of validity.
It is possible to compute the ionization cross section in the non-relativistic limit (k �

m) without resorting to the Born approximation, and therefore extend the result also
for small final momenta. The computation was first carried out (to our knowledge) in
[290]. The continous-spectrum wavefunction for scattering in a Coulomb field which
asymptotes to a box-normalized plane wave ∼ L−3/2 exp(ik · r) in the non-relativistic
limit is given by [291]

Ψ f =
1

L3/2 exp
(

ik · r + π

2
η
)

Γ(1− iη)F [−iη, 1,−i(k · r + kr)] , (D.31)

where Γ is Euler’s gamma function, F [a, b, c] denotes Kummer’s confluent hypergeomet-
ric function, and η ≡ α/v, where

v =

√
2
m
(ω− α/2rB) =

k
m

, (D.32)

is the final velocity of the ionized particle. In (D.31), k · r represents the 3-vector inner
product, while kr is the simple product between the vector magnitudes. Therefore, if we
imagine the particle to be ejected in the z-direction, (k · r + kr) = kr(1+ cos(θ)). For large
velocities η → 0, (D.31) reduces to the plane wave solution of (D.25). Plugging (D.31) into
(D.26) we find the following cross section,

σion =
3× 29π2

5
η6(4 + η2)

(1 + η2)4
e−4η cot−1 η

1− e−2πη
G. (D.33)

The result is reminiscent of the photoionization cross section, although the two differ
crucially in the η dependence. This cross section is valid for all k � m. In particular, one
can retrieve (D.30) in the high energy limit η → 0: the ionization cross section for high
momenta falls off as (k/kB)

−5. In the opposite limit, η → ∞, the cross section approaches
a constant value,

σion
η→∞−−−→ 3× 29π2

5e4 G, (D.34)

which is about 50 times larger than G. The gravitational ionization cross section of hy-
drogen was also computed in [292], but with a different result. The author found a cross
section that vanishes for k = 0, and is proportional to k/kB in the low energy limit.
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The ionization cross section (D.33) is always of order G or smaller. It reaches a maxi-
mum at k = 0, and rapidly goes to zero for k/kB � 1.

D.4 Multi-particle atoms and generic bound states

The absorption cross section in (D.24) is technically only valid for 2-particle atoms. Is the
cross section of the order of the planck area also for multi-particle atoms? The classical
computation gives us a clue. There, we saw that the planck area emerged merely as a
result of angular momentum quantization, and the angular momentum of every particle
in an atom needs to be quantized simply because of standing wave considerations.

Concretely, take a multi-particle atom with N > 2 particles. The details of the atomic
structure do not matter that much, and will not affect the final result. The Schrodinger
equation can only be solved exactly in the case of two-particle atoms; the orbitals of
multi-particle atoms are found by methods of iterative approximation. However, or-
bitals of multi-particle atoms are qualitatively similar to those of hydrogen, and in first
approximation, they can be taken to have the same form. The total wavefunction of the
whole atom is then just a direct product of single particle hydrogen-like atomic orbitals.
The particles in the outer orbit are typically the ones responsible for the absorption by
transitioning to a higher energy state. In the atomic orbital approximation, they feel a
potential Z∗α/r, where Z∗ is the effective charge due to the inner particles. The energy
levels therefore are

En = −m
(Z∗α)2

4n2 . (D.35)

For a given principal quantum number n, and angular momentum quantum number
l, the wavefunction is proportional to

Ψn,l ∝
(

Z∗

rB

)3/2 (Z∗r
rB

)l

exp
(
−Z∗r

nrB

)
. (D.36)

We can then compute the mass quadrupole tensor (D.18) for the transition (n1, l) →
(n2, l + 2) and plug it in the formula for the cross section. Schematically, the non-zero
components of the quadrupole tensor scale like

Dij ∝ m
r2

B
(Z∗)2 , (D.37)

thus the absorption cross section is

σabs ∝ Gω2|〈Dij〉|2 ∼ G, (D.38)

given that ω = En2 − En1 ∼ m(Z∗α)2, and rB = (αm)−1. Intuitively, this has to do
with the fact that for a multi-particle atom the Bohr radius rB is rescaled by 1/Z∗, while
the frequency ω changes by (Z∗)2, therefore the product m2ω2r4

B is independent of Z∗.
Multi-particle atoms will absorb approximately with the same probability as two-particle
atoms.

We can also ask whether the result can be extended to other types of bound states. For
example, is it true also for a neutron or a proton bound in a nuclear potential? The sim-
plest model of the atomic nucleus is the nuclear shell model. The nuclear potential is well
approximated by the three dimensional harmonic oscillator, plus a spin-orbit interaction
that we can neglect:

V(r) =
1
2

mω2r2. (D.39)
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Here r is the distance between the nucleons, m their mass and ω controls the strength of
the interaction. The energy levels are

En,l = ω

(
n + l +

3
2

)
, (D.40)

where n is the radial quantum number and l the angular momentum quantum number.
Schematically, the corresponding nuclear wavefunctions are

Ψn,l ∝ R−3/2
( r

R

)n+l
exp

(
− r2

2R2

)
, (D.41)

where R = (mω)−1/2 is the typical size of the nucleus. The non-zero components of the
mass quadrupole tensor for the transition (n1, l)→ (n2, l + 2) are

Dij ∝ m
R2

2
(5 + 2l + n1 + n2), (D.42)

therefore, since ω = En2,l+2 − En1,l and R = (mω)−1/2, the absorption cross section is

σabs ∝ Gm2ω2R4 ∼ G. (D.43)

It is no coincidence that we found σabs ∼ l2
p for atoms and nuclei alike, as the result

is much more general and actually applies to all bound states, as we will show now. The
non-relativistic Schrodinger equation for a particle in a potential V(r) is[

− 1
2m
∇2 + V

]
Ψ = EΨ. (D.44)

A bound state is defined as a quantum state for which E < V(+∞). The solutions of
the Schrodinger equation with E < V(+∞) have the property that the wavefunction Ψ
rapidly goes to zero at large distances, which means that the particle is confined to a
region of space. We need to examine separately the cases in which V(∞) is finite and
infinite. In the former case, we can just add a constant to the potential to make it zero at
infinity, so the condition on the total energy becomes E < 0. The Schrodinger equation at
large distances becomes

1
2m
∇2Ψ ≈ |E|Ψ, (D.45)

therefore

Ψ(r) r→∞−−→ exp
(
−
√

2m|E|r
)
≡ exp (−2r/R) , (D.46)

where
R =

1√
m|E|

(D.47)

can be interpreted as the size of the bound state.
If V(r) diverges at infinity, like in the case of the harmonic oscillator, then the wave-

function will go to zero even faster, and (D.47) will give an upper bound on the size of the
bound state. This is because in equation (D.45), |E|would be replaced by V(r), which is a
monotically increasing function in that limit. Moreover, the case in which V(r) r→∞−−→ ∞ is
not realistic, since the potential cannot diverge in any physical system and it will always
reach a plateu. For example, the nuclear potential at large distances is better approxi-
mated by the Woods-Saxon potential V(r) = −V0/(1 + exp(r/R)), which approaches



156 Appendix D. Graviton absorption and ionization

zero at large distances.
The upshot is that any quantum bound state has a size given roughly by (D.47),

R = (m|E|)−1/2, where E is the energy of the quantum state. The wavefunction at
large distances is just a polynomial times a decreasing exponential, therefore the mass
quadrupole moment (D.18) Dij is always proportional to mR2. Thus, the absorption cross
section is

σabs ∼ Gm2|E|2R4, (D.48)

which, given (D.47), is naturally Planckian. We conclude that every quantum bound state
absorbs with a planck area cross section.

D.5 Planck suppressed corrections

Planck-suppressed operators can affect the final result. Take for example the case in
which the matter in the atom is non-minimally coupled through the term

Lξ =
ξ

m4
p

Rµναβ∂µ∂αX∂ν∂βX. (D.49)

We choose to work in the transverse-traceless (TT) gauge. In this gauge, the metric per-
turbations satisfy ∂µhµ

ν = 1/2 ∂νhµ
µ, and hµ0 = hµ

µ = 0. A metric perturbation with ampli-
tude h and polarization tensor eµν can be written as hµν = heµν, with e00 = eµ0 = eµ

µ = 0.
Consequently, a harmonic plane gravitational wave in the TT gauge can be written as

hij = hei(q·x−ωt)ejk + c.c. (D.50)

where ω and q are the energy and momentum of the wave. To lowest order in hµν, the
Riemann curvature tensor Rµναβ is

Rµναβ =
1
2
(
∂ν∂αhµβ + ∂µ∂βhνα − ∂µ∂αhνβ − ∂ν∂βhµα

)
. (D.51)

In the linear theory, Rµναβ is invariant under gauge transformations xµ → x′µ = xµ − ξµ,
since hµν transforms as hµν → h′µν = hµν − ∂µξν − ∂νξµ. In the non-relativistic limit, the
dominant contribution to (D.49) is given by (ξ/m4

p)R0i0j∂
0∂0X∂i∂jX, where (in TT gauge)

R0i0j =
1
2

ω2hei(q·x−ωt)ejk + c.c. (D.52)

Since R0i0j is gauge invariant, it will take this value also in a locally inertial frame (LIF).
In a LIF, ∂0∂0X ∼ m and ∂i∂jX ∼ kikj/m, where m and k are the mass and the momentum
of the particles in the bound state. As before, we work in the dipole approximation,
eiq·x ≈ 1.

Consequently, the interaction Hamiltonian is

Hξ =
1
4

ξ

m4
p

mω2h kikj e−iωteij + c.c. (D.53)

This differs from (D.15) simply by the replacement xixj → kikj. Following the same steps
as before, Fermi’s Golden Rule for the absorption of a single graviton gives

Γ =
2π

ω
| 〈Ψ3d2|H|Ψ1s〉 |2 =

2π2Gω5

5
ξ2

m8
p

(
D̃∗ijD̃

ij − 1
3
|D̃i

i |2
)

, (D.54)
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where now
D̃ij = m

∫
Ψ∗3d2(k)kik jΨ1s(k)d3k, (D.55)

and Ψ1s(k) and Ψ3d2(k) are the momentum-space wavefunctions

Ψ1s(k) = r3/2
B

2
√

2
π

1
(k2r2

B + 1)2
; Ψ3d2(k) = r3/2

B
24 × 33

√
3

π

k2r2
B

(9k2r2
B + 1)4

(3 cos2(θ)− 1).

(D.56)
The components of the tensor D̃ij are

D̃zy = D̃xy = D̃xz = 0 (D.57)

D̃zz = −D̃xx = −D̃yy =
1

10
√

6
m
r2

B
, (D.58)

and the absorption cross section is

σabs,ξ =
2π2

34 × 53
ξ2G
m8

p
k8

B, (D.59)

where kB = αm is the Bohr momentum of the particles in the atom.
Then, the absorption cross section with the non-minimal contribution is

σabs =
34π2

5× 29 G

[
1 +

210

38 × 52 ξ2
(

m
mp

)8

α8

]
. (D.60)

The correction can become larger than one without violating the unitarity bound. By
simple power counting, the scattering amplitude of X particles interacting non-minimally
through the coupling (D.49) goes likeM∼ ξ E10

X /m10
p , EX being the typical energy of the

process. Specifically, for scattering in the s-channel, the amplitude squared is

|Ms|2 =
ξ4

212m20
p

s6
(

16m4 − 8m2(s + 4t) + s2 + 8st + 8t2
)2

, (D.61)

while for scattering in the t-channel, it is

|Mt|2 =
ξ4

212m20
p

t6
(

16m4 − 8m2(4s + t) + 8s2 + 8st + t2
)2

, (D.62)

with s ≈ (2m + k2/m)2 the center-of-mass energy squared and t ≈ 2k2 � s (non-
relativistic regime). The unitarity bounds |Ms,t|2 . 1 then read

ξ .
m5

p

m3k2 s-channel ; ξ .
m5

p

m2k3 t-channel. (D.63)

Due to the high powers involved, numerical factors do not alter the bound signif-
icantly. Since k � m, the most restrictive of the two is the bound coming from s-
channel scattering, ξ . m5

p/m3k2. In the limit in which the non-minimal coupling dom-
inates, we can rewrite the cross section using a rescaled coupling ξ̃ ≡ ξ/ξmax, with
ξmax = m5

p/(m3k2
B). The cross section becomes

σabs = ξ̃2 k4
B

m6 = ξ̃2 α4

m2 . (D.64)
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ξ = ξmax gives the maximum possible cross section σabs ∼ α4/m2, which can be made
arbitrarily large by taking large coupling and small masses.

The amplitude for production of X particles by SM particles in the s-channel, in the
limit in which the kinetic energy is much larger than the mass, is

|MSM→X|2 '
ξ2

28m12
p

s2(s + 2t)4 ∼ ξ2
(

E
mp

)12

, (D.65)

where E is the typical kinetic energy of the incoming particles. The weakest bound on
the non-minimal coupling from particle collider searches then just comes from requiring
that the amplitude is less than one for E ∼ 10 TeV ∼ 10−15mp, which gives ξ . 1090.
In particular, ξmax . 1090, which means that the mass has to be at least greater than
m & 10 GeV (since in the non-relativistic limit k � m). We stress that this is a very weak
bound, and the actual bound from collider searches is likely to be much stronger. In any
case, the bound cannot be stronger than m & 10 TeV, due to the collision energy threshold
at LHC.
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